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In this article explicit expressions are obtained for the action of the infinitesimal operators of the
principal nonunitary series representations of the groups U(p,q) in a U(p) X U(g) basis. It is
moreover shown how the finite dimensional irreducible representations of the group U(p,q) and
the group U(p + g) with respect to a U(p) X U(q) basis are obtained from the principal

nonunitary series representations of the group U(p,q).

1. INTRODUCTION

The significance of semisimple Lie groups and Lie alge-
bras in physics is well established,' especially in particle
physics,? nuclear physics,’ and atomic physics.* More recent-
ly, the range of their application has been extended into mo-
lecular physics,’ solid state physics,® and quantum chemis-
try.” Moreover, their range of applications has been extended
from originally purely kinematical aspects of physical sys-
tems to dynamical aspects, thus adding significantly to their
overall importance in physics.*

The Lie algebras and Lie groups find their way into
physics in the form of representations. Their elements act as
linear operators on the states of the physical systems. Thus it
is representation theory of semisimple Lie algebras and Lie
groups which plays a dominating role in their application.

In this article we will be concerned with the Lie groups
U(p + ¢) and U(p,g), p,g> 1, integer, which have found a
wide area of applications in physics. As it is representation
theory which characterizes the use of these groups in phys-
ics, the most important aspects to be dealt with are the calcu-
lation of the matrix elements (ME) of the infinitesimal oper-
ators and finite transformations, and the calculation of the
Clebsch-Gordon coefficients (CGC). For the compact Lie
groups U(n) [and SO(n)] the ME’s and CGC’s are normally
evaluated in the so-called canonical basis, corresponding to
the reduction U(n — 1)DU(n — 2)D-.2U(1)
[SO(n — 1) DSO(n — 2) D-..DS0O(2) for SO(n)]. In fact, for
the groups U(#) the ME’s have been obtained in explicit
form in this basis.” However, it turns out that in many phys-
ical applications it is not this canonical basis that describes
the actual physical states most conveniently. In fact it is of-
ten necessary to go over, by means of a transformation, from
these “canonical states” to the “physical states.” That is, to
those states which are well defined with respect to the quan-
tum numbers of the physical system which is under consider-
ation. Of the many examples the nuclear Elliott model is
possibly the best known. The simple Lie group utilized in
this model is U(3), with the canonical chain of subgroups
U(2)DU(1). The states defined by this chain are, however,
not the physically relevant states. Indeed, the physically rel-
evant chain is U(3) DO(3). Thus given the states and ME’s

1995 J. Math. Phys. 20(10), October 1979

0022-2488/79/101995-16$01.00

with respect to the canonical basis, these states have to be
transformed into the basis U(3) D O(3) by means of the Mo-
shinsky transformation brackets.'® Another special case is
the conformal group U(2,2) ~ O(4,2) with its maximal com-
pact subgroup U(2) X U(2), which is of considerable interest
to physics."

While the ME’s are known for the groups U(n) with
respect to their canonical basis, this is in general not the case
for the noncanonical basis of U(n), even though the noncan-
onical basis-may be the one which the physical problem re-
quires. The reason for this situation is that the calculation of
the ME’s and CGC’s in a noncanonical basis presents greater
problems than in the canonical basis. In this article we will
address ourselves to the calculation of the ME’s and CGC’s
in certain noncanonical bases.

One of the methods to study representations of compact
¥ . groups in a noncanonical basis is by means of the theory
of the principal nonunitary series representations of an ap-
propriately chosen noncompact semisimple Lie group.*
This method appears to be the simplest for the calculation of
the ME’s and CGC’s of the groups U(p + ¢) and U(p,g) in a
noncanonical basis. The idea behind this method is the
following.

Let G denote a connected linear (i.e., matrix) semisim-
ple or reductive (a direct product of semisimple and commu-
tative groups) real noncompact Lie group with maximal
compact subgroup K. Let [G ] denote the complexification of
G and let G,, denote a compact form of [G ]. The groups G and
G, have the same irreducible finite dimensional representa-
tions. Moreover, every complex analytic irreducible finite
dimensional representation (i.e., representations whose
ME’s are complex analytic functions of the complex group
parameters) of [G ] is also an irreducible representation of its
subgroups G and G, .”* Every irreducible finite dimensional
representation is obtained in this manner through restriction
from [G ] to its subgroups G and G, . Thus, the CGC’s for the
finite dimensional representations of the groups G and G,
are also the same. The ME’s of finite transformations which
correspond to finite dimensional representations of G, can
be obtained from the matrix elements of these representa-
tions of G by means of analytic continuation of the group
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TABLE L.

noncompact corresponding maximal
Type of real Lie group compact Lie compact subgroup
group G group G, KinG remarks
Al SL(n,R) SU(n) SO(n) n>1
ATl SU*(2n) SU(2n) Sp(n) n>1
Alll SU.q) SU@ +q) S(U(p)x U(q))

Up.9) U@ +¢) U(p) X U(g)
BIDI SO(p.9) SO@ + q) SO(p) x SO(g)
DIl SO*(2n) SOQ2n) U(n) n>2
ClI Sp(n,R) Sp(n) Un)
cu Sp(p.9) Splp +9) Sp(p) X Splg)

parameters in the frame of the group [G]. Thus, an investiga-
tion of all the ME’s and CGC’s for the group G|, is equivalent
to an investigation of all the ME’s and CGC’s of the group G
(for the case of the finite dimensional irreducible
representations).

Every irreducible finite dimensional representation of
G is, however, contained as a subrepresentation in an appro-
priately chosen principal nonunitary series representation of
G (the principal nonunitary series representations are ob-
tained from the principal unitary series representations by
means of analytic continuation of the continuous representa-
tion parameters onto the entire complex space of these pa-
rameters). Thus, if the ME’s are known of the infinitesimal
operators and the finite transformations for the principal
nonunitary series representations of G, then we know (in
principle) the finite dimensional irreducible representations
of G. It turns out that it is possible to obtain the ME’s of the
infinitesimal operators for the principal nonunitary series
representations of the group G in the basis of its maximal
compact subgroup K (K basis). From the argument given
above it follows that the finite dimensional irreducible repi -
sentations of the infinitesimal operators of G (and conse-
quently of G, ) can be obtained in the K basis. By utilizing the
methods developed in Refs. 12 and 14 it is then possible to
obtain the ME’s of the finite transformations, once the ME’s
of the infinitesimal operators have been obtained.

The finite dimensional representations of the groups G,
obtained in this manner are not yet in unitary form. In order
to obtain unitary representations, the similarity transforma-
tions have to be found which unitarize these representations.
The problem of finding the matrices corresponding to the
unitarizing similarity transformations is indeed the most dif-
ficult problem of the entire method for the construction of
the finite dimensional representations of the group U(p + q)
in a U(p) X U(g) basis as described in this article. For the case
that every irreducible representation of K is contained in an
irreducible representation of G, at most once, the unitariz-
ing matrix is easily found. The unitarizing matrix for an irre-
ducible representation of G, with this property is simply a
diagonal matrix.

From the discussion given above it follows that it is
possible to find the infinitesimal operators for any finite di-
mensional irreducible representation of a compact semisim-
ple (or reductive) Lie group, in the basis of one of its sub-
groups K, if there exists a real form G of the complexification
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[G,]of G, for which K forms a maximal compact subgroup.
The possibilities permitted by this method for the classical
Lie groups are enumerated in Table I. The notation for the
groups is chosen to coincide with the notation of Ref. 15.
Table I shows that, for the case of the groups SU(n) the
method outlined above permits us to obtain the finite dimen-
sional irreducible representations with respect to the sub-
group SO(n), the subgroup Sp(n) (if » is even), and the sub-
groups S(Up) X U(g)), p + ¢ = n.

In this article explicit formulas are given for the action
of the infinitesimal operators of the principal nonunitary se-
ries representations of U(p,q) in a U(p) X U(g) basis. Then,
given a finite dimensional representation of U(p,q), the prin-
cipal nonunitary series representation is defined which con-
tains this finite dimensional representation. It is explained
how to obtain the infinitesimal operators for the finite di-
mensional representations of U(p + ¢) in a U(p) X U(g) basis
in unitarized form. The unitarization can be carried out for
each individual case separately. In a second article to follow
it will be shown, for the case of the degenerate series repre-
sentations of U(p,q), how to obtain the explicit form for the
mfinitesimal operators of the finite dimensional representa-
tions of U(p,g) with highest weights (4,,0...,0,4,) in a
U(p) X U(g) basis in a general manner (i.e., not merely on a
case to case basis). In concluding it should be mentioned that
the maximally degenerate series representations of U(p,q) in
a U(p) X U(q) basis were discussed in Ref. 16.

2. PRINCIPAL NONUNITARY SERIES
REPRESENTATIONS OF SEMISIMPLE
(REDUCTIVE) LIE GROUPS

This section of the article serves the purpose to intro-
duce those concepts and definitions of the theory of semisim-
ple and reductive Lie algebras which will be needed in the
following. Particular attention will be given the definition of
the principal nonunitary series representations, and a basic
lemma will be quoted. For more detailed information on the
theory of semisimple (reductive) Lie algebras and Lie
groups, as well as their representations, the reader is referred
to Ref. 17.

Let G denote a connected linear (i.e., matrix) semisim-
ple or reductive Lie group, and let g denote its Lie algebra.
Let K be a maximal compact subgroup of G, and let f denote
its Lie subalgebra in g. Let B (-,-) denote the Killing—Cartan
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form on the space g. Moreover, let p denote the orthogonal
complement of f in g with respect to B (-,;) Theng=p +
(direct sum). This decomposition of g defines the Cartan
involution &; the involution @ leaves every element of f invar-
iant and multiplies every element of p by the factor ( — 1).
The involution @ is extended to g by linearity. The form
(t,y) = — cB(x,0Y), c >0, r,heg, defines a positive definite
scalar product on g. This scalar product can be extended to
the complexification g. of g by means of linearity.

Let a be a maximal commutative subalgebra in p. The
dimensionality of a is called the real rank of g. Let m denote
the centralizer of a in £. If b is a Cartan subalgebra of 1, then
b + ais a Cartan subalgebra of g. Consider the set of opera-
tors ad®, $ea, which act on the space g. With respect to these
operators, the space g can be decomposed into a direct sum
of subspaces corresponding to eigenvalues 4,

8=200+ D8
A

The sum extends over all nonzero linear forms (eigenvalues)
A on the subspace a of g. The subspace g, is the eigenspace
which corresponds to zero eigenvalue. The linear forms A on
a are called restricted roots of the pair (g, a). The roots may
have more then unit multiplicity (this implies that the sub-
spaces g, may have dimensionality greater than 1). The re-
stricted roots can be obtained from the roots of the complexi-
fication g, of g by restriction to a. The nonzero restricted
roots can be separated into two sets; namely, positive roots
(A > 0) and negative roots (1 <0). Definen=2 ;_, g;.
Then nis a maximal nilpotent subalgebra in g. The Iwasawa
decomposition of g is then given by the direct sum

g =t + a + n. If N, 4 denote the analytic subgroups of G
which correspond to the Lie algebras n and a, respectively,
then the Iwasawa decomposition of G is given by G = ANK.
Moreover, every element geG can be decomposed uniquely
into the product g = Ank, hed, nelN, and kK. If M is the
centralizer of 4 in K| then m is the Lie algebra of M.

Let 6 denote an irreducible finite dimensional unitary
representation of M on a space F and let A be a complex
linear form on a. The map A—expl[A (logh)), €4, defines a
representation of 4. Let L (K, ¥ ) denote the Hilbert space of
measurable vector functions ffrom K into V¥, such that

fK V@ dk<oo, flmk)=5@myf k), meM,

(dk is an invariant measure on X, || ||, means norm in V),
with scalar product

G fo) = fK (k) fa(k ) k.

Then the operators 7, 4 (g), G, which act in L 2(K, V') ac-
cording to the formula

754 8) f(k) = exp[A (log k)] f(k,), kg=hnk, (1)
where hcA, neN, kg €K, define a representation of G on the

space L §(K, V). The representations 75 4 form the principal
nonunitary series representations of G.

It has been shown in Refs. 18 and 19 that every com-
pletely (or infinitesimally) irreducible representation of G
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which decomposes into a sum of finite dimensional unitary
representations of X, each of which occurs a finite number of
times only, is infinitesimally equivalent to a subquotient of
some principal nonunitary series representation (for the defi-
nitions of infinitesimal equivalence and infinitesimal irredu-
cibility see Ref. 17). In particular, every finite dimensional
irreducible representation of G is contained in this manner in
some representation 775 , (more details follow below).

The space L XK, V') can be decomposed into an (infi-
nite) orthogonal sum of finite dimensional subspaces H,, , on
which 75 , realizes representations of X which are multiples
of irreducible representations of K with highest weight v.
The space of finite linear combinations of vectors of different
H,i.e., the space of X finite vectors of L (K, V), will be
denoted by dL 3(K, V). A representation of the algebra g on
dL %(K,V), is obtained through differentiation of the repre-
sentation 7 , of G. It will be denoted by dr , .

Apart from the compact subgroups K and M of G, other
compact subgroups of G will be needed in what follows. In
order to introduce these subgroups additional information is
needed concerning the restricted roots of the pair (g, a). Let
4 denote the set of all positive restricted roots (with multi-
plicities), and F a set of simple roots in 4 (i.e., a smallest
subset of roots of 4 such that any root of 4 can be represent-
ed as a linear combination of F with nonnegative integer
coefficients). The number of simple restricted roots equal the
realrank of G. If &,c2,,...,&1; denote such a set of simple roots,
thenlet F; = {a; a;  ,,...a,}, i=1.2,..,l Let 4, denote
the subset of roots of 4 which can be expressed as linear
combinations of the roots of F;. Let

m=Yg and n- = Yg_,

AeA, Aed,;
Let G, be that subgroup of G which is generated by the sub-
groups N, = expn,, N, =expn, ,and M. LetK, =G, nK.
Then the following sequence of subgroups is obtained,
KEK]DK;_D"'DK]DMEKI+1. (2)

This chain of subgroups can be further added to. Let §,,
b,,...,h, denote a set of elements of the subalgebra a of g for
which @; (§,) = §; holds, where @, { = 1,2,...,/ are the sim-
pleroots. Let 4/, | (ja positive integer) denote that subset of
roots of 4, for which either a(b;)>j or a(h;,) = 0.4, ,

= A, | always holds, and for the classical Lie algebras
4}, =4,  holds. Let g/, , be that subalgebra of g which
is generated by the root spacesg; andg_ ,,Aed’, |, and by
the subalgebram;let G/, | be an analytic subgroup of G with
Lie algebra g/, ; andlet K/, , = G/, , n K. Thus, to every
pair of subgroups K; and X _ , the following sequence of
subgroups has been obtained,

K=K}, 2K{ 22K 3)

Let t/ denote the Lie algebra of K/, considered as subalgebra
of g. Then the scalar product <-,-> defined on g defines a
scalar product on the subspace f/. Let %, %,,...,%, be an orth-
onormal basis for f/. The left action of the elements %,,
X,,...,%, on the space dL X(K,V) is given by
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-4 4
oX) f(k)= dff((eXptf,)k)l,:o- “)
The operator

. t
/= — Y o (&)
s=1
is the Casimir operator of /. In addition to the Casimir oper-
ators, the following operators Q; will be required.

s 1 _
Qi=0;— Y —o/*), )
f;u(/+ D
wherew/ "' =0if K/t ' =K,

Let $, /= 1,2,...,/denote an orthonormal basis in a. Let
R denote half the sum of the roots of 4 (with multiplicities
taken into account), and let p be an element of a such that

R ('@) = <0a®>) @ea.

In Ref. 20 Thieleker proved a lemma (not published),
which reformulated, can be stated as follows (the proof of
this lemma can be found in Ref. 21.)

Basic Lemma: Let f€ dL %(K,V'). Then for an element
Jep., b, the complexification of p, the following holds,

drs D (k)
= 3 A GX@dK)DE k) — ((@adk)Dp3f k)

i=1

+1 3 [2:ad DBV (), ©

i=1

where ((adk )9),9), Hea, is a function on K defined by the
scalar product {-,-) on g, [-,-] is a commutator [the
pointwise multiplication of f (k )edL (K, V) by {(adk ).}, )
is to be considered as action of ((adk )3),h; ) taken as opera-
tor, on the functionf(k)],5,,/ = 1,2,...,/aretheelementsof a
which were introduced earlier and which satisfy o; (b,)

= &;. The operators Q; act on the vector functions from the
left [see Egs. (4) and (5))].

Using the lemma stated above and the CGC'’s for the
group K =U(p) X U(g), explicit formulas are obtained for
the action of the infinitesimal operators of the group U(p,q)
for the representations 7 4, with respect to a U(p) X U(g)
basis.

3. THE GROUP U(p,q) AND ITS SUBGROUPS

The group U(p,q) is the group of complex nonsingular
(» + ¢) X (p + ¢) matrices which leave invariant the form

|2:)* + |z|* + - + 12,17 — 12p 4 1|7 = — |24 4l ™

The maximal compact subgroup K is isomorphic to the
group U(p) X U(q) and can be chosen as the set of matrices

[U(p) 0

0 U@

The Cartan involution & for the Lie algebra u(p,q) of the
group U(p,q) is given by 8 (¥) = — () 7, Xcu(p,q). The bar
denotes complex conjugation and the subscript 7 stands for
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transposition. The scalar product defined by

EP=TrxY", ZJecu(p,g), Q)
coincides, up to a scalar constant, with the scalar product
introduced in the previous section.

The subspace p of u(p,q) consists of the linear combina-
tions of the matrices

V - \(E,—E,), E,+E, l<i<p,

p+15<p+g, ®
where the E;; are defined by the relation (E,), = 6,0,

The subalgebra a can be selected as the set of matrices

p—4q

The subgroup M is isomorphic to the group
Up — ¢)x [U(1) X+ XU(1)} (there are g terms in the
square brackets) and consists of the matrices

-

=

u; €U(1).

In order to obtain the subgroups K’ explicitly, the fol-
lowing transformation ¢ is used, ¢:g—dgd **, geU(p,q),
where

0 D
with E, _ the (p — ¢)-dimensional unit matrix and
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1 |l 1
1 " 1 q
I
ped o SOES  1 —
\/2 1 | —1
1 ‘ -1 q
.'. | ‘..
1 [ —1

Under ¢ the group U(p,g) transforms into a group U’(p,g) which is isomorphic to U(p,q). As the two groups are
isomorphic, the prime will be deleted in the following—there being no danger of confusion. It is clear that @ is also a
transformation for the corresponding algebras u(p,g)—u’(p,q). The transformation @ carries the algebra a into the algebra o',
consisting of the matrices

p—q fol ol ___a

la i

» a; €R. 48))

o

The transformation @ leaves the subgroup M elementwise invariant.

It will turn out to be convenient to define the restricted roots and the root spaces with respect to the subalgebra a'. It is
easy to go from the subalgebra a’ to the algebra a by means of the transformation ¢ whenever it turns out to be necessary.

v 4 ’ !
The matrices pair (u'(p,g),a’). The roots
blepp-Ep+l,p+l! [)2=Ep—l,p—l_Ep+2,p+2:'--, wi—wj’ l<.l; mi+wj’ l<]; a; 2&)[
f) v =E, qirp—ar1—Eprapra can be selected as the positive roots. Then the roots
form a basis for a’. Thus an arbitrary element $ea’ can be A =0 —0; aQ=a0d,—0; -\ 0
written as $ = 27_ 05, o€R. Following Jacobson? the =0, | —0, =0, (12)

restricted roots will be characterized by the meaning they

have on the elements $ca’. Thus, the linear forms are the simple roots. The algebra su(p,q) [the semisimple part

of u(p,q)]is a Lie algebra of type A III (see Ref. 23). Hence
w,— 0, I 0+, I#H—o—o, i#, the roots w;, — w;, @, + @, — w;— @, i7j, have the multi-
05 —w; 20; — 2w plicity 2. The roots w; and — , have the multiplicity
=12, 2(p — ¢). The multiplicity of the roots 2w, and — 2w;is 1.
e 3 The root system of the restricted roots of u(p,q) is similar to
on the elements $ = 2_ ,w; are the restricted roots of thi the system of roots of the complex Lie algebra B, (see, Sec. 6,

[l

TABLE IL.

root multiplicity basis of root subspace

©, — w;, 7 2 E, vipmjer—Eijoin ¥ —UE 1oy T E, ip00)
; + 0, i 2 Ep~i+l.p+j _Ep—j+l.p+ir v — l(Epvi+l.P+j +Ep—j+l‘p+i)
— @ —w;, iFEf 2 Epvipivt = EBpiip_jors ¥ —WE p ivt Y E iy ji1)
@; Z(P*-Q) Ep-—i+|_k —Ek‘p+,~, vV — I(Ep;,-_,_ 1.k +Ek,p+i)rk= 1,2,.--.P—q
- 20—-9 Eipivi~Ejiir ¥V —WE,_ i +E, u)k=12,..p—9q
20, 1 V —1E,_,, ,+:

— 2w, 1 v —lEp+i.p~i+1
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Chap. IV of Ref. 22). Due to this similarity it turns out to be
easy to find the root spaces of u(p,q).

In Table II the basis elements for the root spaces g, are
listed, with respect to the subalgebra a’. The particular
choice of the basis elements as linear combinations of ele-
ments E,;, instead of the most obvious choice of the elements
E; themselves, is motivated by the fact that the matrices
¢ 'E,; do not belong to u(p,q), while ¢ = @ acting on the
basis elements of Table II transforms them into basis ele-
ments (root vectors) of the subalgebra a of u(p,q).

The basis elements of a are then obtained by means of
the transformation ¢ from the basis elements of Table II as

oo, =Ep ivrp_jir T E, i1,y +E, it
+Ep+i,p+j “Ep—j+l,p4i+l +Ep—j+1,p+i

+Ep+j.pvi+l _E

p+jp+ i
€o,— o, z\/" I(Ep«i+1,p~j+l +Ep-i+1,p+j
+Ep+i,p~j+1 +Ep+i,p+j +Ep—j+l,p—i+1
_Ep~j+1,p+i _Ep+j,p—i+l +Ep+j,p+i):

e

W, + o =Ep*i+1,p~]'+1 T Ep—i+lp+j +Ep+i.p—j+1

—E

P+ ip+j “Ep'4j+l,p—i+1 +Ep-j+l,p+"

_Ep+j,p—i+1 +Ep—j,p7i’

ot w, :\/# I(Ep-—i+l,p-j+l _Ep71+l,p+j
+Ep+i‘p—»;’+1 _Ep+i,p+j +EP—]+1,p—i+1
_Ep~j+1,p+i +Ep+j,p~i+1 _Ep+j,p+i)’

Ep+flp—i+\

—E

p—i+1lp+j

p—i+lp—i+1 +Ep~j+1»p+i -

_E —E

p+jp+i p~i+1lp—j+1

+Ep+i,p-j+l +Ep+i‘p+j’
e-—m,——w] =\/* l(Ep~j+l,p——i+l +Ep
—FE E

pHip—i+1 T Tptjp+i +Ep—i+1,p-j+1

— @, — w;

—j+lp+i

tE, i~ Epip—iir —Epiipis)
€, zEp—-i+1.k +Lp+i.k —Ek.p——i+l +Ek,p+i’

k=1.2,..4,

e, =\/ —WE, i+ E i +E, i1 —E, i)

The subgroup K, =K ; __, consists of the matrices

k=1.2,..,q,
=F

p—f+1,k_Ep+i,k_Ek.p~i+l—Ek,p+i’

k=124,

-~ w,

eam,=\/— WE, iviu—E,vixtEp_iv1+E,. ),
k=12,..,q,

E

p+i,p+i+Ep+l',p—‘i+l

€, = \/j(E p
—E

p7i+l,p+i)’

e~zm,.=\/— I(Ep4i+l,p—i+l—E

pAHip+i

—i+lp—i+ 1

+ Ep—i+ l,p+i—Ep+i.p~i+ 1)~
The elements ! = 3/ _ §,i = 1,2,...,q, ‘thave the property
a;(h) = 8;. The élements $; = (1/V2)f, i =1,2,...q,
form an orthonormal basis for a'. The transformation ¢!
transforms the elements §; into the elements §), of a, and the
elements 9/ into the elements §, of a, such that

i 1 -
b= > b, Hi= —=bi, (13)
A V2

withy! =E, , ,,, +E

p+ip—i+1*

Sofartherootsa;,a, , | ,...,@, for thesets F;(defined in
Sec. 2) have not yet been specified. They are now chosen to
be the simple roots of Eq. (12).

All the information needed for the evaluation of the
subgroups K/ is now available. It follows from the descrip-
tion of the root spaces given above that the sequence, Eq. (2),
of subgroups K; of the group U(p,q) consists of the sub-
groups K; =U(p — i + 1) XU-

(g — i+ DIXU@)x---XxUM)]ie., (thereare i — 1 terms in
the square brackets). Moreover, for the sequence of sub-
groups given by Eq. (3), the following holds,

KiEK}+ IDK?+ IDKi+ 1—:—K1!+2’

i.e., there exists only one subgoups between K; and X, , .
This subgroup is given as

K}, =Up-—-)xUg-iHx [U(1)>§1-1>)<U(1)].

U(p—i+1) ll 0 } 0 } 0
Tt L === =T =
| i i 1
0 | u, | © : 0
________ ll""‘*‘"%““""}“““ Cweu(), (14)
{ | Uy |
Lo L
S RS
———————— e e— — I | - ————
| ] |
| | |
0 | 0 1 o lU@g—i+1)
2000 J. Math. Phys., Vol. 20, No. 10, October 1979 A.U. Klimyk and B. Gruber 2000



The subgroup K 7, , consists of the matrices

| |
L9 90 __1.0_X
| I I
|
Ui i l
| |
u, | 0 o
| |
| uy l
I |
I |
| i1 |
| |
0 u! | 0
S S |, e — —
| {
o ! o { Ug—9

Thus the following sequence of subgroups has been
obtained,

K=K=K}DK3}DK,=K}DK3;D-DK,
EK;+]DK2+IDM. (16)

This sequence of subgroups will be of great importance in
what follows.

4. BASIS FOR THE SPACE OF PRINCIPAL
NONUNITARY SERIES REPRESENTATIONS

In this section a convenient basis will be constructed for
the space L 3(K, V') of the principal nonunitary series repre-
sentations of U(p,q).

The restriction of the representation 7, , to the sub-
group K acts on the space L 3(K,¥’) as the right regular re-
presentation. The representation of K on the space L (K, V),
which is obtained by restricting 75 , of the subgroup X, di-
vides the space L 3(K,¥’) into an orthogonal sum of sub-
spaces. Each of the subspaces carries a representation of X
which is a direct sum of identical irreducible representation
of K. These subspaces are denoted by L 4(K,V), where A is
the index of the irreducible representation of K. Hence,

L XK, V) consists of all measurable square integrable vector
functions f which transfor according to the representation A
of K, if f'is acted upon by elements of X from the right, and
for which holds f(mk ) = 6 (m)f (k). Itis clear that the func-
tions of L A(K, V), if acted upon from the left by the elements
of K, transform also according to the representation A of X.
Under action from the left by the elements of K/, some of the
functions of L Z(K,¥) will transform according to a given
irreducible representation of K. The space L 2(K,¥) can
thus be represented as an orthogonal sum of subspaces, each
of which consists of functions which transform under action
from the left by the elements of a subgroup of Eq. (16) ac-
cording to a definite irreducible representation of this sub-
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, quU(l), (15)

u;EU(l)

group [to each subspace of L (K, V) corresponds a fixed
sequence of irreducible representations). If a function f of
L (K, V) transforms according to the irreducible represen-
tation i of K/, if acted upon from the left by the elements of
K, then the representation 4 is contained in the representa-
tion A | K/, (restriction of A to K”) and u|M contains the re-
presentation & of M. If, in addition, the function transforms
according to the irreducible representation u' of K7, if acted
upon from the left by the elements of K7, and if K% C K/,
then the representation u|K %, contains the representation
7

Corresponding to the sequence of subgroups, Eq. (16),
the sequence I" of their irreducible representations is then
given as

A=A A3,A0,A5,.,40 1, A2, 1,6, an

g+1
such that A/ |K/, contains A/, if K/ DK7.
Consider the subset of all vector functions fof the space
L %(K,V) which under left action by the elements of the
groups of sequence, Eq. (16), transform according to a given
sequence of irreducible representations, Eq. (17). From the

definition of the space L %(K, V) follows that this subspace is
not empty. This subspace is denoted by

L (F)EL (’LA %)i ;/i gy“-’/{ (ll + l/l g + 1’6)'
Functions fof different subspaces are orthogonal. Moreover,

the space L (K, V) is the orthogonal sum of the subspaces
L (I'). Therefore,

LYK,V)=SL() (orthogonal sum). (18)
T

The representation 75 4, |K realizes on each of the subspaces
L (I") the irreducible representation A of Kif I' = (A,---). The
irreducibility of 7 , |K on L (I") follows by comparing the
multiplicity of a given irreducible representation 4 of K in

75,4 |K with the number of subspaces L (I" ) with I" = (4,--).
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The subgroups of Eq. (16) have the property that any irredu-
cible representation of a group of this chain is contained in
the irreducible representation preceding it with not more
than unit multiplicity. It follows that the number of sub-
spaces L (I") for given A must be equal to the number of irre-
ducible representations A in 7, , |K.

The decomposition Eq. (18) is therefore a decomposi-
tion of the space L (K,H ) into an orthogonal sum of K-
irreducible subspaces. A basis for the subspaces L (") is con-
structed as follows.

Let |8,5),s = 1,2,...,dim8, denote an orthonormal basis
for the space of the representation & of M. Let |4,t )
t = 1,2,..., dim4, denote any orthonormal basis for the space
of the representation A of K. Let |1,[8,5,), I' = (4,
A3,...,8), denote an orthonormal basis of the space of the
representation A of K, constructed according to the reduc-
tion of the sugroups of Eq. (16). Let

Diirssk)=V dimid (A, 8,s|A(k)|At), keK.

Then the vector functions with vector index s,
s=1,2,...,dimé,

{p¢ wrss.k )Joims =D re.k), t=12,.,dimd,
(19)
for different ¢, form an orthonormal basis of L (I") (for fixed
A,I,6). Theunion of all basis, Eq. (19), forall L (I"), formsan
orthonormal basis for the space L (K, V') and for the space
dL (K. V).

In the following, the sequence of representations, Eq.
(17), which correspond to the sequence of groups, Eq. (16),
are considered. This sequence of representations has the
property that each representation is contained in the repre-
sentation preceding it. The representation 8 of the subgroup
M=U@p — ¢)X[UQ) X xU)] (for g terms in [ ]} is giv-
en by the product of the representation of U(p — g) with
highest weight

(ml,p —pM2p— gy gp— q)’

Myp_g>Myp > 2My_gp o My INLEgETS,

and the representation (character) of the group

U(1) X - X U(1), given by the set of integers A ,,A,,...,. 4, [A;
is the character of that group U(1) of M which corresponds
in the matrix equation (10) to the parameter u;].

The irreducible representation 4 ; , , of the subgroup
K=K! =U@p—-i+DxU@g—i+1
X [U(1)>§---§U(l)],
Eq. (14), is given by the product of the representation of
U(p — i + 1) with highest weight

(ml,p— i+ Mop i 1My p it )

My, e e m
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Myp_iy12Myp
m,, integers,

i 12 My iy it
the representation of U(g — i/ 4 1) with the highest weight
(ml,q i 1Mo iy g iy 1)
Mg iv12Mag i1 2 2My_ iy g it
m,, integers,
and the representation of U(1) X .- X U(1) with weight
l’A 29 ’A i— D
whereby the A ' are integers. If this representation is to con-

tain the representation & of the subgroup M, then A ;= A,
j=12,..,— 1, must hold.

The representation 4 7, | of the subgroup

K2, ,=Up—)xU(g—
X U1)xu()
[the last two subgroups U(1) correspond to the parameters
u; and 4 in the matrix of Eq. (15)] is given by the product of
the representation of the group U(p — /) with highest weight
(Mg, oty ety

DX [U(1)>(<_:'l>)<U(1)]

my, _2m,, p_ip—p My INtegers,

the representation of the group U(g — /) with highest weight
(ml,q — [:mzyq — [’-~-9mq —ig — i)’
my, >m,, >e>m, . ., my, integers,

the representation of the group U(1) X --- X U(1), given by
the integers

ApA Al
and by the representation of the group U(1) X U(1) which is
given by the two integers w},w). If this representation of
K? . ,istocontain the representation § of the group M, then
it must hold thatA; =A, j=12,.,i— land
o)+ =A,

If, moreover the representation 4 |, , of K|, |, is to
contain the representation A 7, of K 7, ,, then the following
conditions must hold:

.o p—dt1

L

W)= 2 Myp—iv1— 2 jp — i
i=1
—i+1 q—i

z] Jq—1+l ijqu’
J=

i.e., the integers », and w, are deﬁned by the integers m;,

which define the repersentations of the groups U(s).

Therefore, the sequence of representations Eq. (17),
which corresponds to the sequence of groups Eq. (16), is
completely defined by the representations of the subgroups
U(s) and the representation § of M. Thus, the scheme

...... ' (20)
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corresponds to the sequence of representations given by Eq. (17). The integers m, in the scheme Eq. (20) satisfy the conditions
MuSM o >M g0 MESMip _(2Mi, 1

and the conditions

i i p—i+1 p—i g—i+1 q—i
@) + @y = 2 Mip_ivt — zlmﬂp—i + Zl Mig—i+1 = zlmj,q—i =4, 22
j i= = i=

j=1

The scheme £2, together with the representation & of M, defines completely the representations of Eq. (17).

We can therefore draw the conclusion that all possible schemes £2, for which the conditions Eq. (21) and Eq. (22) are
satisfied for fixed &, label uniquely the subspaces L (I") of the space L 3(K,¥V’) on which irreducible representations of K are
realized. The double Gel’fand—Zetlin schemes

my, o

ml.p—l .. m‘,_lyp_l

¢—ta-1 23)

label the basis elements in the K-irreducible subspaces L (I"'). Therefore, the orthonormal basis elements of the space L XKV,
given by Eq. (19), are uniquely labeled by the two schemes £2 and =. The label 7 corresponds to the scheme 2, while the label
(A,T,8) corresponds to the scheme £2. The basis elements of the space L 3(K, V) will, in the following, be denoted by the schemes

[g]z (2|2].

It should be noted that the first line of 2 and 5 are identical. This line gives the highest weight of the irreducible representation A
of XK.

In the following the scheme {2 |2'] will be used to represent the concrete vector functions given by Eq. (19).

A remark should be made at this point. The basis used above for the K-irreducible subspaces L (I") of L (K, V) was the
Gel'fand-Zetlin basis. That implies that in the following the infinitesimal generators of U(p,q) and U((p + ¢) will be obtained
in this basis.

One could, however, choose any other basis for the K-irreducible subspaces L (I") of L 3(K,¥) and thus obtain the
infinitesimal operators in another basis. In what follows the Gel’fand—Zetlin basis will be used for the K-irreducible subspaces.
It will be shown, however, what changes have to be made if any other basis for the K-invariant subspaces L (I" } is to be used.

5. INFINITESIMAL GENERATORS OF THE right-hand side of Eq. (6) can be rewritten, as
PRINCIPAL NONUNITARY SERIES (adk),H>4 () = $(adk )P, ;>4 (). (25)
:i;?SESENTATIONS OF U(p,q) IN THE [2|2] With the §; defined in Eq. (13) it moreover follows that

In order to obtain the matrix elements of the infinites- i (@dk)D.h,) (A;)
imal generators of the group U(p,q) in the 7, , representa- =t .
tion with respect to the [{2 | X' ] basis in explicit form, the basic = {I* {(adk)9),5,)A (6; — B!, ) + 4((adk)),b, )4 (5’
lemma introduced in Sec. 2 will be utilized. Before this can ;;1 . o 1% , 954 (55)
be done, however, the formula Eq. (6) has to be brought into =1 i S {(adk 9,534 (5;) — ;S i {(adk)®,5;)
a more suitable form. =y=1 ! i=1=1 !

Let A be a linear form defined on the subalgebra a’ (or XA G, )= ((adk)9,b:) A (B). 26
a). Let a; denote the simple restricted roots. Then the formu- +1) %igl i A Gi) @9
la(a; ,A4) = A (b,) represents the roots @; as elements h,, of Now, the term {((adk )9),0) of Eq. (6) is considered. The
a’ (or a). A direct evaluation shows that the simple restricted element p of a can be expressed as (Ref. 20).
roots a; correspond to the following elements of g,

£ & > = i +2g,)(a;, )b, 27

@—by, =30 — b ) i=12.9-1, a—h, =1if, p %ig](p +2¢,){(a;, a;)h 2))

(24 where p; is the multiplicity of the simple restricted root a2, , g,
the multiplicity for the restricted root 2¢; and
(a,a;) = a,(h,,) = (B,,,5,, ). Equation (27) is obtained as
Since §, = (1/\/5)5; , Eq. (13), the first term on the follows: A reflection S, of the Weyl group of the system of

where, as above, b/ =E, ivipritEip_ii1
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restricted roots of the pair (u(p,q),a) maps the set of roots 4,
without the roots ¢, and 2¢,, onto itself. The roots a; and
2a; are mapped by S, onto theroots — ¢, and — 2¢;. Thus

(2R,a;) = (R, a;) — <R)Sa,-)
=<{R - Sa,R’ai> =, + 29)Xa, ap, (28)
where R is defined by the relation R (9) = {p,$),H<a. Equa-
tion (28) however implies
afp) = 3p; + 29 )Xa,a.
This proves Eq. (27), since a(h)) = 5,

Equations (25), (26), and (27) show that the first two
terms of the right-hand side of Eq. (6) can be rewrittten as

i {(adk)D,H>A (£) f (k) — (adk)Y,ppf (k)

i=1

= ﬁ‘, [<A.aD — 30, + 2¢)<e,a>1K(adk), 52/ (k),

i=1

where (A,a,> = A (5, ). 29
In order to bring the third term of Eq. (6) into a more
suitable form, this term is evaluated by letting it act on the
basis elements [{2 | 3 ] of the space L (K,¥’). Since with re-
spect to action from the left by elements of the subgroups K/

the vector functions [2 | ¥ Jtransforms according toirreduci-
ble representations of these groups, it holds

Q1212 ]=¢qln2|2], (30)

where g, is a number. The eigenvalue g; will be evaluated
later on. Due to Eq. (30) it follows that

3 [0K@d)D5 (215 ]
= 30— ) <@dk)DH>(212 1.

i=1

€2))
_d

Zetlin basis for the representation {1}, X [T}q is given by

p—i+1 I 0 0
TOws 1 0 O
E; & 1 0. . .0
0. . .0
b 0

E
For the dms 4 (E;), | > p,j<p, the correspondence is

if

_ 0. .. ....0 0 -
p—it1 0. . . . .. .0.-l
rows

Eij e 0. . .0 -
0. 0

N o
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Hence, for the case that f(k ) = [2 | 2] the formula given by
Eq. (6) can be rewritten as

drs ,(D212]

= 3 KAy — 40, + 20) @) + 4@ — 4)]

X<(adk)P.hr[212]. (32)

In order to obtain an explicit expression for the action of
the infinitesimal generators of the representation 7 , onto
the basis elements [£2 | Z], the functions {(adk )¥),H>[12 |2']
will be expanded in terms of the basis elements [£2’|X’]. In
order to do this, the functions {(adk )),5,> is first studied.

It is not necessary to evaluate Eq. (32) for arbitrary
elements Pep, . It is sufficient to evaluate Eq. (32) for only
those elements which form an orthonormal basis for p, with
respect to the scalar product (-,-). The matrices E,; ,
i<pj>pand E;, i>p,j<pform an orthonormal basis for p, .
The operators d,;, (E;;), i<pJj > p, form a tensor operator
which transforms according to the adjoint representation
(adk ) of the group K. More precisely, this tensor operator
transforms according to the tensor product of the vector re-
presentation, denoted by {1} ,»of the subgroup U(p), and the
representation contragredient to the vector representation,
denoted by {1}, of the subgroup U(g) of K. The operators
dms 4 (E;),i > p,j<p, form a tensor operator with respect to
the adjoint representation (adk ) of K which transforms like
the tensor product of the representation { 1} , of U(p) and the
representation { 1}, of U(g). As these tensor operators trans-
form like the states of the representations {1},x {1}, and
{T]p X {1}, of the group K =U(p) X U(g), they can be
uniquely labeled by means of the Gel’fand—Zetlin basis of
these representations. The one to one correspondence be-

tween the operators dr; 4 (E;),i<pJ > p, and the Gel'fand-

0 o o 47/ .,
0 0 -1 rows
0 .0 -
0. . .20
0 _— 33
1 0 0. . . . . .. 0] ‘
1 o. ... . ..90 P
TOWS
i 9. . 0
0.. .0
0 — (34)
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For reasons of simplicity the schemes (33) and (34) will be
denoted by (E;). The schemes (33) and (34) correspond to
the chain of subgroups U@p) X U(q)DU(p — )X U@ — 1)

DU(p — 2)XU(g — 2)-- such that

U(p—2) A l
U(p—1) 0
U(g— 1)
0 [ Ug—2)
[— M

In the following the expression {(adk )E, .}, ) will be
evaluated for i<p,j > p. Utilizing Eq. (13) it follows

(@AE> = S (adk)E, B, (35)

s=1

Since {(adk )E, 0 = ((dk)E,LE, .., ., Di<pp >, the
functions

(adk)Eb>,  i<p, j>p, (36)
are the matrix elements of the irreducible representation
{1}, X {1}, of the group K= U(p) X U(g) with respect to the
orthonormal basis (E,,), i.e.,

@dk)IELD> =D k). (37)

It should be remembered that (E;;) denotes the scheme Eq.
(33).

Similarly one obtains for the case i > p, j<p,
@dk)ED> =DM | k). (38)

Thus the functions {(adk )E,b, > are defined by Eqgs. (35),
(37), and (38).

The functions of Eq. (37) and Eq. (38) are invariant
under left action by the elements of M, since the b’ are ele-
ments of the subalgebra a of u(p,q).

Now, the expression
{(adk)E; b, >[2 2]

= 3 ((adk )E, (2 /2 ] (39)
s=1
will be evaluated. According to Eq. (19)

(212 J={D (s, ()X, (40)
Thus, the sum of the right-hand side of Eq. (39) contains as
terms the product of the functions
Dl e D s g (k) (41)

for i<p, j > p. The function given by Eq. (41) is an element of
the space of the tensor product of the representation
{1},X {1],and theirreducible representation A of the group
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K. Thus
Eq. (41)
dimA

=,1';,t'(dim/l ')m(mp Xy sy 1545

A«yF’(S,S'/{ ',1—”,5,5') |D ;{Il",ﬁ,s),t'(k)

X AL (1], (T} (E DAL, (42)

where (;|> and {|;> are the matrix elements of the oper-
ator U and its inverse which decomposes the tensor product
of the two representations {1},X {1}, and 4 of X into a di-
rect sum of irreducible representations 4 ' of X i.e., the
Clebsch—Gordan coefficients (CGC’s). The CGC’s
(1 ,x T]q,(Ep s 1p 4 A0\ T,6,5) do not de-
pend on s. This is seen as follows. The CGC’s of the group K
can be factored into a product (or into a sum of products) of
CGC'’s of the subgroup M of K and M scalar factors. These
M scalar factors depend only on the representation of M, but
not on the indices labeling the individual states of the repre-
senation. The vectors [{1},X {1} (E, _,, 1, ) on the
other hand, are invariant with respect to M. Thus, in this
factorization of the CGC’s of the group K into CGC’s of the
subgroup M of K and M scalar factors, the CGC of the sub-
group M has to be equal to 1. This implies that the CGC’s of
K are independent of the index s. Therefore, Eq. (42) can be
written as

D (’é,lpx f 1E ) K)D tronk)
dimA \12 .
y (diim,) GIOD Yoy K< 5 (43)

AT

Equation (43) thus is a relation for the basis vector functions
[2 |2], while Eq. (42) is a relation for the functions (matrix
elements) D (s ,,,(k ). With respect to the notation [(2 |Z],
Eq. (43) can be reexpressed as

(@dk)E,h>[2 (2]

_ dimA 12 - . ’
—!)2;\:'<dim/{'> <{1}p><“}q’(Epfs+1,p+s),-Q 2"
><[0’|2]/<2’|{IIPXIT}q)(E,'j);Z>. (44)

It should be noted that in Eq. (43) the index ¢ in the basis
element D {5, ,(k ) corresponds to an arbitrary basis for the
space of the representation A of X (i.e., to an arbitrary se-
quence of subgroups). In Eq. (44), however, the index ¢ labels
the states of the representation A of K with respect to the
subgroup chain
K2OUP)xU(@2Up—1HxUg - 1)DUp —2)

XU(g — 2)D--. In the discussion to follow, this particular
chain of subgroups is used to label the states of the represen-
tation A of K. The same discussion can be carried out on the
basis of Eq. (43), instead of Eq. (44), leading to results of
greater generality.

The CGC’s of Eq. (44) factor into the product of the
CGC’s of the subgroups U(p) and U(g). The CGC’s needed
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for these two groups are the CGC’s for the direct product of  are obtained from the schemes £2 and X by adding 1 to each

the vector repr_esentjation {1} .(and qf the cqntragredient re- elementm, ,,m, . _.,.,m, , and by subtracting 1 from
Qresentatlon {1}) with an arbltra’ry irreducible representa- each element m; , M) o 1seomy, . Similarly, from given
tion of the.se groups. ’_I‘hese CGC'’s are however knowr.l, and schemes {2 and S the new schemes
thus the right-hand side of Eq. (44) can be evaluated in ex- i ; i ;
374 . . pip 1y r i/ L P PR "
plicit form.® In order to do so, some notational conventions 2705 2 Sdy s
have to be made. are obtained by subtracting 1 from each element
For given schemes {2 and 3 the schemes m; M, _ 1t and by adding 1 to each element
-{) + ':r" Ij/’ - |1-~,':r 2 + ip’ [p ey i m-;«'q’m-;w vg = 1""’m;"'h
Thedy ed?? —uda s N Taking into account the properties of the CGC'’s, Eq.

(44) can be written as

((@dk)E;b;) (2|2
dimA 27 . i il - : T
= 3 (el i KX T E e 22107 1, X (1], E D),

- dim 4 —Jgrdg - s —Jardp g jan

‘r""“!p
]‘l"”'jl{ a1
1t

w
Jpdpru

b= i = s
(45)

where the sum runs from 1, 2,...,r for each of the indices i, , i; ,j, ,j.. The symbols £2 ' and 2 ’ in Eq. (45) have been introduced for
reasons of simplification. In each term of the sum, £2’ and =’ are to be set identical to the £2 "~ and 2. of the basis element
(2127,

For the case E;;, i > p, j<p one obtains the relation

z, dimA \t2__ _; o !
@EDIIEI=  F (SR s s
Jgendy s

X)X A B 4 sp— o+ D2 1275 KE{T), X (1] (B2 > (46)
[the symbols £2’ and 3’ replace the symbols {2 “and 2 of the basis vector preceding them, as in Eq. (45).] where the sum runs

from 1 to » for each of the indices /,, i} J, /.
Thus, according to Eq. (35) and Eq. (45), the formula Eq. (32) can be written for r<p, > p, as

drs ENRIZ] = 3 (Aay — 1, + 29 )Xa,a) + 30, ~ 1q)

i=1

i i 12 L P
(dlM) [0 + sl :i:|z+lp.---,z,, ]

ngl i .; h dlm/i ! T Jedy —deedpag 1o
]<,»~~~x/q ot
r,', ,,,,, i
Jodp o g \
=l =1y

XAV XA B, sy 1 ps B2 12 XE (1], X AT} (B, ) Z > (47)

In a similar manner an expression is obtained for dr; 4 (E, ) for r> p,t<p, utilizing Eq. (46).

The basis functions [{2 |3 ] are eigenfunctions of the operators Q; with eigenvalues ¢; [Eq. (30)]. Hence, Eq. (47) can be
rewritten in more explicit form. The value of g, depends on the state [{2 | S Jupon which the operator ; acts, i.c.,g; = ¢,([2 | 2 ]).

The first factor on the right-hand side of Eq. (47) can thus be written as
Aap— lz(p: + 2g Xaa> + %{q.‘( [£2 ’|2 1) — g« (12 |2 1, (48)
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where [{2'|.3 '] represents the basis vectors of the right-hand side of Eq (47).

From Eq. (24), and utilizing the explicit form of the scalar product in q, it follows that 4(p; + 2¢,) {a,.a,> equals 1, for
i=12,..,9—1,andequals (p — g 4 1)/2,fori=gq.

The term g, ({2'{ X ']) — ¢, ({42 | 2 ]} is evaluated as follows. According to Eq. (5), Q, is a linear combination of the Casimir
operators of thesubgroups K | and K7, which act upon the functions [£2 |¥ ] from the left side. Acting from the left implies that
the ¢, depend on £2, but not on Z. For an irreducible finite dimensional representation of a semisimple compact Lie group with
highest weight A ’, the quadratic Casimir operator, Eq. (4), is givenby (A’ + R, A’ + R ) — (R,R ), where R is half the sum of
positive roots of the group. For the commutative part of the subgroup K/ the eigenvalue of the Casimir operator is given by
A"[A"Y=A"h,.)=(h,.,h,- ), whereA " isthatlinearformontheLiealgebraofthe commutativesubgroup whichdefines
the representation (thatis, (A *|A ") isequal to a sum of squares of integers, with the integers defining the representation). Thus
the eigenvalue of the Casimir operator w/ of the group K/ is given by the number (A + R,A +R) — (R,R) = (A,A +2R),
withA=A'+A".

Assuming now that the function ({2 |Z] transforms, with respect to left action by the elements of K/, according to the
irreducible representation with highest weight A/, and that the function [2 '|2'] transforms, with respect to left action by the
elements of K/, according to the irreducible representation with highest weight A/ + 7/ (thus 7/ represents the effect of the
action of drs 4 (E,,) on the representation with highest weight A7), then

OH[2'12') — K[ 2 1ZD) = A [+ T/ A ] + 7/ + 2R [y — A LA] + 2R [y = (AT + Riyrly + (e, 49)

Thus, according to Eq. (5),

g{[2'12']) — g2 D) =2€A ] + R L1}y +<r]1> ~ AT+ R 37D — KrbrD). (50)

By means of Eq. (50) and Eq (48), Eq. (47) can be brought into the following form {note that in Eq. (47) thereareg — s + 1
terms for which [2 * /"~ 1| 3] is fixed)

dim ! —dgdy s 4 ~Jpefprg—1s1

an,E131=3 3 () el L]

s+ 1

qu'“\iq — s+ 1

.
Jedp+q-141

b = iy =Jg
X('i(Avai)+Iipis+l.p—:+l _I;:}_’?+l,q—s+l —i(As—qu—s-o—l) —;——g +S)
XU, X AT By ey 10 o 52 127 (71 {1}, X {T) AE 02, (51)

wherel, =my +k/2—i+4andk, =% m}—32i"!m,,_, (withk, = miy, r<p,t>p).
For the case r > p, t<p a similar expression is obtained,

dimA \172 i
5.0 EDD 2 1~§l z (di;ﬁ,) (230 12y

+Ja qu., r»I]

X(2<A’ai>—lf/) wl-P’S+1+lJ{., \'1:9—S+1+$(As_2k9—s+1)— 'p_;;—q— +S)

i=35

XA X A By 4 op sy )2 275 <21 {T), X (1} (E, )2 ). ] (52)

Th; formula§ Eq.‘(5 l.) and Eq. (52) give in explicit form the r If, in place of the basis |.2 », another basis were chosen
actxon_ of the infinitesimal operators dms 4 (E,,) of the repre- for the space of the irreducible representation A4 of the sub-
sentation drs , on the basis elements [2 |X']. group K, then the explicit form for the action of the infinites-
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imal operators d7, , (E,,) would be obtained in a similar
manner. It is easy to recognize that this would lead to a
replacement of the CGC’s (X '|{1} X { 1} o (E.).2>and
', x {1}, (E,).Z > by the CGC’s for the new basis.

As was pointed out before, the CGC’s entering Eq. (51)
and Eq. (52) are products of CGC’s of the groups U(p) and
U(g). In fact, the CGC’s of these two groups that enter these

equations are the ones for a tensor product of an (arbitrary)
finite dimensional irreducible representation with the vector
representation or the contragredient to the vector represen-
tation. These have been obtained by Baird and Biedenharn in
Ref. 9, and are given below.

The formulas (51) and (52) for the conformal group
SU(2,2) were obtained in Refs. 24 and 25,

6. CLEBSCH-GORDAN COEFFICIENTS FOR THE TENSOR PRODUCTS [,] {1} AND [, 1x {1} OF
U(n) REPRESENTATIONS IN THE GEL’FAND-ZETLIN BASIS

In the following the CGC’s are given for the tensor product of any finite dimensional representation

(7, 1= M1 ,sM 0, ] of U(n) with the representation {1}=[1,0,...,0] and {1}=

=[0,0,...,0, — 1] of U(n), In these tensor

products each irreducible representation of U(n) occurs at most once, i.e., the multiplicity is 1. The CGC’s of U(n) can be

factored into a product of U(k )-scalar factors of the groups U(k ),

only the U(k )-scalar factors.

k = 3,4,...,n and a CGC of U(2). Thus it is sufficient to list

The U(n)-scalar factors for the group U(n — 1) are given by the formulas ({0} denotes the identity representation)

( m, (1) m:")z ' W fom, - —my —j iDL
mn -1 {0] nln — 1 ) Hj;ﬂ(m]n - m j + l)
( s (1) m.:")__‘nf:xm,n-l— e ]
{ } mn-»Al H};&z( in My _J+i) T
( { } mn+ ' ) —S(IJ) I]kqﬁj(mk,nfz -—m;, — k + i— I)Hk?ﬂ(mkn - mj,n—l —k +j) 172
Y m:--j} .. (m, —m,, — k+ i)nkqtj(mk,n - My, k+))
( o {1y mst )-S(i,i) O, (me,  —my, —k+ D, (my, —m,_ —k+j+1) |72
n—1 z 1} mn_il Hkqﬁj(mkn - m k + l’)nk#j(mk n—1 mj.n—l - k +]+ 1)

where S (i) = + 1, ifigj, and S (7)) =

7. INFINITESIMAL OPERATORS OF FINITE
DIMENSIONAL REPRESENTATIONS OF THE
GROUPS U(p,g) AND U(p + g) IN A U(p) x U(q)
BASIS

It now becomes essential to know which principal non-
unitary series representation of U(p,q) a given finite dimen-
sional representation contains. In order to gain this informa-
tion, Proposition 3.2 of Ref. 26 is utilized. In this reference
the principal nonunitary series representations are defined
by left multiplication, while in this article they are defined by
right multiplication [Eq. (1)]. It is however known that the
representations induced for the same § and A are equivalent
for the two definitions. Moreover, Proposition 3.2 of Ref. 26
can be proved for the principal nonunitary series representa-
tions as defined by Eq. (1) in exactly the same manner as for
the case of left multiplication. Thus, the proposition can be
applied.

It was pointed out in the Introduction that the finite
dimensional representations of U(p,q), U(p + ¢), and the fin-
ite dimensional complex analytic representations of
GL(p + ¢,C), canbe obtained through analytic continuation
and restriction from the representations of anyone of these
groups. Thus the discussion to follow can be restricted to the
group U(p,q) alone.
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— 1, if > . The proof of these formulas can be found in Ref. 9.

The weights of the finite dimensional representations of
U(p,g)[or GL (p + ¢,C Jwillbeconsidered with respect tothe
Cartan subalgebra b + o, where b is a Cartan subalgebra of
m (see Sec. 2). Let D, denote a finite dimensional irreducible
representation of U(p,q) with highest weight A. The weights
vof D, will be written in terms of coordinates v,vy,...,v, ;. q
with respect to the basis E, | E, 5,...E, 4 4, , in (b +0'),
the complexification of the subalgebra b + a’. What is need-
ed is the restriction of the weights v to the direct sum a’ + b’
of the subalgebras o’ and ', with b’ the Lie algebra of the
subgroup U(1) X --- X U(1) (g times) of M. It can be verified
directly that the restriction of v to o’ + b’ leads to the num-
bers v, + v, 1wy 1+ Vp 2 Vp_gi 1+ ¥V, g [there-
presentation of the subgroups U(1) in m] and to the numbers
Vp = Vo Vot — Vs oVp g1 — Voig (the represen-
tation of the vector subgroups R of 4 ' = expa’.) Each num-
berv, ;+V,, x, 1 k=01.2,.,g— 1, defines the repre-
sentation of the subgroup U(1) which is given by », __, in
Eq. (10). The number v, _; — v, x4 vk =0,1,2,..,g — 1,
defines the representation of the subgroup R in 4 ' which

corresponds to @, , ; in Eq. (11).

The weight of D, has to be found which, if restricted,
leads to the lowest restricted weight (Proposition 3.2 in Ref.
26). Taking advantage of the similarity of the restricted root
system with respect to the pair (#'(,g),0’) and the root sys-
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tem of the classical Lie algebra B,,, it is easy to observe that a
weight v goes over into the lowest restricted weight if its
coordinates satisfy

Vp— Vo + 1<vp- 1 p+2<"'<vp——q+ ) Vp+q<0

(53)

and if there exists no other weight +' which also satisfies Eq.
(53), and for which ' < v holds after restriction toa’. A com-
putation shows that the weight A’ with coordinates

Ags vhas sy s iriy o ghrdmidy  (54)

where A,,4,,...,4, , , are the coordinates of the highest
weight A, leads to the lowest restricted weight. Moreover,
every weight whose last 2g coordinates are identical with the
last coordinates of the weight of Eq. (54), also leads to the
lowest restricted weight. The weight vectors which belong to
the lowest restricted weight form the basis for a subspace on
which the irreducible representation of U(p — ¢g) (subgroup
of M) with highest weight A, , |4, ;,....4, is realized.

Comparing these discussions with Proposition 3.2 of
Ref. 26 it follows that:

The representation D, with highest weight
A=A, Ay A oot 2) 5 contained as subrepresentation in
that representation s 4 of the principal nonunitary series for
which the representation & is given by the numbers

Ags Lig 4 2.4, [the highest weight of the representation of
U(p — q)] and the numbers

A=A+, A=A+, s Ag=A+ A,
[the representations of the subgroups U(1) in M ], and for
which the linear form A is given by

Apya—Avdp g —Agss Ay 1 — A, (the representation
of the vector subgroups R in 4 = exp g, i.e,,

Aap=3A, g iv1—=Ap g i—Ai+ A1)
i=12,..,g—1,

</1’aq> = %(’lp +17 /‘"q)'

Let D, be a finite dimensional irreducible representa-
tion of U(p,q) and 74 , the principal nonunitary series repre-
sentation which contains D, as a subrepresentation. The re-
presentation 7, , is defined on the space L 3(X,¥). Thus it
becomes necessary to extract from the space L (K,V’) the
subspace ¥, which is the carrier space for the irreducible
representation D, . In order to do this it is sufficient to find a
basis of ¥, in terms of linear combinations of the vector
functions [£2 | ]. (In most cases it is not possible to select a
basis for V; which consists simply of a subset of the [2 |.3 ]).
The desired basis for ¥, should correspond to the reduction
U(p,g) D U(p) X U(g). Since each basis element for ¥, is to
transform, with respect to right multiplication, according to
a given irreducible representation of U(p) X U(g), it follows
that each vector [2 | '] in the linear combination has to
transform according to the same irreducible representation.
Thus, it follows that the basis elements for ¥, are of the form

da@)[2(2], (55)
7]

where the coefficients (42 ) do not depend on 3 (i.e., forall =
the linear combinations are the same), and all terms of the
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sum correspond to the same irreducible representation of
U)X U(@).

An orthonormal basis for the space ¥, can then be
found in the following manner. First the irreducible repre-
sentation 7 of K=U(p) X U(g) is extracted which is con-
tained in D, and in 7 , with unit multiplicity. For this
representation 7 the basis elements form a subset of func-
tions [{2 | X ], consisting of those [{2 |.3 ] which transform un-
der right multiplication according to the representation 7 of
K, i.e., for this case the sum in Eq. (55) reduces to one term).
These functions [2 | Z ] can thus be included into an orthon-
ormal basis for V. In order to obtain the other basis ele-
ments for ¥, , it is now necessary to act upon the basis ele-
ments obtained so far by means of the operators dr; 4 (E,,),
r> p,t<p, and r<p,t > p. This leads to functions which be-
long to the space V, [since V, is invariant with respect to
drs 4 (E,,)]. Acting with the operators dms 4 (E,,) on the
functions [£2 |2'] leads to a sum of sums of functions, such
that the functions of a given sum transform according to the
same irreducible representation of U(p) X U(g), while func-
tions of different sums transform according to nonequiva-
lent representations of U(p) X U(g). Each fixed sum belongs
to ¥, , asitisalinear combination of functions [2 '| ¥ '] which
transform according to a given irreducible representation of
K. Thus functions of the space ¥, are obtained which trans-
form according to irreducible representations of XK. These
functions can be orthonormalized and added to the set of
basis elements for V), . Acting with the operators dr 4 (E,.)
on the basis functions obtained in this manner, new orthon-
ormal basis elements are obtained. After a finite number of
steps an orthonormal basis is obtained for the space ¥,
which corresponds to the reduction U(p,g) D U(p) x U(g).
Since the action of the operators d7; 4 (E,,) on the function
{12 [ 2] is known, it is easy to define the action of the
drs 4 (E, ) on the orthonormal basis for ¥, . The basis ele-
ments of ¥, will be denoted by [@|Z ], where w labels the
subspaces of ¥; which are carrier spaces of equivalent irre-
ducible representations of K= U(p) X U(g).

The finite dimensional irreducible representation of
U(p,q) obtained in this manner can be considered as a repre-
sentation of U(p + q). However, this representation may be
nonunitary. In order to bring it into unitary form, a different
basis may have to be chosen for ¥, . Let B denote the opera-
tor which transforms the basis constructed according to the
procedure outlined above into a basis for ¥, for which the
representation D, of U(p + ¢) is unitary. The operator B
must commute with D, |K. Thus, the basis functions of the
new basis can be written as

da)wlZ], (56)

where the numerical coefficients a(w) do not depend on 3.
If, in particular, the multiplicities of the irreducible repre-
sentations of the subgroup K in D, |K do not exceed 1, then
the operator B is diagonal and is a multiple of the unit opera-
tor for every irreducible subspace of K.

For finite dimensional representations of U(p + ¢) the

unitarity condition is E ; = — E;, where E; denotes the op-
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erators in the representation D; of U(p + g). If this condi-
tion is written down in terms of the matrix elements of these
operators in the basis Eq. (56), then a system of linear equa-
tions is obtained for the coefficients a(@). A solution of this
system of equations leads to the explicit form of the basis for
which the representation D; of U(p + ¢) is unitary. This
system of equations does however, in general, not lead to a
unique solution. The various possible solutions are related to
each other by unitary transformations.
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U(p,q)ina U(p)x U(q) basis. Il

A. U. Klimyk
Institute for Theoretical Physics, Academy of Sciences of the Ukrainian SSR, Kiev— 130, USSR

Bruno Gruber
Department of Physics, Southern Illinois University, Carbondale, Illinois, 62901, USA

(Received 18 January 1979; accepted for publication 13 April 1979)

The general expressions derived in Ref. 1 for the matrix elements of the infinitesimal operators of
the groups U(p + ¢) and U(p,q) in a U(p) X U(g) basis are utilized in this article to obtain
explicit expressions for the matrix elements of the infinitesimal operators of (a) the degenerate
series representations of U(p,q) in a U(p) X U(q) basis, and (b) the representations of U(p + q)
with highest weight (m,0, ..., 0, m,) in a U(p) X U(q) basis. The operator which unitarizes the
U(p + g) representations considered is given in explicit form.

1.MATRIX ELEMENTS FOR THE DEGENERATE SERIES REPRESENTATIONS OF THE GROUP U( p,q) INA U( p) X U(q)
BASIS

The following principal nonunitary series representations = 5 , of the group U( p,q) are considered:

(a) the representation &§ of the subgroup M=U(p — ¢) X U(1) x U(1) X --- X U(1) [U(1) — ¢ times] is such that it differs
from the identity representation only on the first subgroup U(1), while the representation & is the identity representation for
the subgroup U(p — g) X U(1) X -- X U(1) of M [U(1) — (g — 1) times; the first U(1) is deleted].

(b) the linear form A satisfies the conditions 2/_ . {(A,a,;) = 0,5 =2,3,...,q.

Thus, the representations 7 5 , of U( p,q) which will be considered in the following are specified by two numbers. The first
number A, defines the representation of (the first) U(1), while the second number {A,z, ) defines the linear form A.

Consider the subspace of the space L ; (K, V') for the representation 7 5 , of U( p,g), spanned by the basis elements [2 /3 ]

for which holds

m, o . .- <« .0 m

’ ’
» sr Mig 0 0 m

99

0

This subspace is invariant with respect to 5 , . This can be seen by means of Egs. (51) and (52) of Ref. 1, which give the action
of the infinitesimal operators dr 5 , (E,,) on the states [2 /3 ]. In fact, the coefficients

S @Y+l et =1 amesr —MA—2KI )= (p+ /2 +s,

S Aa@) b, i et H A 2K )~ (024,
of Egs. (51) and (52) of Ref. 1 become zero for the values of A specified above and for the values /, sl il

J=12,.,p—1,i=12,.,9 — 1, as defined by means of the pattern equation (1). This however, leads to invariance.
The representation on the invariant subspace obtained in this manner is denoted by ,,4,» Where

A =34, —Aa,), 4, =14, +{Aq,). )

The form of the pattern equation (1) shows that the irreducible representations of U( p) X U(g) occur in 7 1,4, | K with
multiplicity <1. Moreover, 7, , | K contains only irreducible representations with highest weights

(ml p’o""’o'mpp)U(p) X(m{ q’o""’o’m;q)U(q)’ myp >0, Mmyp <0, mj q >0, m;q <0.

These irreducible representations of U( p) X Ug) will be denoted by [m , ] X [m, ], where m , = (m, 5:05..,0,m , ) and m,
= (m],,0,...,0,m., ). The basis vectors for the space [m , ] X [m, ] will be denoted by | m p2@m B ), where a and B denote
Gelfand~Zetlin schemes. Since the multiplicity of [m ,]X [m,]in 7, , |K is <1, the symbol £2 can be deleted in the basis
states [{2 /2 ]. Thus, the basis vectors | m 2:%m, B ) correspond to the schemes 3.

The formulas (51) and (52) of Ref. 1 lead to an explicit form for the infinitesimal operators dr, 4, (E,;) with respect to the
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basis | m ,,a,m,,B ). In particular, the operators dmy ., (E,, ) anddm, , (E,, , ,) have the form (my, =4 +4, —m,,

My, _m;q)

dﬁ‘-l‘z(EP,P+1)lmP’a’mq’ﬂ) =(/12 _mpp _m;q _q+ I)K th t:(a!ﬁ)lm;—]’aquAl)B) +(—11 +m|p +m;q)
XK *K i;(a,ﬂ)|m‘:r Lam 9B+ (A4, —m,—mi,—p—q+2)K K *2(a,B)
X |mjtam By + (=4 +m,, + mi, —p+ DK 22K *2@B) |m; Pam; %B),

q

©))

dmiaEp i) |mpam BY=(—A +m, +mi, —p+ DK ;1K 7 H@B)|m, Lamt',B)
+ Wy —m, —mi, —p—q+ DK [ K (@ B)|m; ami L B) + (=4, +m,,
+mi K (5K JR@B)|m hamt By + (A, —m,, —m],
—q+ DK [ ’K ;5(a,B)|mp“’,a,mq+",B ). @

The symbols K £ ” and K £, P(a,B) represent the
following CGC'’s of the group U( p) X U(g):

K8 =1 X (TpE 0 2|2 21D,

-1U—q
K G0 = T X (1B 2 |2 555 5),
K *{{(*5@ph)
_ ( dim[m ,] X [m,] )1/2
dim[m; l(+p)]><[mqf 1(—q)] )

X (m, P am, OB (1) X {1},

(Ep,p + 1)’m pya,man >5
K TG H@B)

( dim[m ] X [m,] )1/2

dim[mp‘ I \p)] X [mq+ 1(+q)_]

X <mp‘ I(*”),a,m; 1(+q),/3 l { 1} pX { I}q,
(Ep + l,q);m p)a)mqyﬁ >
The symbols (E , ,, ) and (£, , | ,) denote Gelfand-Zet-
lin schemes, given by Egs. (33) and (34) of Ref. 1, for an
appropriate choice of the indices / and j. The other infinites-
imal operators d7(E,,) can either be obtained from the for-
mulas given by Egs. (51) and (52) of Ref. 1 or by means of the
commutation relations of the operators dm(E , , . ;) and
dm(E , , ; ,) with the compact infinitesimal operators.

The set of irreducible representations of U( p) X U(g) in
7;,4,1K is determined by means of the condition m, ,

+m,,+mi <A +4,.

2. REPRESENTATIONS OF U(p + g) WITH HIGHEST
WEIGHT (m,,0,...,0,m,) IN A U(p) X U(q) BASIS

The finite dimensional representations of U( p,g) with
highest weight (m,0,...,0,m,), m, >0, m,<0, are contained
in the principal nonunitary series representation 7 5 , of
U( p,q) for which it holds

<A7a1>=%(m2 —my), A =m +m,,

<A’a2> [ (A,aq) :0,
Ay=Ay=w=A,=0,
My g=My, g=-=m, o, =0

[The numbers m, ,_,...m,_, , , define the representa-
tions of U( p — ¢) which form a component of the represen-
tation & of M. See Sec. 7 of Ref. 1.]

The representation 7 5 , which satisfies the conditions
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given above contains 7, , as a subrepresentation. On the
other side, the finite dimensional representation of U( p,q)
with highest weights (m, ,0,...,0,m, ) contains the irreducible
representation of U( p) X U(g) with highest weights
(m,,0,...,0)y » (©,...,0,m; )y > This irreducible representa-
tion of U( p) X U(g) is contained in the subrepresentation
7,4, of 7 5 4. Therefore, all finite dimensional representa-
tions of U( p,q) with highest weight (m,,0,...,0,m,) are
subrepresentations of 7, , . It is easy to show that A, = m,
and A, = m, must hold. Thus, the finite dimensional repre-
sentation of U( p,q) with highest weight (:m,0,...,0,m, ) is
contained as subrepresentation in the representation 7, ..
of U( p,g). It follows in particular that the irreducible repre-
sentations of U(p) X U(g), found in the restriction of these
finite dimensional representations of U( p,¢) [and U(p + ¢)]
to the subgroup U( p) X U(g), occur with unit multiplicity.

Therefore, the finite dimensional representation with
highest weight (m, ,0,...,0,m,) is given for the infinitesimal
operatorsE , ., ;andE, ,of U( p,q) by Egs. (3) and (4),
if/11—>ml and /12—+m2.

The representations obtained in this manner through
Egs. (3) and (4) do not, however, satisfy the unitarity condi-
tion for the group U(p + g):

E %

pp+17

E

p+Lp

In order to obtain the irreducible representations of

U( p + ¢) in unitary form, a similarity transformation has to
be performed. A new basis is introduced by means of a diag-
onal operator 4 such that in this new basis the representation
becomes unitary. The similarity transformation is given by’

|m ,a,mB)
’ r 172 ]
=a(m1p:mpp9m1q1mqq) ‘mpya’mq;ﬂ>’

where the matrix elements a(m, ,m
given by the formulas

p M1 oMy ) of A are

(4] . 0] 0 . 0
a(my , + i,m’, ,my, — t,mqq)

0

— 0 (o] 0
= a(m, » pp’mlq’mqq)

I, _m, —mS, ,—mi, +p+))

I \(my —mS,, —miy — g +))

)

A.U. Klimyk and B. Gruber 2012



a(m”, + i,m(;p)mlq’mgq - i)
= a(m, p’m%p’mlq’mgq)
M _o(—my +my, +m,+p+q+j—1)
I _o(—my +my, +my, +))

©
a(m,,,m5,, + im,, —i,m,
=a(m lp’m%p’mlq’mqq)
Hij:l(ml_mlp_mlq +) . @)
i my—m,,—m,—p—g+j+1)
—J

Ep,p+ llmp’a’mq’ﬁ>l

a(m,,,m ,, + i,m, My, — 1)
=a(m,,m pp Mg,y
W_o(—my+m,, +my, +q+))
I (—my +my, +my, —p+))
Here m? ,, mg o
my ,, m,, m,andmg,,
is an arbitrary constant.

®

m} , mJ, are appropriately chosen values of
: 0]
respectively, a(m? ,mS, ,mS,,mq,

In the new basis |m ,,a,m 3 ', the infinitesimal opera-
torsE, ,, and E,  , ,take on the form

= [(m) —m,, —mi, +p)my —m,, —mi, —q + D]"’XK *{K *|(@B)|m; \am; ' B)
+[(=mi+m,+m —my+m,+m|, +p+qg—1]"K tiK i;(a,ﬂ)lm;”,a,mq_",ﬂ)’
+ [y —my, —mi, o+ 1)m, —my, —mig —p—q+ DK 21K Z5(@B)|m, Pams B Y
+[(=mi+m,, +mi —p+ D(—my+m,, +mi, +@]K 22K *2(@B)|m;} P am; B, 9

Ep+ Lp lmp’a’mqﬂ)’

= —[(m—m,,~mj +p+Dmy—m,,—mi, —]"*K 1K [ \@B)|m, .amS B
—[(=my+m ,+m,—D(—my+m ,+mi, +p+q+2]"?K 7K (aB)|m, am}B)
—(my—my ,—m; N —my—m;,—mi,—p—q+ DK 2K K@B)|m, "am; ' B)
—[(=my+m,,+mi —p)—my+m,,+mi, +q—D]'"?K 2K HaB)|m, Pam}iB). (10)

The above equations give the infinitesimal generators
E,,.andE, , ,of U(p + ¢)in unitary form. Again, as
was mentioned before, the other infinitesimal operators E,;
can be obtained by utilizing the commutation relation of
these operators with the compact infinitesimal operators
which are given by the Gelfand-Zetlin formulas.

Degenerate unitary representations of the group U( p,q)
were studied previously by Raczka and Fischer.’

If in Eq. (5)-(8), which define the operator 4, the sym-
bols m, and m, are replaced by A, and 1, then 4 can also be
used to obtain (in unitary form) the representations of the
supplementary degenerate unitary series of U( p,q) from the
representations 7, , for special values of the parameters 4,
A,
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We consider various sum rules for the semireduced [i.e., reduced with respect to SO(3)] matrix
elements of the generators of SU(3) in a basis of an irreducible representation [pq] corresponding
to the group reduction SU(3)2SO(3)>SO(2). We use basis states which diagonalize an
additional labeling operator K, but avoid their explicit construction. We build all the needed
operators from the two independent SU(3) vector operators X and V, where X = (L,Q) is made
of the SU(3) generators and V = (V*, V2) is defined in terms of them. First we obtain an
analytical formula for the linear sum rule satisfied by the diagonal semireduced matrix elements
of Q. Then, from the set of quadratic equations fulfilled by the semireduced matrix elements of Q
and V9, we obtain explicit expressions for the quadratic sum rules satisfied by these quantities.
All the above-mentioned sum rules are independent of the selection made for K. When X is
defined as the third order operator L.V*, we show that a relation between some nondiagonal
matrix elements of Q and V¢ exists enabling the determination of a k -weighted quadratic sum
rule for the semireduced matrix elements of Q. As by-products of the preceding results we obtain
general formulas for the eigenvalues k of K for all the values of L whose multiplicity does not
exceed 3, and we show that we are able to compute analytically the individual matrix elements of
Q for not too high dimensionalities by working out the case of the irreducible representation

[10,5].

1. INTRODUCTION

It is well known from the work of Gel’fand and Tseitlin
and others'? that the chain of subgroups of SU(3)

SU(3) DS [UR) X U] DS U)X U)X U] (1.1)

is canonical, i.e., gives rise to a complete set of commuting
Hermitian operators (the Casimir operators of the group and
of all the subgroups of the chain), providing us with a com-
plete labeling for the states transforming under an irreduci-
ble representation (IR) of SU(3). The matrices of the gener-
ators of SU(3) in the corresponding canonical orthonormal
basis are also easily constructed.'**

However in the many-body problem, the physically in-
teresting chain of subgroups is’

SU(3) DSO(3) DSO(2). (1.2)

The Casimir operators of SU(3), I, and I, and the angular
momentum operators, L 2and L, are not sufficient to char-
acterize the basis of an IR of SU(3) completely. Several
methods have been proposed to define the missing label.®
They can be divided into two classes.

The first type of methods gives rise to a simple labeling
of the states by integers but to nonorthogonal basis.”*° The
second type of solution uses a labeling Hermitian operator
K, which belongs to the enveloping algebra of SU(3) and
commutes with all the Casimir operators of the group and
subgroup.*"' The common eigenstates of the whole set of
commuting operators are orthogonal but the corresponding
eigenvalues of K are in general irrational numbers."!

During the last few years, the latter type of method has
been extensively used, and new interesting results obtained.

“Maitre de recherches F.N.R.S.
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It has been shown that the functionally independent missing
label operators, whose number is equal to twice that of miss-
ing labels,'? can be chosen as operators of third and fourth
order in the generators of SU(3) respectively.'* Moreover,
the eigenvalues and eigenstates of these operators have been
calculated analytically or numerically for most IR’s of SU(3)
likely to appear in physical applications.!*!

The method used in Refs. 13 and 14 is based on the
Gel’fand and Tseitlin canonical basis. Starting from the well
known matrices of the generators of SU(3) in this basis, those
of K are constructed and diagonalized. In this way, the ei-
genvalues of K and the corresponding states of the physical
basis are obtained. As a byproduct, the matrices of the gener-
ators of SU(3) in this physical basis could then be calculated
by a standard basis transformation.

However in many physical applications (diagonaliza-
tion of a many-body Hamiltonian, calculation of transition
strengths, etc.) we are mainly interested by those matrices
and much less by the eigenstates themselves. Moreover, the
most important physical information about those matrices is
often contained in a small number of sum rules for their
elements.'>!* We might therefore prefer to reverse the oper-
ation sequence with respect to the one of Refs. 13 and 14 and
try to directly compute the interesting sum rules without
explicitly constructing the eigenstates of K.

The main purpose of the present paper is to show that
such a procedure is practicable for various sum rules and to
establish for them some analytical formulas from which
their numerical values could then be computed either direct-
ly or through a computer code. Our procedure is similar to
that one proposed by Partensky and Maguin for the chain
SU4) DSU(2) x SU(2).” It uses extensively the Lie algebra

© 1979 American Institute of Physics 2014



of SU(3) in the physical chain (1.2), as well as standard
Wigner-Racah SU(2) algebraic techniques. It is therefore
well suited to analytical calculations, which generally repre-
sent a heavy burden when one does not take advantage of the
simplifications implied by the Wigner—-Racah SU(2) calcu-
lus.® It should be emphasized that the applicability of our
method is not restricted by the dimensionality of the IR of
SU(3), nor by the multiplicities of the IR’s of SO(3) con-
tained in that IR. However, whenever the latter multiplic-
ities are low enough (generally speaking not greater than
three), we can go one step further and obtain the eigenvalues
of X, as well as the individual matrix elements of the SU(3)
generators. This point will be illustrated by an example.

In Sec. 2 we define the notations used in this paper for
the generators X = (L,Q) of SU(3). Section 3 deals with the
basis of the IR’s of SU(3), both the Gel’fand and Tseitlin
basis and the physical one obtained by diagonalizing an addi-
tional labeling operator K. The latter is defined in terms of an
SU(3) vector operator ¥ = (V' £,¥'9) which will play an im-
portant part in the remainder of this paper.

In Sec. 4 we introduce the semireduced matrix elements
of @ and ¥ < and study some of their symmetry properties.
The next sections are then devoted to the determination of
sum rules for those matrix elements in a given IR of SU(3).
In Sec. 5 we obtain an analytical expression for the linear
sum rule satisfied by the semireduced matrix elements of Q,
i.e., the sum of its diagonal semireduced matrix elements
over the additional quantum number. In Sec. 6 we write the
set of quadratic equations fulfilled by the semireduced ma-
trix elements of Q and ¥ ©. Finally, in Sec. 7, we obtain from
these equations explicit expressions for the quadratic sum
rules (squares or products summed over the additional quan-
tum numbers) satisfied by these quantities.

In Sec. 8 we particularize our results by choosing for K a
third order labeling operator. We then show that the eigen-
values of the latter are proportional to the diagonal semire-
duced matrix elements of Q. Moreover, the operator satisfies
an important commutation relation which implies a link be-
tween the nondiagonal semireduced matrix elements of Q
and V2 Asa consequence, we are able to find explicit ex-
pressions for some k-weighted quadratic sum rules.

In Sec. 9, using the results established in the preceding
sections for the diagonal sum rules, we obtain general formu-
las for the eigenvalues of the third order labeling operator
when the multiplicity is equal to two or three. Then we solve
the equations established in the preceding sections for the
semireduced matrix elements of @ and the eigenvalues of K
in the case of the IR [10,5] of SU(3), for which the multiplic-
ity of the IR’s of SO(3) is not greater than three.

2. THE SU(3) ALGEBRA

Asis well known,'” the Lie algebra of SU(3) is generat-
ed by the operators E , , 7, j = 1,2,3, which obey the follow-
ing relations:

(1) The commutation rule

[Eip Ex) =08,E —8,E, @1
(2) the Hermitian conjugate relation
Ej =E,, @2)

2015 J. Math. Phys., Vol. 20, No. 10, October 1979

(3) the unimodular condition

S E =N, 23

i=1
where N is the number operator of U(3). This basis of the
SU(3) algebra is adapted to the canonical chain of subgroups

(1.1).

When considering the physical chain of subgroups
(1.2), we define new generators L , (@ = + 1,0),and @,
(p = +2, + 1,0), whichareto beinterpreted as the angular
momentum and the quadrupole operators respectively.’®
They are defined in terms of the canonical generators E ; ; by

L,=E, — Ey,

L= —E;—Eyp L_,=E;+Ey
and
Qo=3""*[E + Ey, — 2E5;],
Q_1=E; —E;d,= \/EEIZ’ g _,= \/Egzx- 2.4

They obey the following commutation rules:

Q,=E; —E;,

(LLI = —V26,,L., (2.58)
(LQV = —V65,,0., 2.5b)
[0Q1;=V106,,L,, (2.5¢)

where we define the coupled commutator [S*, 77217 of two
irreducible tensor operators S*' and 7%, of rank 4, and 1,
respectively, by

[, 7% = 3 (ki Ak, |AK) [s&,1s

_ [S/z,xT/I,]i —(~ 1)«1,+A,—1
x [THxS*]1Z, (2.6)

and (4,k,4,x,|Ax) is an SU(2) Wigner coefficient. Finally,
these generators obey the Hermitian conjugate relations

L ; = ( — 1)aL e w (2.73)
Q- =(~1f_,. (2.7b)
3. BASIS OF IR’S OF SU(3)

In the Gel’fand and Tseitlin scheme, the basis states of
an IR [pq] of SU(3) are represented by the patterns'”

P q
mi; my,

. (.1)

myy

wherep, ¢, and m, ; are integers such that p>m , >¢>m,, >0,
and my,>m  >m,,.

In the physical scheme, the basis states of the IR [pg] are
defined as the common eigenstates of the Casimir operators
I, and I, of SU(3), the angular momentum operators L 2

=2, (—1)°L L __,and L, and an additional labeling op-
erator K.” These operators are most easily constructed in
terms of the independent SU(3) vector operators. Following
Biedenharn,® there are two such operators which we shall
call X = (X £,X Q)and V = (V'£,V 9) respectively. The first
one is made of the generators L ,( = X}), and @, (=X 9),
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and the second one is obtained from them by symmetrical
coupling. It can be easily shown that

Ve= -2 /5L %21,
(3.2)
ve=[210xQ12+ V2L XL,

and that these operators satisfy the commutation relations

[LVEE= —V26,,VE (3.3a)
[QVEIR=ILVO] = —V65,,V8 (3.3b)
[grelri=V10s,,VE, (3.30)

as it should be. Let us note that in Eq. (3.2) we have arbitrar-
ily fixed the overall multiplicative factor. Under Hermitian
conjugation, the operators ¥ £ and V,? behaveasL ,and 0,
respectively. Some nontrivial commutation relations can be
deduced from the definitions (3.2) and the commutation re-
lations (3.3). For instance, it can be shown that

[Veveli=[1—(—1Yl{a [V xQ]:

+b,[L xXV?]}, (3.4

where
al=_7/\/§, bl=_v;’ a3=—b3=2V-2_-
(3.5)

In terms of the vector operators X and ¥, the two inde-
pendent Casimir operators of SU(3) can be written as’

L=3Y(=D)LL_ .+ 3Y(-D"QQ . (6

and

Li=S (=D)L VE  + S (=D*Q V2, (7
u

a

One further invariant operator can be constructed in this
way, namely the fourth-order Casimir operator

L= S (= )WLVE 4 T (- DVWL,, (3.8)

a m
which can be rewritten in terms of I, as
I,=3L(0, + 3). (3.9

It is straightforward to show that we can choose the
third-order operator 2 ( — 1)°L ,¥'~ , or the fourth-order

TABLE II. Connection between fourth-order labeling operators used by
other authors and the operator K = 2,( — 1)°VZ¥VL _ considered in this

paper. Here L =2,(— 1)L, L_,,and Q*=3,(— 1YQ,Q_,.

Ref. Name Connection with K

1 y ix

18 o3 — 2K +12L°Q* — 36L*
13Eq. (17) X® g

13Eq. (26)  X© 5K~ 6L°Q% — 6307 + 212
6 x® 2K —6L7Q* - 21>

one T (— 1)*VLVL _ for alabeling operator. All the for-
mulas derived in Secs. 4-7 are valid for either choice for XK.
However in Secs. 8 and 9, we set

K=S(-1L V", (3.10)

and the results obtained there depend on this choice. In Ta-
bles I and IT we give the connections between the labeling
operators chosen by other authors and those used in the pre-
sent paper.

The eigenvalues of the two fundamental Casimir invar-
iants uniquely label an IR of SU(3). They are given in terms
of p and g by

(LY=4P*—-pg+4d" +3p)
L)=8p—29)2p—q+3)p+q+3)

Let L (L + 1) and M be the eigenvalues of L ?and L, respec-
tively, and k denote that of K. Then the basis states of the IR
[ pq] in the physical chain (1.2) are written as

I[pglkLM) or |kLM), (3.12)

when there is no ambiguity. The values of L and M are re-
stricted to the range

0<L<p, —L<M<L. 3.13)
The multiplicity of the IR L of SO(3) in the IR [ pg] of SU(3)
is given by Racah’s formula®®

No(pg)=[3P(p—L+2)] - [4P(g—L + 1]

—[3P(p—g—L+ 1], (3.14)

where [x] denotes the greatest integer contained in x, and

P()=3(r+1»D (3.15)

(3.11)

TABLE I. Connection between third-order labeling operators used by other authors and the operator K = =,( — 1)°L , ¥~ considered in this paper.

Ref. Name Connection with X
1

8 n - x
11 x —2—K
18 0? 3\ [2K

E) 1

13 Eq. (17 X :K
13 Eq. (26) x® 2Kk

6 x® 3K
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From now on, we are going to work directly in the phys-
ical basis (3.12) with the purpose of deriving sum rules for
the matrix elements of the generators in this basis. Use of the
Gel’fand and Tseitlin basis (3.1) will be made only in one
case as an intermediate step.

4. MATRICES OF THE GENERATORS IN THE PHYSICAL
BASIS

In a given IR[ pq] of SU(3), the matrix elements of the
angular momentum operators L , are given by the Wigner-
Eckart theorem applied to the SO(3) subgroup:

(k'L'M'|L kLMY = 8,8, VL({L+1)
X{(LM la|L'M"). 4.1
Those of the quadrupole operators Q , can be expressed in
terms of the so-called semireduced matrix elements
<k'L'||Q ||kL », i.e., reduced with respect to the SO(3)
subgroup:
(K'L'M’|Q, | kLM ) = (LM2u|L'M’)
x(k'L'IQIAL).  (4.2)
The calculation of the matrices of the generators is thus
equivalent to that of the semireduced matrix elements of Q.
The semireduced matrix elements of ¥ and ¥ < can all
be expressed in terms of those of Q:
(k'L'||\VE|kL )
=2(— DETETIOL (L' + DL’ + 1))V

1 2
{, 2. 1 Jerieme, 3
(k'L V@KL ) = (= 1"+~ / 70 k;[(u" F )2
2 2 2
(2 2, 2 Jwrienrn

X ("L IQIKL) | + 80k 81

X [4L (L + DEL — 1)L + 3]~
(4.4)

The Hermitian conjugate relation (2.7b) leads to the
following symmetry relation for the semireduced matrix ele-
ments of Q:

(k'L QMIkL) = (= D*~*[@L + D@L’ + 1)~ ']"?
XKL\ @ kL") 4.5)
A similar relation is satisfied by those of V<.
The semireduced matrix elements of Q in two contra-

gredient IR’s of SU(3), [ pgl and [ p, p — ¢], can be related to
one another in the following way. Let

(- )

be an irreducible tensor transforming under the IR([ pq] of
SU(3). The adjoint tensor is characterized by

)

2017 J. Math. Phys., Vol. 20, No. 10, October 1979

(4.6)

is a phase factor, and & * denotes the eigenvalue of X in the
contragredient IR [ p, p — q] corresponding to & in the IR
[ pql. By definition of

p q
T k A
M

the following commutation relation is satisfied:

=)

= 3 ([pglk'L'M'|X,|[ pglkLM)

k'L'M'

4 q
xT k' )
? M'

where X, is any generator of SU(3) (L , or @ ). The Hermi-
tian conjugate of this equation leads to the following results:

([ el )

M

4.7

(4.8)

where

P 4q
;1)
is a phase factor independent of M, and
P g o P q
w21 ks ieiteak) +4 (2 )
X{[pp—qlk'*L'| Q[ p.p—qlk *L) =0,
4.9

which is the desired relation between semireduced matrix
elements of Q in two contragredient IR’s of SU(3). As a
special case, the diagonal semireduced matrix elements satis-
fy the relation

([ pqlkL||Q|I[ pgl1kL )
= —([p,p—qlk *L|Q||[ p,p —qlk *L). (4.10)

5. LINEAR SUM RULE SATISFIED BY THE
SEMIREDUCED MATRIX ELEMENTS OF Q

In this section, we are going to derive an expression for
the sum

(L1QIL)=F (KLIQKL) 6.1

ina given IR [ pg] of SU(3). The method used can be applied
in principle to the trace

(LIT*|L)Y= Y (kL ||T *|[kL) (5.2)
k
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of any irreducible tensor operator T ﬁ (p= —A4,...4)of
rank A with respect to SO(3). We are going, therefore, to
formulate it in the general case.

Let us first assume that we are able to calculate the trace
of T} in the basis states of the IR [ pg] of SU(3) characterized
by a given angular momentum projection M:

Su= Y > (kLM |T{| kLM ). (5.3)
L3TM| &

Then from the Wigner—Eckart theorem applied to the SO(3)
subgroup, we get

Sy= 3 (LMAO|LM)(L|T*|L).
LyiM|
When we consider Eq. (5.4) for all nonnegative values of M
(M =0,1,..., p), we get a set of p + 1 simultaneous linear
equationsin thep + 1unknowns (L |T'*|L),L =0,1,...,p,
whose solution leads to the expression of the trace (5.2) in
terms of the S,,’s.

(54

Next we calculate the trace S,, by using its invariance
under the transformation from the physical basis to the Gel-
"fand one. As the eigenvalue of L,, corresponding to the Gel-
"fand state (3.1) is equal to 2m,, — m,, — m,,, the trace S,,

becomes
B 2a—-—B—-M B 2a—-pF—M
Su= z< T} > (5.5)
aB a a

where a = m,, and 8 = m,, are restricted to those values
3

When p>2q, we get the following expression for
LIQIL >
(L|QIL)=3BLEL+DEL-DEL+3)] '

(=D LE+DI(=DHp—-29)— (= D2 —g+ )+ (=D (p+q+3)],
(L +DI(-D? 1+ (p+g+ )+ (=D (p—29)
+(@+ D2 —g+3)] —g(@+ D@+ 22 —g+3)},
(P—29{(p+D(P+Dp+)-LEL+Dlp+2~(-1"*"]},

When p < 2g, we use the symmetry relation (4.10) to show that

((palL | Q| [pglL) = —({p,p—qlL|Q|[p,p—4qlL),

and we apply Eq. (5.9) tothe IR [p, p — q].

satisfying the following inequalities:

max(g, | M |)<B<p,
1B + M)<a<min[B,8 + M A(g + B+ M)). (5.6)

To complete the derivation, we then only need to compute
the diagonal matrix elements of T'¢ in the Gel’fand basis and
to perform the summations over a and 8 in Eq. (5.5) under
the conditions (5.6).

The method we have just explained can be trivially ap-
plied to the unit operator for which A = 0. We then get Ra-
cah’s formula (3.14) for the multiplicity N, ( pg) again.

Let us turn now to the trace of Q for which A = 2. The
set of linear equations (5.4) becomes

Sy= 3 [LIE+DEL-DEL+3] 2

Lz M|

X[3M?* —L(L+ DKL |Q1{L).
Its solution can be shown to be
(L1Q|L)=[LQL-1D]"*[(L+ 1L+ 3"

X[SL_SL+I+3[(L+1)(2L+3)]71

>

M>L+ 1
It remains now to perform the summations over @ and B in
Eq. (5.5) taking into account that the eigenvalue of ¢, corre-
sponding to the Gel'fand state (3.1) is equal to
37123(myy + myy) —Ap+ @l =3~ 3Qa — M)
— 2( p + ¢)], and to substitute the result for .S,, into Eq.
(5.8).

(5.7

QM + D[Sy — Sy, 1]]. (5.8)

if 0<L <gq,
. (5.9)
if g<L<p—y,
if p—q<L<p.

(5.10)

In this section,we derived a linear sum rule satisfied by the semireduced matrix elements of Q. We will now get some
quadratic relations between the semireduced matrix elements of Q and V'©.

6. QUADRATIC RELATIONS SATISFIED BY THE SEMIREDUCED MATRIX ELEMENTS OF Q AND V¢

A first class of relations is obtained by taking the semireduced matrix elements of the second, third, and fourth-order
Casimir operators of SU(3), defined in Egs. (3.6), (3.7), and (3.8) respectively. Using standard SU(2) Wigner-Racah calculus

and the symmetry relation (4.5), we get straightforwardly

> (KL|IQ k'L )KL ||Q|lk 'L’y = [{I,) — LL + D] 6z

k'L’

> (kL@ |lk"L YKLV C|lk'L") = (I;)6g — [L (L + DKL [|[V*|kL ),

Py

™~

L
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KLV @Yk 'L YKLV |k'L"Y = (Iyog — 3 KLV ||k'L")YKL |V E|lk'L"),
k'L’

(6.1)
(6.2)

(6.3)
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where (I,), (I,), and (I,) are well-known functions of p and g, given in Egs. (3.11) and (3.9), and (KL )| VE)Kk'L") is
proportional to (kL ||Q ||k ‘L ') according to Eq. (4.3).
A second class of relations is deduced from the commutation relations (2.5¢), (3.3c), and (3.4) of the operators @, and VE
with themselves. Taking the semireduced matrix elements of both sides of these equations, we get
L ’ L L_ A 1% T I3
(- (- ner+ o2 S (- o 2 LS ek LIk LY
T Py

= —[10L(L + 1D]"?8,;, 8405 (6.4)
L L 4
2 2 L'
— (= DAL ||Q k'L WKL |VO|k'L Y] = — V108, kL ||V*||kL ), (6.5)

[@4+ DL+ D] Y (= DFE [ ] 3 AL |V 2l L ) X KL Q1 "L")

and
~ (L L A
____,1 _L+L
R O S DX AT M
L L 2
1 2 L'

= [1- (-1 3 (= 7] o, 3 e oe L@y s
+ by 8, L@ + D1VKL V2D,
(6.6)

where the semireduced matrix elements of ¥~ and ¥ € are given by Egs. (4.3) and (4.4) respectively, and the coefficients a,
and &, by Eq. (3.5).

Equations (6.1)~(6.6) can now be used as the initiating stage to determine some quadratic sum rules satisfied by the
semireduced matrix elements of Q and ¥,,. We now proceed to show how these sum rules can be defined and calculated
explicitly.

7. QUADRATIC SUM RULES SATISFIED BY THE SEMIREDUCED MATRIX ELEMENTS OF Q AND V©
Let us consider the following quantities

(L'|Q*|ILY= Y (k'L’||Q|IkL ), (7.1)
kk'
(L'|Qve|L)= ; (k'L'||@ |IkL )k "L(|V2||kL ), (7.2
and
(L'|(VeyIL)=Y (k’L'||V2|kL Y, (7.3)
kk’

summed over the additional quantum numbers k and & ‘. By definition their values are of course independent of the way these
quantum numbers have been defined. By making L = L, k = k, and summing over k in Egs. (6.1)~(6.6), we get a system of
three equations for each of the three sum rules (7.1), (7.2), and (7.3). As each of these systems can be handled in the same way,
we hereafter write only the detailed derivation of the first sum rule (L '|Q?|L ).

Let us note first that from the symmetry relation (4.5), it follows that

(L'Q*IL) =L+ D)7'QL+ DXL [Q*|L"). (7.4)

Therefore, the five sum rules {(L'|Q?|L ), corresponding to a given value of Land L' = L + 2, L + 1, L, belong to three
classesaccordingtothe valueof |AL | = |[L' — L | = 2, 10r0. Taking Eq. (7.4) into account, Eq. (6.1) and Eq. (6.4) withA = 1
and 3 lead to the following relations:

QL-3)(L—-2|Q*|LY+ QL —-1D{L—-1|Q*|LY+@L+ 1)L |Q*|L) + QL+ 1D{L|Q*|L+1)+(Q2L+1)

XAL|Q*L+2)=@QL+ D[{L,)— LI+ DIN.(pg), (7.5
—2(L + 1)L —3){L —2|Q*|LY — (L + 3)2L — DL — 1| Q?|L Y — 3L + D{L |Q*|L) + L — )L + 1)
X{L |Q*|L +1) +2L QL + (L |Q?|L +2) = — 5L (L + 1)2L + DN, (pg), (7.6)

and
— L+ DL +2)2L—3)L+3){L —-2|Q*L) +2(L — 2L + QL — YL + )L —-1|Q*|L)Y+12(L - 1)
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XL +2)QL + )L QL) —2(L — 1)L + 3)QL — DL + D{L |Q?|L + 1) + (L — DL 2L — 1)
X@QL+ 1)L |Q*L +2)=0. (7.7

These relations are valid for any value of L such that 0<L< p.
With the purpose of getting a recursion relation for the sum rules with |AL | = 2, we first eliminate (L |@*|L ) between
Egs. (7.5) and (7.6), and Eqs. (7.6) and (7.7). The first resulting equation is then summed over L going from L to p, while the

second one (for L>2) is first multiplied by (— 1)* ~*[(L — D)L (L + 1)L + 2)] ~ !, and then summed over L between the
same limits. In this way they become

QL —-3)QL — 1)L —2|Q*|LY + QL — 1)L+ 1)L —1]Q*|L+ 1)+ L QL — 1){L —1|Q*|L)

=A4(pa), .8
and
—(L+1DQRL—-3)QL - )L —2|Q?*|L) + (L — DQL — DL + 1L —1|Q?|L + 1)

—2LQL - D)L —-1|Q*|L)= —(L - DL(L + DB (pg), L>2, (7.9)

where we have changed L into L, and we have defined

AP = 3 {CL +DISL'E + D= 3L) N (p))}, L3O, (7.10)

BP(p)=4 $ [(= D" ~*QL'+ DN_.(p)], L>0. (7.11)

L =L

It is now easy to eliminate (L — 1{Q?|L ) between Eqs. (7.8) and (7.9) and to get the desired recursion relation
—~ (@=L -3)2L — 1L ~2{Q*|L) + (L + DL — DL + I{L ~ 1|@*|L + 1)

=24 {(pg) — (L — VL (L + DB (pg), L>2. (7.12)
Its solution is obtained by changing L into L', multiplying the equation by L ’, and summing over L ' going from L to p:

(L—2{Q*|L)={(L —HLEL-3)}2L - 1] ! ﬁ; {L'f@ - L@’ + HBL(pg) — 24 2(pg)1}, L>2. (1.13)

When all the sum rules with |AL | = 2 have been determined, the remaining ones, with |AL | = 1 or0, can be calculated in
terms of them. We have indeed

(L—-1]{Q%L) = —[2QL + 1)) 7 '(L + 502L ~ 3){L —2|Q*|L)

+ 2L QL - 1] 'L — WL + 2L + 3L |Q?|L +2) + C{(pg), L>2, (7.14)

and

(L|Q*|L)=[2L + 1)L + 1]~ 'L — DQRL — 3)Q2L + 5L —2|Q*|L)

— 2L} 'L+ (2L — 3L |Q*|L +2) + DM (pg), L3>1, (7.15)

where

CP(pg)=ILQL—-D] 'L ~D2LL + INL +6) = 3{L,) [N (pg), L>2, (7.16)
and

DMpg)= — [LL+ DI 'BLEL+DVL*+L—-4)—L*+L-3KL)IN(pg), L>1. @.17

The sum rules (L’ |QV2|L ) and (L'|(¥V'?)*|L ) are given by relations similar to Eqs. (7.13), (7.14), and (7.15), with
A P(pg), BP(pg), C(pg), and D P( pg), replaced by 4 ( pg), B P( pg), C (pg), D ( pq), where i = 2 and 3 respectively.
The explicit expressions of these new quantities can be found in Appendix A.

The summations over L ' in Egs. (7.10), (7.11), and (7.13), as well as in the corresponding equations for the other sum
rules, extend from L to p. They are most easily calculated for high values of L. When one is interested in low values of L, it is
more convenient to have summations over L ’ going from zero to some upper limit determined by L. In Appendix B we show
how to convert the summations in Egs. (7.10), (7.11), and (7.13) into summations from zeroto L — 1.

Up to now all the relations obtained for the semireduced matrix elements of Q do not depend on the way the additional
quantum number k is defined. From now on we choose to use for k the eigenvalue of the third-order labeling operator K,
defined in Eq. (3.10). We will hereafter examine the consequences of this assumption for the semireduced matrix elements of @
and show that this choice enables us to determine some k-weighted quadratic sum rules for those quantities.
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8. THIRD ORDER LABELING OPERATOR AND &-
WEIGHTED QUADRATIC SUM RULES FOR THE
SEMIREDUCED MATRIX ELEMENTS OF @

When using the operator K defined in Eq. (3.10) as a
labeling operator, the additional quantum number k can be
related very simply to the corresponding diagonal semire-
duced matrix element of Q. If we take, indeed, the semire-
duced matrix element of both sides of Eq. (3.10) and take
into account that the semireduced matrix elements of ¥~ are
proportional to those of @ as shown in Eq. (4.3), we get

k8, = 2[4 (L + QL — DEL + 3]k 'L ||Q KL ).
.1

We conclude therefore that with this choice of labeling oper-
ator the matrix elements of Q which are diagonal in L are
also diagonal in k. Moreover, we see clearly the importance
of the calculation of the semireduced matrix elements of Q
for the solution of the state labeling problem. Introducing
Eq. (8.1) into the symmetry relation (4.10), we obtain that

k*+ = —k (8.2)
i.e., the eigenvalue of X in the contragredient IR[ p, p — ¢],
corresponding to k in the IR[ pq], is equal to — k. Equations
(8.1) and (8.2) are well known relations, derived previously
by other authors.*?

We now show that the operator X gives rise to an addi-
tional relation, which is new to our knowledge, and leads to a
simple connection between the nondiagonal matrix elements
of @ and V' ©. This relation is a special case of a more general
one, which writes

DIGERF A - B DAL s
(8.3)

and is valid for any vector operator 7= (T £, T 9).
To prove Eq. (8.3), let us first transform it into

2{:,(— DULGL 0 TR1+ (Lo TRIL )

= Z(—— l)aiLa[TL»a’Q,u] + [La’Qy] TL,a}}

8.9
and use the equalities
(LoT21=1T50, (8.5
and
S(=DL,T" ;= F(=1)TI_, (8.6)

a a

which derive directly from Egs. (3.32) and (3.3b), written for
T instead of V. We get the following relation

S(=DTLQL_,= 3 (-1L,Q,T",,
which remains now to be proved. For this purpose, let us
consider the identity

(1, TS =0, (8.8)

valid for any operator T’ 3 built from the generators of SU(3).
By introducing the definition (3.6) of 7, into this equation,
and using Eq. (8.5) as well as the relation

8.7
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S (=100 .. T2+ 3 (= (L, Q,ITE,

=S (=@, T2Q_,+ 3 (- D)°TE

X[L_»@Q,.1=0, 8.9)
which is a direct consequence of the commutation relations
(3.3), we get

S (= DHLJAT Q)+ [TLQIL _,

- [La’Qu]TI;a_ TCLII[L*a’Q,u]} =0. (810)

It is now straightforward to show that this equation reduces
to Eq. (8.7) when we write each commutator as
[4,B] = AB — BA, and take Eq. (8.6) into account. This
completes the proof of Eq. (8.3).

In particular, when 7 is replaced by V, we reach the
following important relation

(L% VO] =[K.Q,.] 8.11)
Taking the semireduced matrix element of both sides of this
equation, we get
(k' —k)WK'LNQIALY = [L'(L"+ 1) = L({L+ 1]

X{k'L'|V2|kL). (8.12)
We conclude that for L ‘=~L, the semireduced matrix ele-
ments of ¥ ©are given in terms of those of Q by the following
relation:
(k'L'||VC|kL) = [L'(L' + 1) = L(L + 1] !
X (k' —k)(k'L'|QKL), L'#L.
8.13)

As a consequence of Eq. (8.13), the sum rules (7.2) and (7.3)
with L '5£L can be rewritten in terms of semireduced matrix
elements of Q only:

(L'|QVe|L)=[L'L' +)~LEL+ D]~
X3 (k' —k)k'L(1Q kL )2,
kk’

L'+£L, (8.14)
(L|(VOP L) =[L'L'+ )~ LEL+ 1] ?
XY (k" — kY k'L7Q kL )2,
* L's£L. (8.15)

We can now proceed one step further and establish ana-
lytical expressions for the following k-weighted sum rules

(L'|Q*|L)=Y k{(k'L'||QIKL )2, (8.16a)
kk’

and

(L']-Q2|L)="Y k'(k'L'|Q kL )2, (8.16b)
kk'

where the point on the right (left) of Q 2 on the left-hand side
means that the weight & (k ') refers to the ket (bra). From Eq.
(4.5) those sum rules satisfy the symmetry relation

(L'|Q*|LY=QL+ D@L+ 1)~ (L |.Q?|L").
(8.17)
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Itis straightforward to see that Eq. (8.14) can be rewritten as
(L'|@Ve|L)

=[L'L'+D)-LEL+D]!

XL'|-@* L) ~(L'|@Q*|L)], L'#L.(8.18)

It is shown in Appendix C that the sum rule
(L — 1| Q*|L satisfies a recursion relation, whose solu-
tion is
(L-1[Q*|L)
=[L-DLEL+DRL-D] !

X ﬁ (L'(L'+ DL+ D)X] —2(§L'(L'+ 1

L' =1L
XQL' = 1)QL" +3)'2({L,) + 3L |Q |L")
+QL =1L +3)L'|QVC|L") —2L" + 1)
XL+ 2(L'|QV2|L’ + 1)1} (8.19)
From it the other sum rules can be calculated by successively
applying the following relations:

(L+11Q>|L)=QL+3) 'L+ 1){L |@*|L +1)
— 2L+ 1)L +1|QV2|L), (8.20)
(L{@*|L)
=QL+ D)L -1DL+1)
X{(L—1|Q%|L) + L(L+2){L +1|Q*|L)
+L(L+ DEL+ DL |QVe|L)], (8.21)
(L+2]|Q*|L)
=[RLQL+1DRL+5]"'{(L-1)
X(L +2)Q2L — 1)L + 3){L — 1|Q*|L)
+3(L +2)Q2L — DL + 1){L |Q%|L)
—LQL+3)2L*+ 3L —8){L +1|Q*|L)
—2L(L+ 1)L +2)QL+ DRL+3)[LLEL + 1)
X QL — QL + 3)]"*L |Q |L)}, (8.22)
and
(L-2|Q*|L)
=[2L + )L -3)Q2L +1)] !
X{L +DRL—-DQRL*+L—-9)
X{L—1|Q*|L)
+3(L — DQL + 1)L + 3){L |Q%|L)
— L~ DL+ 2L - DRL +3)
X{L +1]|Q*|L)
~2(L-1DL(L+ DQL—-1)2L+1)
XL (L + 1)2L — 1)
X QL+ 3)]VXL|Q|L)}. (8.23)

Eq. (8.20) is a special case of Eq. (8.18), while the other
equations are proved in Appendix C.

9. CALCULATION OF THE EIGENVALUES OF K AND

THE MATRIX ELEMENTS OF QIN THE PHYSICAL BASIS

All the sum rules which we have considered up to now
can be evaluated in principle for any IR[ pg] of SU(3) and
any multiplicities NV, ( pq). It would be indeed quite straight-
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forward to develop a computer code in order to compute
them numerically whenever the dimensionality of the IR of
SUQ3) is too large to allow us to calculate them by hand.

It is, however, much more difficult, even for not too
high dimensionalities, to get detailed information about the
individual matrix elements of Q in a given IR of SU(3), i.e.,
to calculate the semireduced matrix elements
<k'L"||Q||kL > *forallthevaluesofk, L,k ',and L ' contained
in this IR. In this case the usefulness of our procedure is
restricted by the magnitude of the multiplicities of the IR’s
of SO(3) contained in the IR of SU(3) considered. In this
section we are going to show through an example how far we
can go in that field. It should be remembered, however, that
the computation of the individual matrix elements of Q is
only a byproduct of our study, whose main goal was to calcu-
late sum rules.

To begin with, let us turn to the determination of the
eigenvalues of the third-order labeling operator X, or equiv-
alently, to that of the diagonal matrix elements of Q owing to
Eq. (8.1). The diagonal sum rules <L |Q |L >, (L |Q?|L Y},
and (L |Q%|L ) are simply proportional to § = S k P
C= Ej.v; 1k}, and D = ij.v; 1k 7, respectively, where the
summations are restricted to those values of k corresponding
to L. We are thus able to calculate the eigenvalues of K in all
the cases where the multiplicity N, ( pg) does not exceed
three, with the results:

O IFN, (pg) =2,
kio=S+V2C -5, ©.1)
(i) If N, (pg) =3,

ka-;—(S+\/2(3C—S2)cos

a+32ﬂr =123,

where ©-2)

cosa = V'2(3C — §2)~¥%(9D + 287 — 95C).  (9.3)

In principle it is now possible to obtain also the nondia-
gonal matrix elements (k'L ’||Q | kL )* for all the values of
k,L, k', and L’ contained in the IR[ pq] if all the multiplic-
ities are less than or equal to three. However, when &, and
N, . are equal to two or three, the sum rule equations are not
sufficient for that purpose. It is then necessary to use in addi-
tion Egs. (6.1)~(6.6) for k = k and to solve them step by step
for all the values of L and k. As an example we have worked
out completely the case of the IR[10,5], for which the possi-
ble L values are (with their corresponding multiplicity writ-
ten as an exponent) 10, 9, 82, 73, 6%, 5%, 4%, 32,2, and 1. We
show the results in Table II1. The IR[10,5] is self-contragre-
dient so that we could use Egs. (4.9) and (4.10) to simplify
the calculations. In spite of this, the computation was rather
tedious. Moreover, a systematic procedure for handling the
system of equations does not seem to emerge, so that it might
be difficult to write a computer program to calculate the
matrix elements of Q for general IR’s of SU(3) for which
N, (pg)<3. Therefore, our procedure might not be suited to
the calculation of matrix elements of Q for IR’s of SU(3)
whose dimensionality is much higher than that of [10,5]
(equal to 216). For IR’s which are not self-contragredient,
the limit on the dimensionality should be still lower.
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TABLEIIL Eigenvalues kof K = 3,( — 1)°L , ¥~ , and semireduced matrix elements (k'L '||Q || kL )* for the IR[10,5] of SU(3). Only the upper triangular
matrix is shown; the lower one can be deduced from it by use of Eq. (4.5).

L 10 9 8 8 7 7
L' k' k 0 0 12V 209 —12V 209 12V 561 — 12V 561
10 o0 0 1o g B 0 0
9 Y 0 % &® 3 ¥
8 12V 209 # 0 i3 )
+484/ # - ‘z%’\/ #
8 —12V 209 i Lesss Briia
-\ # +8%\ B
7 nVsel % 0
7 —12V 56l 153
L 6 6 6 5 5 5
L' k' k 8V 2769 -8V 2769 0 8V 4665 — 8V 4665 0
10 o 0 0 0 0 0 0
9 0 0 0 0 0 0 0
8 12V209 e 101296 2500 0 0 0
+ 484/ A / %
8 —12V209 g 108256 19250 0 0 0
—154/5% +3¥ f 8
7 12V 561 e B 5% g e i
+ 38 45 A / #i + ‘8%‘\/ il — 182\ [ 3%
7 —12V 561 g & 7y g7 ko LT
A / 81 + ‘%‘\/ # — 2\ [ 3% + 1624 | 5%
L 6 6 6 5 5 5
L k' k 8V 2769 — 8V 2769 0 8V 4665 — 8V 4665 0
6 sV2e 0 0 s s 598
+ 284, [ s5hoss — 288, [ s
6 —8V2169 3 0 ey ey
- 223%“ ﬁ‘;b‘ﬁ + 2231 2 8708
6 0 0 s 182458 S
5 8V 4665 up 0 0
5 —8V 4665 g0 0
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TABLE III (cont.)

5 0 0
L 4 4 3 3 2 1

L'k ok 12V 105 —12V'105 4V 2145 —4V 2145 0 0

6  8V2769  wme 0360 0 0 0 0
+ 143 491253 143 ‘éll%

6 —8V2769 s 608360 0 0 0 0
- %‘4‘*’?\/ o + [ 5

6 0 246 213 0 0 0 0

s 8Vae6s e 156 s sns 0 0
+ 1t %1 - 11?1./;; + J%ﬁ 3‘3‘1 - 1%6 ?5‘1

5 — 8V 4665 %-}5—? 3 Pecas 200948 0 0
— /5 + i/ — 138 [+ + 1354

5 0 b Eiis B8 oo 0 0

L 4 4 3 3 2 1

L' k' k 12V 105 ~ 12V 105 4V 2145 —4V 2145 0 0

& 12vVies g 0 15 + 1V 1001 s V1001 i 0

4 —12V10s o 152 — 1V 1001 V1001 g 0

3 4Vouss 14 0 2 &

3 —aVuds 14 2 o

20 0 280

1o 0

10. CONCLUSION

In this paper we have shown that it is possible to obtain analytical formulas for various sum rules satisfied by the matrix
elements of the generators of SU(3) in an SO(3) basis. For that purpose we have chosen to use an orthogonal basis which
diagonalizes an additional labeling operator K, and we have established our relations without explicitly constructing the basis
states. As a byproduct of our study, we have been able to deduce general formulas for the eigenvalues of X when the
multiplicity of the SO(3) IR’s does not exceed three and to calculate the individual matrix elements of the SU(3) generators for
the IR{10,5] of SU(3).

Were we concerned with the determination of the eigenvalues of K or the individual matrix elements of Q for general IR’s
of SU(3), it would be clear that our procedure is not the best one available. It is indeed well known that the eigenvalues of K can
be calculated straightforwardly either in a nonorthogonal basis® or in the canonical orthogonal one."** Concerning the matrix
elements of Q, the use of either basis would lead to a clear-cut and systematic procedure that could be easily programmed.

Some works are in process along these lines using nonorthogonal basis.*

However the usefulness of our procedure is obvious as compared with other ones when considering sum rules for the
matrix elements of Q. With a nonorthogonal basis, we should have to combine the overlap matrix of the basis states with both
diagonal and nondiagonal matrix elements of Q. With the canonical orthogonal basis we should have to restore the SO(3)
symmetry by using the transformation matrix from this basis to a physical orthogonal one. In both cases it is clear that no
direct procedure would be available to calculate sum rules and that no analytical results could be obtained except in extremely
simple cases. On the other hand, by working directly with a physical orthogonal basis as we do in the present paper, one is
straightforwardly led to general analytical formulas for various sum rules, which we consider as the achievement of the
present paper.
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APPENDIX A: EXPLICIT EXPRESSIONS OF A?( pg), BY( pq), C( pq), AND D?(pg) FOR /=2 AND 3

In terms of
(L | yE |L Y= 2 (kL I yL ||kL Y= 2(3@L - H2L + 3NIVAL|Q|L), (AD)
and ‘
L2 2 2 )
(L|Ve|L)= Y (kL|VO[kL) = [$CL+ D] T (= D) ‘[L L L}<L|Q 2y
k L, 1
+ L + DCL — DEL + 3)] 2N, (pg), (A2)
respectively, we get
4= 3 e+ oV @ e v L) - 3N ()]} (A3)
BP(pg) =4 z {(— DL L@ + D]~ V2@L + (L' |VE|L ")}, (A4)
CP(pg)=LQL—~ D] 'L - D[2C +OVLE+ DL [VE|L) —3({I,)N,(p)], (A5)
DP(pg)= — [LA+ D] '[BL+L-HVLE + DL |VE|LY — L *+ L —){T)N.(pa) ], (A6)
and
AP(p)= 3 {@L'+DIGL'L +DEL’ - DEL + UL |V2 L")
F3GEL + D)L — L+ DL — (L' —1|Q?|L") + L' — 1)L’ + 3XL'|Q?|L")
+3L'(L + 2L Q2L + 1)) = 3{L )N, (p)1}; (A7)
B =t 3 ((—DFEL'@ +DIT'BE —DE" + DEL'— L'~ 1]@*|L")
+2QL' = DQL' + 1DQRL'+3)L'|Q|L") +3L'(L" + 3)L' + I){L'|@*|L" + 1]}, (A8)

CP(pg)=I[LQL—1)] 'L —D{[BLEL+ DRL—-DQRL+)IVL |V2|L) +3[3L+ 1)~

XL + 1)QRL — DQRL?+ 13L —21){L — 1|Q?|L ) + L — 1)(2L + 3)(4L + 21)

X{L |Q*|L)+3L(L +2)QL + 19XL |@*|L + 1)1 — 3({Z,)N.(pg)}, (A9)
DP(pg)=[LEL+ D] '[3LE+ DQL—1DQL+3)]VXL|Ve|L) -2[QL+1)~'

XL — IXL + 1DQL — 1)AL* + 2L —21){L — 1|{Q?|L ) + @QL — 1)Q2L + HQL?*+2L —-7)

XAL|Q*|L)Y +L(L+2)AL?+ 6L —19XL [Q*|L + 1)] +(L>+ L —3){L, )N, (pg)}. (A10)

APPENDIX B: ALTERNATIVE EXPRESSIONS FOR A{"(pq), B{"(pg). AND L — 2| Q% | L)

In this appendix we show how to convert the summations over L ' going from L to p in Egs. (7.10), (7.11), and (7.13) into
summations from zeroto L — 1.

Let us begin with Eq. (7.10). It is obvious that it can be rewritten as

L-—1

AP(pg) =AP(pg) — Y {QL'+ D[SL'L’ + 1) = 3(L,) IN..(pg)}, (B1)
L'=0
where the value of 4 {( pg) can be found from Eq. (7.8) for L = 0. We get
A§(pg) =0, (B2)
so that
L—1
A4P(pg) = — LE {QL'+ D[SL'L"+ 1) — 3{L, ) IN.-(pg)}, (B3)
=0

which is the desired expression for 4 {°( pg).
Eq. (7.11) can be transformed in the same way into

L—1 ,
BP(p)=(—~1DBP(pg)—4 3 (—DF QL'+ DN,.(pg)- (B4)
L'=0
However in this case, B {’( pq) is not equal to zero because Eq. (7.9) is not valid for L = 0. We have therefore to calculate
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B ™ pg) from the definition (7.11). We obtain

BP(p)=4 § (= DFQL'+ DN, (pg), (BS)

L'=0
where N, . ( pg) is determined by Racah’s formula (3.14). It is straightforward to show that

B{(pg) =2Ap’—pg+4*+3p+2), when p and ¢ are even,

=2p—q+1)g+1), when p is even and ¢ odd, (B6)
=—2Ap—q+1)}p+2), when p is odd and ¢ even,
= —2(p+2)g+1), when p and ¢ are odd.

It now remains to transform the summation in Eq. (7.13). For this purpose, let us go back to Eq. (7.12) and consider only
those values of L which are greater than 2. Let us change L into L ’, multiply the equation by L ' and sum over L ' going from 2 to
L —1. Weget

(L —DLQL—3)QL— L —2(Q%L) —60[Q%2) = — 'S (L'[@L" — DL'L’ + DB pg) — 24 X p)]},
L'=2
L>3. (B7)
The quantity (0| Q*|2) can now be evaluated directly from Eq. (7.8) for L = 1:
30]Q2]2) =4 {"(pg). (B8)

Introducing this expression into Eq. (B7), we see that (L — 2| Q2| L ) is given by a summation over L ' going from 1 to L — 1
(or equivalently from O to L — 1 as the term corresponding to L ' = Q is equal to zero), and that the resulting formula is valid
not only for L >3 but also for L = 2;
L—1
(L—-2[Q*|IL)= —[L-DLEL-3HRL-D]™' ¥ {(L'[(L'=DL'L" + DB(pg) — 24N p9)]}, L>2.
L'=0
(B9)

Eqgs. (B3), (B4) and (B9) are the alternative expressions we were looking for to replace Egs. (7.10), (7.11), and (7.13)
respectively.

APPENDIX C: CALCULATION OF THE SUM RULES (L'|Q*|L)

Tocalculate the sum rules (L ' | @ 2| L ), defined in Eq. (8.16a), we start from Egs. (6.1) and (6.4). By equating L ' to L and
k’ to k, multiplying by k, summing over k, and using Eqs. (8.1) and (8.17), we obtain a system of three equations for those sum
rules, which writes

QL —3XL—2|Q*|L) + QL —~ 1)L —1|Q|L) + QL+ (L |Q*|L) + QL+ 3L + 1{Q*|L) + (2L +5)

X{(L+2|Q%|L)Y=2QL+ D)[{,)—-LL+ l)][%L(L + DERL —DRL+ )AL |Q|L), (C1)
—2(L + 1)L - 3){L -2[Q*|L) — (L +3)QL — 1)L —1|Q@*|L) - 3L + 1)L |@*|L)

+(L—2)QL+ 3L +1]|Q%|L) +2L QL+ 5L +2{Q*|L)

= —10L(L + DL + 1)[§L(L + DL — DL+ HIVHL|Q L), (C2)

and
— (L4 DL +2)QL—3)QL + 3L —2|{Q%|L) +2(L —2)(L +2)2L — 1)L + 3L — 1|Q*|L)

+12(L — D)L +2DQRL + 1L |Q*|L)Y —2(L — DL + QL — 1)L + 3L + 1|Q%|L)

+ (L~ DLQL — 1)L+ 5){L +2|Q@*|L) =0. (C3)

From them we can express (L 4 2| Q2. |L ) in terms of the other sum rules. The resulting expressions are respectively
contained in Egs. (8.22) and (8.23). By eliminating (L + 2| Q.| L ), we are left with a single relation between the remaining
sum rules:

L —DL+ )L +3)QL—DL —1|Q%|L) + QL — DQRL + DL +3){L |@*|L) — (L — 2L (L + 2)(2L + 3)
X(L+1|Q%|L) =2L(L + DL + D[{L) + 3] [ L& + DRL — DL+ 3)]VL |Q|L). (&)

We can get two additional relations by making use of the known expressions of (L |QV?|L ) and (L + 1|QV?|L ).
On the one hand from Egs. (8.1), (8.17), (8.22), and (8.23), we obtain successively

(L|QVe|L) = %[%L(L + 1DQRL ~ DERL +3)] =2 S k(KL ||V 2||kL)
k
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=[LL+ DL+ D] 'L - I)L+IKL-1]@Q*|L)
+ QL+ D)L |Q%|LY -LL+2{L+1|Q*|L)]. (C5)
This equation leads to the expression of (L |@2|L ) interms of (L + 1|Q*|L ) and (L |QV 2|L ), contained in Eq. (8.21).
On the other hand, when applied to the case L' = L + 1, Eqgs. (8.17) and (8.18) give rise to the expression of (L + 1|Q *|L )
in terms of (L |Q*|L + 1) and (L + 1|QV 2| L ), contained in Eq. (8.20).
It now remains to introduce both expressions into Eq. (C5) such as to obtain a recursion relation for (L — 1|Q*|L)

writing

L—DLL+1DRL—DL—1|Q@%|LY —LL+DL+2DQL+ DL |Q>|L+1)
= L(L+ D@L+ D — 22L& + DEL — DEL + H]2[(1) + 3L |Q |L)
+QL—DRL+ 3L |QV|L) — 2L + )L +2){L [@QV2|L + 1)}. (C6)
Its solution is easily found by replacing L by L ' and summing over L ’ going from L to p. Itis given in Eq. (8.19). This completes

the derivation of the sum rules (L'|Q%|L ).
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Clebsch-Gordan coefficients of finite magnetic groups
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A detailed method is given for the calculation of Clebsch-Gordan coefficients of finite magnetic
groups. This method is a generalization of a new method for the calculation of Clebsch-Gordan
coefTicients of finite nonmagnetic groups which makes use of the fact that the Clebsch-Gordan
coefficients may be arranged into vectors which are ei genvectors of certain projection matrices.

1. INTRODUCTION

According to the well-known results of Bargmann ! and
Wigner > the Hilbert space of state vectors of a physical sys-
tem with a symmetry group G carriers a projective unitary—
antiunitary (PUA) representation of G. All relevant physical
information, such as transition probabilities, is contained in
matrix elements of irreducible tensor operators which trans-
form according to irreducible PUA representations of G. An
important tool for the calculation of these matrix elements is
the Wigner—Eckart theorem, which has been generalized for
finite magnetic groups by Aviran and Zak. * To apply the
Wigner—Eckart theorem one needs the Clebsch-Gordan co-
efficients of G.

Recently a step forward in the theory of Clebsch—-Gor-
dan coefficients of nonmagnetic groups has been made by
the observation that columns of Clebsch-Gordan coeffi-
cients are eigenvectors of some projection matrices. This ob-
servation was made first by Schindler and Mirman * for the
symmetric groups. A detailed procedure for the construc-
tion of the Clebsch—Gordan coefficients was then given by
van den Broek and Cornwell ° and Dirl. ® The advantage of
this method over previous methods is that the calculations
are straightforward, problems related to multiplicity (over-
looked for instance by Cornwell 7 and Berenson and Bir-
man %) are properly taken care of and tedious ad hoc meth-
ods (Sakata %) and orthogonalization procedures (Koster ')
are avoided.

The present paper extends the method of Ref. 5 to mag-
netic groups. It will turn out that as in the case of nonmagne-
tic groups the columns of Clebsch—Gordan coefficients are
eigenvectors of projection matrices but that some additional
constraints have to be imposed on these eigenvectors which
depend on the type (I, I, or III) of UA representations in the
decomposition. I will show that these three types of con-
straints can easily be dealt with.

Relations for the Clebsch-Gordan coefficients of finite
magnetic groups have been given by Aviran and Litvin, '
Rudra '? and Kotsev.'? However, none of these authors
proves that these relations are sufficient, i.e., that each solu-
tion indeed provides a set of Clebsch—Gordan coefficients.
Also, a systematic way of solving these relations has not been
given.

Different approaches to the problem of calculating
Clebsch—Gordan coefficients for finite magnetic groups
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have been given by Gard and Backhouse '* and Sakata. !°
Gard and Backhouse '* assume that the Clebsch-Gordan
coefficients of the nonmagnetic subgroup are known and
give a method to construct from them the Clebsch-Gordan
coefficients of the whole group. Sakata '* obtains a collection
of matrices which fulfill the requirements to be matrices of
Clebsch-Gordan coefficients except for being unitary (or
even nonsingular). The problem then remains to find a uni-
tary matrix among this collection of matrices.

In Sec. 3 we will discuss the relations for the Clebsch—
Gordan coefficients of finite magnetic groups of Ref. 11 and
Ref. 13 and show that these relations are indeed sufficient.
Moreover, we will show that the solutions of these relations
automatically satisfy the orthogonality relations, which
means that each solution gives a matrix of Clebsch—-Gordan
coefficients which is unitary. The main part of this paper will
be Sec. 4, where we will derive a straightforward method to
solve the equations of Sec. 3. A summary of this method will
be given in Sec. 5, especially for those readers who wish to
nse the method without bothering for the proofs and the
Jderivations. In Sec. 6 we will give a derivation of the Wigner—
Eckart theorem for finite magnetic groups which is different
from the derivation of Aviran and Zak * and which shows
the close connection between the form of the Wigner-Eckart
theorem and the lemma of Schur for finite magnetic groups.

Although one has in general to consider PUA represen-
tation of G, we will restrict ourselves ot UA representations
in this paper. The generalization to PUA representations,
however, is trivial; all results hold for PUA representations
as well.

2. DEFINITIONS AND PRELIMINARIES

Let G be a finite group and G, a subgroup of G of index
2. A unitary—antiunitary (UA) representation of G with re-
spect to G, is a homomorphic mapping T from G into the
group of unitary and antiunitary operators on some Hilbert
space 57 such that 7 (g) is unitary ifgeG,, and T (g)isantiuni-
tary if gG, . In the following we shall drop the phrase “with
respect to G,,.”” Suppose 5 is finite dimensional and let
{@,,.....®, } be an orthonormal basis of #°. For each opera-
tor T'(g) a unitary n X n matrix D (g) is defined by
D(g) = (4, T (g)¢)). The matrices D (g) satisfy

D(g)D*(g) =D (gg), Vgg'el, Q.1
where D is defined by
© 1979 American Institute of Physics 2028



D if geG,
D* if g¢G,
A UA representation of G can also be defined to be a map-
ping from G into the unitary matrices of some dimension »
such that Eq. (2.1) holds. The connection with the previous
definition lies in the choice of the basis {@,,....¢,} of 7. In
the sequel T and D will always denote an operator and a
matrix, respectively.

A UA representation T of G is reducible if these exists a
proper subspace of ##° which is invariant under 7 (G ); other-
wise T'is irreducible. Two UA representations T, and T, of
Gin the Hilbert spaces H, and H, respectively are equivalent
if these exists a unitary mapping U:H,—H | such that

T\(@U=UT,@g), VgeG, (239
or, equivalently, in terms of matrices, two UA representa-

tions D, and D, of G are equivalent if there exists a unitary
matrix U such that

D\(g)U® = UD,(g), VgeG. (2.3b)

According to Wigner '6 the irreducible UA representa-
tions are divided into three types: the restriction D1 G, of an
irreducible UA representation D of G to G, which is a uni-
tary representation of G, is irreducible (Type I), is reducible
into two equivalent irreducible components (Type II), or is
reducible into two inequivalent irreducible components
(Type III).
Let a be a fixed element of G \ G . An irreducible UA repre-
sentation of G of type I is equivalent with a UA representa-
tion which has the form

ro=( ) weas p-( )

where 4 is an irreducible unitary representation of G, and U
satisfies

UU*= —A@?d
and
Ud %~ 'ga)U ~'=4(g) VgeG, (2.6)

An irreducible UA representation of G of type III is equiv-
alent with a UA representation which has the form

DE— [ .2)

2.5)

D(g) = (A ég ) n (aoﬁ ,ga)) VgeG,;
D)= (i 4 g’z)) @7

where 4 is an irreducible unitary representation of G, which
is not equivalent with 4 defined by 4 (g) = 4 *(a ~ 'ga).
An irreducible UA representation is said to be in standard
formifitis of type I, if it is of type II and satisfies Eq. (2.4) or
if it is of type III and satisfies Eq. (2.7). So each irreducible
UA representation is equivalent with an irreducible UA re-
presentation which is in standard form. From now on we will
only consider one fixed chosen representative which is in
standard form of each class of equivalent irreducible UA
represenatations. These representatives will be denoted by
D°, D%, ., and their dimensions by d_,d,--.
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The lemma of Schur may be generalized for irreducible
UA representations as follows. Let D be an irreducible UA
representation of G which is in standard form and let Ube a
matrix which satisfies

D@U*=UD() VgG. @.8)
Then

U=A1;AcR ifDisoftypel, (2.9a)

A1 1
U:(_ﬂ*l :*l);/l,/ue(] if D is of type II,
(2.9b)
and
Al 0
U= ( o *l);/le(] if D is of type I (2.9¢)

(1 always denotes a unit matrix).

From this the following orthogonality relations may be
derived '*'": If D7 is of type I,

d
IG—YI z(; D7), D "@)s = 38,841 6,

d
l_éy—‘ g;GUD y‘(g)qu n(g)ki = %5pk5q1 61/11‘
If D7 is of type II,

d .
’ S D" @)D ®u
‘G I £<G,
= 5y77(5pk6q1 + 6p,k + (d/2)6q,1 + (d./2)’ (P ~q)s (21 la)
dy .
DV (8)pD "@)s
|G| ¢,
= 5;/7, (5pk5q1 - 6p,k + (d/2)6q.1+ (d/Z))’ @~q). 2.11b)
If D7 is of type III

(2.102)

(2.10b)

d e d

L N D7©)pD @ = 608,y (P~¢), (2.12)
IG l £=G,
d .

Y DY (g)pq-D q@)k! = 5pk6ql 571]9 (p‘?Lq)- (2- 12b)

G| &,

Here |G | is the order of G; p~g¢ means 1<p,¢<(d,/2) or
(d,/2) + 1<p,g<d, . In Eq.(2.11) and in the remainder of
this paper indices of the type k + d,, /2 should be taken mo-
dulod,,. It should be noted that the orthogonality relations in
this form do not hold in general if the UA representations are
not in standard form.

The direct product D * ® D of two irreducible UA re-
presentations D * and D # of G is defined by

(D@ D?)g)yu =D @D @), VYgeG.  (2.13)

In general D ®® D# is a reducible UA representation of di-
mension d,d 4 suppose it is equivalent with the direct sum

2 & m,D?". Then there exists a unitary matrix U with the

property

(D*eD)QUE=UY om,D"g), VgeG. (2.14)

The elements of the matrix U are the Clebsch~Gordan coef-
ficients. We label the row of U by the pairs (i, j);
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i=12,.,d,;j=1.2,..,ds and the columns of U by the tri-
ples (v,7,k) withm, 40, 7 = 1,2,...m, and k = 1,2,-d,,.
The Clebsch—Gordan coefficients may then be denoted by

aB,%T

Another definition of the Clebsch-Gordan coefficients,
which is easily shown to be completely equivalent with the
preceding definition is the following. Let T be a homomor-
phic mapping from G into the operators on a d_d-dimen-
sional Hilbert space 7 such that 7" (g) is unitary if geG, and
T (g) is antiunitary if g€Gy; let {¢ 7%} (1 = 1,2,...,d,;

J=1.2,...,dg) be an orthonormal basis of #” which trans-
forms under T according to

T@pF = YD @D )Qupil, YeeG. (2.15)
13
Then there exists in & an orthonormal basis {7}
(m,#0; 7=12,..m, k=12,..,d,) such that
TV = YD"@udl”, Vgel. (2.16)
]
The Clebsch-Gordan coefficients are then defined by
a B ¥s r) B
YT af 2.17
=37 5 | b @17
Since both bases are orthonormal it follows
w_ (® P |7 T)' yr 2.18
o= 35 | W)w @.19)
Now we define for each y with m,, > 0 and for
p,q = 1,2,...d,, the operators P}, and Q
Pl = > D @) T () 2.19)
16‘ geG,
and
b= |G | g; D"(®),,T(®). (2.20)

If D7 is of type Il or type IIL, P,
Q7, is equal to zero ifp~gq.

From the definitions the following expressions are de-
rived immediately:

is equal to zero if p+ g and

TP, = Ek‘p L@PL, VYgeGo (2.21a)
TP, = ;D 1@QL, VG \G,, (2.21b)
T@QL = ;D L@k, V8ety, (2.21¢)
T@Q}, = SPL@PL VgeG \ G, (2.21d)

Using the orthogonality relations one can derive ina
straightforward way the following expressions. If D7 is of

type I,

%61/1] qr (2.223,)
quQ n= 36,8, PLs (2.22b)
qu s %6777 qu ps? (2220)
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s=1%6,.0,07 (2.22d)
if DV is of type II,
qu 57,,,(5 rP e+ 5.; r+ (d/2)P ; + (d/z),s)v (p~q),
(2.23a)
Q1070 =08,,8,Pl— 64, +af}+@ms (PF9s
(2.23b)
P})’q rs— 6717(6qu 4 + 5q r+ (d,/Z)Q;})/+ d,/2),s) (P"'q)’
(2.23¢)
Q) PL= ‘Srn(‘sqr b= Oara (d/Z)Q o (d,/2)s) (p+9),
(2.23d)
and finally if D7? is of type III
qu 57/175qu ps? (P Q) (2248)
1075 =208,0,Pr, (p+q), (2.24b)
P }’ 77 aynaqr ;;s’ (P~4)y (2.240)
QrPL=6,0,0% (p+q). (2.24d)

From the orthogonality relations and Eq. (2.16) it follows
that the operators P, and Q1 act as follows on the basis

elements ¢} If D7 is of type 1
PLyl™=146,.0445", (2.252)
Q1 Wt = 36,0y, (2.25b)

if D, is of type I1
PLAE = 8,80y + g + (d,/z)'/’};':u @ ) (p~9),

(2.26a)
QLW =8, 8,8y — gx+ @ 2¥p+ @) (PHO
(2.26b)
and if D7 is of type 111
PIP™=8,0.¥y, (p~q), (2.27a)
Q ;‘I ;‘I,T = 51’718qk¢}:'rr (P 4"1) (227b)

3. EQUATIONS FOR THE CLEBSCH-GORDAN
COEFFICIENTS

Let us consider the matrix elements of P} and Q , with
respect to the basis {¢ §¥ } From Eq. (2.15) it follows

GRS 432 =7 Gl %®D &) (.12)

8€Gy
and
rQL0 G &
mn’ lG l ml
On the other hand, it follows from Eq. (2.18) that
P 7’4¢ sz) Z Z ( 7’ T)
# o Tk k (3.28)
x(".‘ BT TV arpin
i g k
and
n T
(IR
(¢ mrn nzk 1’ ;k k
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* B 7’, u TOY 'y

Using Eq. (2.25), (2.26), and (2.27) this becomes, if D ¥ is of
type I,
@LPLHP)

_ a B y T\fa y 7\
——z( n p )(1 j l ) (3-32)
and
CRM oo 3
1 a B vy 7\(a B 4 .
=32<m n P )(1 J l )’ (3.30)
if DY is of type 11,
CRMIT b
_ a B vy 7Ya B y 7\
~Z(m n P )(z j , g )
a B Y T
T2 4,
m n p+ 7
a fB y ™
X J (p~0).  (43)
. . _—Z
i q+ 5
and
P 0 i
_ a Yy t\(a y T
_g(m n , p )(1 J ‘ q )
a p ¥ T
~2 d,
n D+ —2—
a f Y T
X J (P#9), (3.45)
i q+—2Z
and if D7 is of type III,
B vy t\fa B vy 7y
aﬂ
@GPl ) = Z( n p )(z J I q )
(p~9), 3.50)
and
$2,01.6%) = z( /:’ 1}: 1' a B 7’ 7-
(p+9) (3 5b)

Let 4 (¥,p,9) and B (¥,p,q) be the matrices of Pl and QF
respectively with respect to the basis {4 ;}B }

AP D ny = (¢ i‘?.,P p? 7
B (y’p!q)mn.ij mn’ q¢

(3.6a)
(3.6b)
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Let c(y,7,k ) be column matrix of dimension d,d, given by

B

. 3.7
J

YT)
)

a
C(’}’,T,k )l] = ( i

Then Egs. (3.3), (3.4), and (3.5) can be written as Egs. (3.8),
(3.9), and (3.10), respectively:

(3.8a)

A(rp.g) = % Y e(r,mp)e*(v,7.9),

B(rpg) =3 Yc,mp)r,ma), (3.8b)

4 (?’,P,Q) = Zc(r,r,p)c"‘*(y,r,q)

d, d,
+ 20(7’, P + )c*(y,r,q+ )

(p~q), (3.92)
B (V,P ,4) = ZC(V’T’p )6(7’7’q)

- Sioro Dens 4

(p+9), (3.9v)
A(pg) = YT yma), (P~ (3.10a)
B(ypg) = z c(v,m.0)e(y,7.9), (p+9), (3.10b)

rs

Here é denotes the row matrix which is the transpose of c.

Now we will show that a solution of these equations is
indeed a unitary matrix of Clebsch—Gordan coefficients.
The orthogonality relations of the Clebsch—Gordan coeffi-
cients take the form

Y e,k )t (yrk) =1

v,k

But from Eqs. (3.8a), (3.92) and (3.10a) it follows that 2,
c(ys7,k )é*(y,7,k ) is the same for each solution, and therefore
this sum must be equal to the unit matrix, since we know that
a unitary matrix of Clebsch—-Gordan coefficients exists. So
each solution indeed gives a unitary matrix. To show that
this unitary matrix is a matrix of Clebsch—-Gordan coeffi-
cients we have to prove Eq. (2.16) if Eq. (2.15) holds and if
the basis { 1"} is defined by Eq. (2.17) where the coefficients
are some solution of Eq. (3.8) (for the D of type I), (3.9) (for
the D7 of type II), and (3.10) (for the D" of type III).

From Eqgs. (2.17) and (2.15) it follows that

Py = % (a o l T)A VP Drni L.
(3.12)

Ljym,n
If we substitute for 4 (¥,p,9),,, ; the right-hand side of Eq.
(3.3a), (3.4a), or (3.5a), take into account the orthogonality
relations for the coefficients and use Eq. (2.17) again, then
we obtain Egs. (2.25a), (2.26a), and (2.27a), respectively.
Equations (2.25b), (2.26b) and (2.27b) are derived similarly.
From Egs. (2.25a), (2.26a), and (2.27a) it follows that

3.13)
wherea = 4 if D¥isof typeland @ = 1if D7 is of type Il or

(3.11)

Y VT — VT
quq =ay,,
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of type II1. If we apply 7'(g) on both sides of this equation for
g€G,, it follows from Eq. (2.21a) that

SO L@PLY = aT W},
3
and using Eq. (3.13) we obtain Eq. (2.16) for geG,,. From
Eqgs. (2.25b), (2.26b), and (2.27b) it follows that
QYT =ayr’. (3.15)

Applying T (g) onbothsides of this Eq. forgeG \ G, weagain
obtain Eq. (3.14), and thus Eq. (2.16), by using Eq. (2.21d).

4. SOLUTION OF THE EQUATIONS

In this section we will give a method for solving Egs.
(3.8), (3.9), and (3.10). Let us start with Eq. (3.8). Since here
D7 is of type I it follows from the Eqgs. (2.22) and (3.6) that

(3.14)

A (y.p.9)A (v,r,5) = 36, 4 (7,p.5), (4.12)
B (v.p.9)B*(y.r,s) = 36, 4 (1:p,5), (4.1b)
A (y,p. B (y,r.s) = 36, B (v,p.5), 4.1¢)
B (y.p.9)A *(v,r,5) = 48, B (v:p:5). (4.1d)

Moreover, since P77 = P! and Q7! = @, it follows from
Eq. (3.6) that

A*(y.p.g) =A.q.p), (4.22)

B(y,p.g9) =B (r.qp). (4.2b)

Since we know that the solutions of Eq. (3.8) obey the ortho-
gonality relations, it follows that these solutions also satisfy

A (yp.g)e(y,.k) = 36 4c(v,7.p), (4.32)

B (y.p.g)c*(r,mk ) = 38 ,4(v,7:p), (4.3b)
and, withp =q =k,

A (kK )e(y,m k) = Ye(y,mk), (4.42)

B (ykk)e*(y,m.k) = Le(y, k). (4.4b)

Suppose we have found m,, orthonormal solutions ¢(y,7,k )
(r=1,2,+m, ) of Eq. (4.4) for some fixed value of k, then it
follows from Eq. (4.3a) that for ps£k the vectors ¢(y,7,p) are
given by

C(%Tsp) =24 (Y’P’k )C(}”T’k) 4.5)

We will show that Eq. (3.8) is then satisfied. Since 2P |,
is a projection operator which projects on a subspace of di-
mensionm,, [see Eq.(2.25a)] the matrix4 (y,k.k ) hasexactly
m.,, independent eigenvectors with eigenvalue 1 and the oth-
er independent eigenvectors have all eigenvalue 0. Since we
supposed we found m,, orthogonal eigenvectors c(y,mk)
(r =1,2,..,m,) with eigenvalue }, this set may be extended
with eigenvectors with eigenvalue O to an orthonormal basis
of eigenvectors of 4 (y,k,k ). The relation

A(rkk) =43 cly,r.k)E*(y,mk) (4.6a)
is now proved by verifying that both sides give the same
result if they are applied to this orthonormal set of eigenvec-
tors. In the same way the relation

B(y.kk) =3 Se@mk)éyrk) (4.6b)
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is proved, using the complex conjugates of the orthonormal
set of eigenvectors. Equation (3.8) may now be derived im-
mediately from Eqgs. (4.5), (4.6), (4.1), and (4.2).

So the problem of solving Eq. (3.8) is reduced to the
problem of finding m,, orthonormal vectors ¢(y,7,k )
(7 = 1,2,--m, ) which satisfy Eq. (4.4).

Let 3 be a nonzero column of 4 (,k,k ), say the mnth
column:

;=4 KK ) i e 4.7)
Note that ¢*i = 44 (,k,k ),.,.»» Which means that a col-
umnof 4 (¥,k,k )is nonzeroifand only if the diagonal term of

this column in nonzero. Let ¢ be the mnth column of
B(y,k k)

é; =B (¥, kK )jmn- 4.8)
It follows immediately from Eq. (4.1) that

Akkyp =4, (4.92)

A(v,kk)p = 16, (4.90)

B(y.kk)yp* =14, (4.9

B(y.kk)p* =44 (4.9d)

IfA (¥,k,K ), mn iSDOtequalto — B (v,k,k),,,, mn theny + ¢
is nonzero and satisfies Eq. (4.4). So after normalizing this
vector we may define it to be c(y,1,k ):

c(¥,Lk) =@ + S WA VKK ) mn + 3B * @K K ) pinm

+ 3B (kK Y mn ) 2 (4.10)
If it happens that 4 (¥,k,k ) mn = — B (¥,K,K ) mn then
the vector i(y — ¢ ) is nonzero and satisfies Eq. (4.4); so we
may then take ¢(y, 1,k ) equal to this vector after normalizing
it:

e(y,1,k) = y—¢) ) (4.11)
{24 (VKK ) mn)
If m,>2 we define 4 (y,k,k ) and B '(y,k,k ) by
A'(v,k,k) = A (v,k,k) — Le(y, 1,k )e*(y,1,k) (4.12a)
B'(y,kk) = B(ykk)— iy, Lk)é(y,1,k) (4.12b)

It is easy to check that the Egs. (4.1) and (4.2) (with p,q,r,
andsall equal to k Yhold as well for 4 '(y,k,k )and B '(y,k,k ).
Therefore, we obtain in the same way as above a normalized
vector ¢(y,2,k ) which satisfies

A'(y,k,k)e(y,2,k ) = 4e(v,2,k), (4.13a)

B'(y,k.k)c*(y,2,k) = 3e(y.2,k). (4.13b)
Now since

Ay kk)A (v k) =34 (v, kk) (4.14)
and

B (v,k,k)B *(v,k,k) = 34"'(y,k,k), 4.15)
we obtain from Eq. (4.13a)

AWk E)e(y,2,k) = 3c(y,2,k ), (4.16a)
and from Eq. (4.13b)

B(v,k,k)c*(y,2,k) = Le(v,2,k). (4.16b)

If we apply both sides of Eq. (4.12a) to the vector ¢(y,2,k ) we
findé*(y,1,k Yc(v,2,k ) = 0;s0¢(y,1,k )and e(y,2,k )areorth-
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ogonal. Thus, we have shown that the vector ¢(,2,k ) satis-
fies all requirements. It is obvious that if m,, >3 we may pro-
ceed in this way until m,, orthonormal vectors satisfying Eq.
(4.4) are obtained.

Let us now consider Eq. (3.9). Note that we only have to
consider Eq. (3.9a) for p,g<d,, /2 and Eq. (3.9b) for p<d, /2
and ¢>d,/ 2. Let us define the vectors d (y,7,p) for
7=12,.,2m, andp = 1,2,..,d, /2 by

d(y,mp)=c(y,mp) 1<7<m,, (4.17a)

d
d(y,mp) = C(m —m,p+ —21) m,<T<2m,.
(4.17b)

This definition only implies a different labeling of the vectors
¢(y,7,p). Equation (3.9a), for p,g<d, /2 now becomes

2m,, .
Alypg= > d@mp)d*(r.7.9),

r=1

(4.18a)

and Eq. (3.9b), for p<d, /2 and ¢ > d,/2 becomes

m.. - dy
Bopay= 3 drpd(pr+ma— F)
T=1

m ~ d‘)’
— 2 d(y,r+m,p)d|y,7.q— 5 )

=1

which may be written as

Zm‘:’ ~
Crpg)= Y end(yrp)d(y,r+my,qg), (4.18b)
T=1
where p,g<d, /2, C (v,p,q) is defined by
d
C(p9) =B (r,p,q + 77) (4.19)
€(7) is defined by
[ 1 if1<r<m,, 420
OD=1_1 iftm,<r<om, (420

and 7 + m,, should be read as 7 + m,, (mod 2m,, ). So Eq.
(3.9) has been rewritten as Eq. (4.18), with the definitions of
Egs. (4.17), (4.19), and (4.20), and the parameters p,g now
run from 14, /2.

From Egs. (2.23), (3.6), and (4.19) and the fact that

v = — Q7
pq P+{(d,/2q +(d,/2)

and
Pl =P, /2.9 + (d,/2)
if D7 is of type II, it follows that for P:gsrs<d, /2

A(rpA(yrs) =8, 4(.ps), (4.21a)
CrpC*.r.s) = — 6,4 (,p.s), (4.21b)
A (v C (vrss) = 6,C (y:ps), 4.21¢c)
C.p )4 *(v.rs) = 8,,C (v:p.5). (4.21d)

Moreover, since P} = Pl and Q)T = Q7 it follows from
Eqgs. (3.6) and (4.19) that

A*pg) = A4 (r.gp), (4.22a)
Crpa) = —~ C(r.qp). (4.22b)
Since we know that the solutions of Eq. (4.18) satisfy the
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orthogonality relations, it follows that these solutions also
satisfy

A4 (?”P;Q)d (79T’k) = 6qk d (}’,7',17), (4233)

C(vp.9)d *(v,7.k ) = S (7 + m)d (v,7 + m,.p),
(4.23b)

and, withp=g =k,
Ak k) (y,m.k) =d(y7.k), (4.24a)

Crkk)d*(y,rk) =€t + m,)d (v.7 + m,.k).
(4.24b)

Suppose we found 2m,, orthonormal solutions d (,7,k)
(r = 1,2,-2m.)) of Eq. (4.24) for some fixed value of k; it
then follows from Eq. (4.23a) that for p£k the vectors

d (y,,p) are given by

d (Y’T’P) =4 (7: K )d (V’T’k ) (4-25)
These vectors satisfy Eq. (4.18) as may be verified immedi-
ately, noting that P}, is a projection operator which projects
on a subspace of dimension 2m, [see Eq. (2.26a)] and rea-
soning along the same lines as above, where we derived Eq.
(3.8) from Egs. (4.4) and (4.5).

So the problem of solving Eq. (4.18) is reduced to the
problem of finding 2m,, orthonormal vectors d (y,7,k)

(r = 1,2,...,2m, ) which satisfy Eq. (4.24). This can be done
as follows. Let ¢ be a nonzero column of 4 (3,k,k ), say the
mnth column:

Yy = AWKK ) ymns (4.26)
and let ¢ be the mnth column of C (7,k,k ):
¢y = C.kk )y mn- 4.27)

Then the following properties may be derived immediately
from Eqgs. (4.21) and (4.22):

A(rkk)y =1, (4.282)

AWkk)p =4, (4.28b)

Ckky* =¢, (4.28¢c)

Crkk)p*= —1, (4.284d)

P = 6% = AWK ) (4.28¢)

Y*¢=0. (4.28f)
Therefore, we may define

- 4

d(y,1,k)= YT NNIE (4.29a)

and
_ —¢ )
diym, +1k)= AR }1/2’ (4.29b)

these vectors are orthonormal and satisfy Eq. (4.24). If
m, >2 we define 4 '(y,k,k ) and C'(y,k,k ) by

A'(rkk) =A@ kk)—d(y,1Lk)d *(,1,k)

- d(rrmy + l’k)‘i*(yimr + lrk )1
(4.30a)

C'rkk)=Cykk)—dy1k)d (y»m, + 1,k)
+d(ym, + Lk)d (y,1,k). (4.30b)
It is easy to check that Eqgs. (4.21) and (4.22) (with p,g,7 and s
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allequaltok Yholdaswellfor4 '(y,k,k YandC '(y,k,k ). There-
fore, we obtain in the same way as above two orthonormal
vectors d (¥,2,k ) and d (y,m,, + 2,k) which satisfy

A'(vkk)d (y,2,k) = d (v,2,k), (4.31a)

A'(rkk)d(ym,+2,k)=d(y,m,+2,k), (431b)

C'(rkk)d*y,2,k) = —d(y,m, + 2,k), (4.31¢)

C'(r.k.k)d*(y,m, +2,k)=d(,2,k). (4.31d)

Now since

Ak k) (y,k k) =A'(v.k,k) (4.322a)
and

C(1,kk)C*(v,kk) = — A'(v,k k), (4.32b)
we obtain from Eq. (4.31)

AW kk)d (v,2,k) =d (v,2,k), (4.33a)

Ak k)d(yym, + 2,k)=d(y,m,+2,k), (4.33b)

C(y.k.k)d*(y,m, + 2,k) =d (¥,2,k), (4.33¢)

C(rkk)d*(v,2,k)=d (y,m, + 2,k). (4.33d)

Since 4 '(7,k,k )d (v,2,k) = A (,k,k ) d (v,2,k ) Eq. (4.30a)

gives (d (1, 1k )d *(,1k) — d (yym, + LK) * (i, + 1K)

d (7,2,k) = 0. By multiplying on the left with d *(y,1,k ) we
find, sinced *(y,1,k)d (y,1,k) = 1l and d *(y,1,k)

d(y,m, + 1,k) =0,thatd *(y,1,k )d (y,2,k ) = 0;50d (7,1,k)

and d (y,2,k) are orthogonal. In the same way we may show
thatd (v,1,k),d (v,2,k ),d (y,m, + L,k )andd (y,m, + 2,k)
are orthonormal vectors. Thus, we indeed obtained correct
solutions d (¥,2,k ) and d (y,m,, + 2,k ). It is obvious that if
m., >3 we may proceed in this way until 2m, orthonormal
vectors satisfying Eq. (4.24) are obtained. The solutions
c(y,7,p) of Eq. (3.9) are then given by Egs. (4.25) and (4.17).

Let us finally consider Eq. (3.10). Since here D7 is of
type 111, it follows from Eqs. (2.24) and (3.6) that

A@p.pA,rs)=06,4ps) (p~q), (4.342)
B(yp.)B*(y,rs) =8,A(p,s) (p+q),  (4.34b)
AP B (y,rs)=8,Bps) (p~9), (4.34¢)
BrpgA*(y,rs)=6,B(ps) (p+q).  (434d)

Moreover, since P?f = P and Q! = Q7 it follows from
Eq. (3.6) that
A*(.p.g) =A1.a.p), (4.35)
B(y.p.9) = B(¥:9.p). (4.35b)
Since we know that the solutions of Eq. (3.10) satisfy the

orthogonality relations, it follows that these solutions also
satisfy

A (vpg)e(yimk) =6 ,c(vsmp) (P~9), (4.36a)

B (y,p.q)c*(v,mk) =6 c(vimp) (p+9), (4.36b)
and, withp =g =%

A .k ,k)e(y,m,k) = c(y,1.k). 4.37)

Suppose we have found m,, orthonormal solutions c(y,7,k )
(r=1,2,..,m,) of Eq. (4.37) for some fixed value of k; it then
follows from Eq. (4.36) that for ps£k the vectors ¢(y,7,p) are
given by
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c(v,7.p) = A (v,p.k )e(y,7,k ) (4.382)
if p~k, and by
c(y,mp) = B (y.p,k )c*(v,7,k) (4.38b)

ifp+ k. Asin the preceding cases we can show that Eq. (3.10)
is then satisfied. So the problem of solving Eq. (3.10) is re-
duced to the problem of finding m,, orthonormal vectors
c(y,m k) (r= 1,2,...,m, ) which satisfy Eq. (4.37).

But this problem is exactly the same as the correspond-
ing problem for unitary representations of nonmagnetic
groups, * the solution being as follows: let 1 be a nonzero
column of 4 (y,k,k ), say the mnth column. Then

., 1k) = L4 . 4.39

4 (A GKK )] 2 #39)
Define (if m, >2)

A'(vkk) =A@ kk) — cy,1,k)e*(y,1,k), (4.40)

and take ¢(y,2,k ) equal toanormalized column of 4 '(y,k,k ).
In this way one may proceed until m,, orthonormal solutions
c(y,m.k) (r=1,2,...,m,) of Eq. (4.37) are obtained.

5. SUMMARY OF THE METHOD

The decomposition of the Kronecker product and the
notation of the Clebsch—Gordan coefficients is given in Eq.
(2.14) and the lines below. For each D ¥ appearing in the
decomposition the Clebsch—Gordan coefficients are calcu-
lated separately, the method depending on the type of D”.

Suppose D7 is of type I. We may choose k = 1 and
calculate the matrices 4 (y,p,k ) and B (y,p,k ) for 1<p<d,
from Egs. (3.1) and (3.6). The Clebsch—~Gordan coefficients
are written as column matrices with Eq. (3.7). We choose a
diagonal element 4 (y,k,k),,,, ., Whichisnotequaltozero. If
A VKK ) inmn 18 nOt equal — B (y,k,k ),,,,, then c(y,1,k) is
given by Egs. (4.10), (4.7), and (4.8), and otherwise by Eqgs.
(4.11),(4.7),and (4.8). If m,>2 thend '(y,k,k )and B '(y,k,k )
are obtained with Eq. (4.12) and from these matrices ¢(y,2,k )
is obtained in the same way as c(y,1,k ) was obtained from
A (y,k,k) and B (y,k,k ). This procedure is continued until
c(y,7,k ) is known for 1<7<m,, . The remaining Clebsch—
Gordan coefficients are given by Eq. (4.5).

Suppose D7 is of type II. We may choose k = 1 and
calculate the matrices 4 (v,p,k )and C (y,p.k ) for 1<p<d,, /2
from Egs. (3.1), (3.6), and (4.19). The Clebsch—Gordan coef-
ficients are written as column matrices with Egs. (3.7) and
(4.17). Wechooseadiagonal element 4 (y,k,k ), ., Whichis
not equal to zero. Then d (7,1,k ) is given by Eqgs. (4.29a) and
(4.26);d (y,;m, + 1,k ) is given by Eqgs. (4.29b) and (4.27). If
m,>2, then 4°'(y,k,k ) and C'(y,k,k ) are obtained with Eq.
(4.30), and from these matrices we obtain d (y,2,k ) and
d (y,m, + 2,k )in the same way as we obtained d (y,1,k ) and
d(y,m, + Lk)fromA (v,k,k )andC(y,k,k ). Thisprocedure
is continued until d (y,7,k ) is known for 1<7<2m,, . The re-
maining Clebsch—-Gordan coefficients are given by Eq.
4.25).

Suppose D ¥ is of type II1. We may choose & = 1 and
calculate the matrices 4 (y,p,k ) and B (y,p,k ) for 1<p<d,
from Egs. (3.1) and (3.6). The Clebsch—~Gordan coefficients
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are written as column matrices with Eq. (3.7). We choose a
diagonal element 4 (¥,k,k ),,.,, ... Which is not equal to zero.
Thenc(y,1,k ) is given by Egs. (4.39) and (4.26). If m,>2 then
A '(y,k,k )is obtained with Eq. (4.40) and we obtain c(y,2,k )
from A '(y,k,k ) in the same way as we obtained ¢(y,1,k ) from
A (v,k,k ). This procedureiscontinued untile(y,7,k )isknown
for 1<7<m, . The remaining Clebsch-Gordan coefficients
are given by Eq. (4.38a) for 2<p<d,/2 and by Eq. (4.39b) for
d/2<p<d,

6. THE WIGNER ECKART THEOREM FOR FINITE
MAGNETIC GROUPS

The Wigner-Eckart theorem has been generalized for
UA representations of finite magnetic groups by Aviran and
Zak. * Here we will give a derivation of the Wigner—Eckart
theorem which brings to light the close connection with the
lemma of Schur.

Let 7 be a UA representation in a Hilbert space  and
let {$%} (i=1,...dz) and {¢7} (j = 1,....d,) be orthonor-
mal sets of elements of H which transform under T accord-
ing to the irreducible UA representations D? and D7 of G:

T@g)?= YD/ Va6, (5.1

and similarly for {¢ '}. Let O “ be airreducible tensor opera-
tor transforming under 7T according to the irreducible UA
representation D ¢ of G:

T@OTE ™ '= 21‘,072 o7,

We assume that the sets {¢ 7}, {¢7} and {O§} have been
chosen in such a way that D% D# and D7 are the fixed
representatives of their equivalence classes (which is always
possible). The elements O ¢¢ 1’3 transform according to
DegD”

T@O77= >(D“®D’), 057 VgeG.
L3

VgeG. (5.2)

(5.3)

If D* & D* is equivalent with the direct sum = om,D " then
the elements ¥ "(m,#0; 7 = 1,2,--m, ,p = 1,-+d, ), defined
by
Y= Z 0 "¢ (5.4)
ij
where the (f-‘ b 7 7) are the Clebsch—Gordan coefficients,
transform according to

TV = ZDLY"

aﬁ,

VgeG. (5.5)

We are interested in the matrix elements (¢ 1,0 °¢ 7). We
have

vrotn= 3 (° 77 6k 69

TP i j
(@ L¢¥77). One verifies imme-

a B , 7
Define the matrix Uby U, =
diately that

DY(g)Ue = UD"g) VgeG. .7
Therefore, if y7, U is equal to the zero matrix '7; if y = 7,

then from the generalized lemma of Schur it follows that U
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has the form of Eq. (2.9). From Eq. (5.6) it follows that the
Wigner-Eckart theorem now reads as follows: If D7 is of
type I, then
a B \*
wromn=3( 4 | I s
where 4, (7) are real numbers which do not depend on /, j
and k; if D7 is of type 11, then

(5.8)

GL.0%5) = z (¢ 7 , ) 2,4
a B y -
+ ¥ 4 | £
\i J k+ L
2
(5.9a)
if k<d7,/2, and
wromp=3(; 7| ¢ o
a B ¥ T
sy o} o, s
AU

ifd,/2 <k<d, where 4 (1) and 1, (1) are complex numbers
which do not depend on 4, j and k; if D7 is of type 111, then

eromn=37 71 7 Vam o

ifk<d,/2, and

« a B Y
eromp=-3(5 7 | ]
ifd,/2 <k<d, where A, (7) are complex numbers which do
not depend on /, j and k. Since the generalized lemma of
Schur does not hold in general if the irreducible UA repre-
sentations are not in standard form, the Wigner—Eckart
theorem as formulated above will also not be valid in general
for irreducible UA representations which are not in standard
form.
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A new method is presented for calculating the Stokes multipliers for a class of linear second-order
ordinary differential equations. The Stokes multipliers allow the asymptotic solutions of these
equations to be continued across the Stokes lines on which they are dominant. The differential
equations, of the class considered here, have an irregular singular point at infinity and a singular
point at the origin, which may be either regular or irregular. The Stokes multipliers, as functions
of the coefficients in the differential equation, are obtained in the form of convergent infinite
series, whose terms must be obtained from the solution of recursion relations, which are derived.
In the case of Whittaker’s equation (when the origin is a regular singular point), the known results
are obtained analytically. When the origin is an irregular singular point, numerical evaluation of
the series is necessary, but the method seems to be quite efficient for use with digital computers.
In the special case of an equation, with two irregular singular points, which can be transformed to

Mathieu’s equation, the numerical results for the Stokes multiplier show good agreement with
available known results for the characteristic exponents of Mathieu’s equation.

I. INTRODUCTION

The second-order ordinary differential equations con-
sidered here have the form

a9 -
o Teeuw=o

where

0C)= -4+ Y 0.6

n=1
which converges for | | > R for some R > 0. These equations
have an irregular singular point at infinity; the asymptotic
forms of the solutions are

¢,~ei§/2

which have an essential singularity at infinity. The equations
may have singular points in the finite { plane also, depending
on the behavior of Q (¢ ) for finite values of {. For example, if
theseriesfor Q ({) + 4 terminates with M terms, the origin is
aregular singular point when M is 1 or 2, and is an irregular
singular point when M > 2. Iftheseriesfor Q (') + 4 doesnot
terminate, it may include the series expansions of a finite
number of terms like (§ — £;) ~ ™, which corresponds to a
singular point at § = §;. However, we shall not explicitly
consider finite singular points other than the origin § = 0.
In this paper, a new method for determining the Stokes
multipliers, is presented. We first demonstrate, in Sec. I, the
relation between the Stokes multipliers and the reflection
and transmission coeflicients for wave problems which arise
in physical applications. The terminology used in the paper
is explained in this section also, and a brief introduction to
the concept of Stokes multipliers is included. In Sec. I1I, a
pair of coupled integral equations is derived, which is the
starting point of the method used here. An asymptotic solu-
tion of these equations is obtained in Sec. IV, including a
convergent series expression for the Stokes multiplier, in
terms of the solution of certain recursion relations. In Sec. V,
we show that the Stokes multipliers for Bessel’s equation and
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for Whittaker’s equation are obtained analytically and quite
simply by the present method. In Sec. VI, the results of nu-
merical solutions of the recursion relations are compared
with the known results for Whittaker’s equation (the stan-
dard equation with two singular points, one regular and one
irregular) and for Mathieu’s equation (which can be trans-
formed to an equation with two irregular singular points).

Il. WAVE REFLECTION AND TRANSMISSION

Second-order ordinary differential equations of the
form

22 a0 M
X

for — o <x < 0, occur frequently in physics. In many
problems, this is a time-independent version of a wave equa-
tion, and the function ¢ also depends on a parameter o, the
wave frequency. In some problems, a wave of unit amplitude
is assumed to be incident from — oo, and the amplitudes of
the reflected and transmitted waves are desired, as functions
of w. In other problems, those values of w are sought for
which a solution exists with no incident wave: These are
normal modes of the system.

The asymptotic boundary conditions in these problems
can be stated in terms of the Liouville-Green (WKBJ) ap-
proximation.' Assuming that

where

g:‘ — 0’ q -3/4 £
q dx?

for |x| — oo, then the following is an asymptotic form of the
solution

s~(—ar+{c-em| [ ax -]
+ coexp| - [ax-7)| ®

q‘ -1/4 —_ 0
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(where the values of C* and C " are different, in general, for
x— + o and x > — o). If C(— ) is the amplitude of
the incident wave, then C*( — o) is the amplitude of the
reflected wave, C "( + oo ) is the amplitude of the transmitted
wave, and C*( + oo) is assumed to be zero. For normal
modes, the values of w are sought for which C*(— «) and
C(+ ) are finite when C( — ) =0.

In this paper, we address the problem of determining
the relation which connects the asymptotic solutions for
x — — o0 and x — + . The connection formulas, which
giveC"(— w)and C*( — «)intermsof C ( + «),arerelat-
ed to the Stokes multipliers, which we shall define shortly.

A. Singular points of the wave equation

We shall consider the solution of Eq. (1) to be a function
of a complex variable Z, and that the function ¢(Z ) has the
asymptotic form

for |Z | - @

with N > 0. Then the solution, according to Eq. (3), behaves
as

Q~qN—2ZN72’

¢~ exp[ + 2/N) —qy_,)"Z"")

which has an essential singularity at Z = «. Equation (1) is
said to have an irregular singular point at Z = o0, in this
case. We shall assume here that /¥ is an integer greater than
one. The rank of the irregular singular point is the least inte-
ger k for which & /2<k; we assume that £ is finite.

The solution behaves differently as Z — « along dif-
ferent Stokes lines, which will be defined by

Im[(—gy_,)"Z"?]=0. &)

As Z — «o along one of these NV rays, a solution ¢ which
increases exponentially is called dominant, while one which
decreases exponentially is called recessive.

The following change of variables is found to be conve-
nient. Let

SZ)=Z""NCWE), E=@/N)—gyn_,)ZN72

(6)
Then the equation for ¥(£) is
d*/df* + Q)W =0, )
where
0= *_1_ _ [‘I(Z)—qN-zzNﬁz] _ N -4 Z-N

4 4g, ,ZV? 64gy

This equation has an irregular singular point of rank one at
infinity. The asymptotic form of the solutions which are
dominant and recessive on the positive real £ axis are

l/l~ e+ §/2
and the Stokes lines in the ¢ plane are given by
argl = 0,727, .

We shall consider, in this paper, equations for which the
function Q (£) is single valued. For example, Eq. (1) with
either of the functions

g(ZY=AZ*+B+CZ?*+DZ* 4+ EZ"*
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or
qZY=AZ+BZ?+CZ"
transforms into Eq. (7) with Q ({') having the form
1 v

__ L, v G=B) W Y
©) 4+2§+ T +§3 L ®
where v, B, p, and q are parameters related to 4, B, C, D, and
E. Besides the irregular singular point at { = «, we allow a
singular point at £ = 0, which may be regular or irregular.
Referring to Eq. (8), if p = ¢* = 0, then the singular point at
£ = 0 s regular, and we have Whittaker’s equation. If p£0
or ¢5-0, then the singular point at §{ = 0 is irregular; in the
special case v = 0, p = 0, the equation can be transformed
into Mathieu’s equation, as discussed in Sec. V1. The Whit-
taker and Mathieu special cases are useful for comparing the
results of the present paper with known results.

In general, we shall assume that Q ({) is defined by an
infinite series

Q(§)=—%+ $0.¢" ©)

n=1

which converges for sufficiently large |£ |.

Since the function ¢g(Z ) is allowed to have singularities
in the finite Z plane, the original wave problem will be as-
sumed to have been defined along a contour which avoids
these singularities. We assume that this contour passes above
all of these singularities. For definiteness, we assume that it
lies just above the real Z axis, so that all singularities of g(Z)
lie on or below the real axis.

An example is given by the Budden equation?

izt (P g)e-
7 T B+ ~ ¢$=0
which describes the propagation of waves in a medium
whose index of refraction has a zero and an infinity. The
direction in which we are to continue the solution around the
singularity at Z = 0 is determined by including the effect of
collisions in the index of refraction.

Since we have assumed that ¢(Z ) has no singularities in
the upper half of the finite Z plane, the solution of Eq. (1) can
be analytically continued to a path which passes from + «
to — oo, always at a large distance from the origin in the
upper half plane. This path maps into a path in the ¢ plane
which passes, at a large distance from the origin, from oo™
[where a == arg( — g _ ,)"?} counterclockwise to e
(where £ = a + Nw/2). We are thus led to the problem of
continuing the asymptotic solution #({ ) which gives the ap-
propriate asymptotic behavior to ¢ (Z), for Z — + oo,
around counterclockwise in the & plane at a large distance
from the origin. At least one Stokes line will be crossed, be-
fore arriving at the point which mapsinto Z = — .

Figure 1 shows an example of these paths for an equa-
tion in which ¢ ~¢,Z ? (when N = 4) where g, is real and
positive. Asymptotically, for large | Z |, the equation is the
same as Weber’s equation. The corresponding Stokes lines in
the Z plane and the { plane are shown, and since they are
defined only in terms of the asymptotic form of g(Z ), they are
not shown in regions near the origin.
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(a)

® -PLANE

FIG. 1. Analytic continuation paths in the Z plane (a) and the ¢ plane (b),
for an example with N = 4.

B. The Stokes Phenomenon

It is natural to attempt a solution of Eq. (7), with Q
given by Eq. (9), by substituting

y=¢ PeD S e p (10)
n=0
One finds®
p=Q/o, o= %1,

and, forn>1,
n—1
onc, =(P+”)(P+”_ l)cn—l + Z Qn+l—mcm
m=20
an

with ¢, arbitrary. Such a formal solution, called a Thomés
normal solution, is an asymptotic expansion of a solutionin a
sector bounded by Stokes lines, assuming* that the infinite
series in Eq. (9) converges for sufficiently large |£ |. It cannot
be continued across a Stokes line on which it is dominant,
however.

Stokes® discovered that the coefficients in such asymp-
totic expansions must change discontinuously as a Stokes
lineis crossed. This is called the Stokes Phenomenon, and we
shall represent it in the following form:
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Yl T L T TOEN %

n=0
x $ p -, (12)
n=20
where 6, is a step function defined by

R
, argf>m,

and c{? = c¢{. This gives a complete (in the sense of Watson®)
asymptotic expansion, for — 7 < arg¢ < 27, of that solution
which is recessive on arg{ = 0.

The Stokes multiplier T, on the Stokes line argl = n7
(to be denoted in what follows by S, ) may be defined as
follows’:

(coefficient of recessive term after crossing S, )
= (coefficient of recessive term before crossing S,)
+ T, x(coefficient of dominant term on S, ).

Following this definition, the asymptotic expansion for
— 7 < argé < 5w, for example, (neglecting the negative pow-
ersof £)is
Y1 + T\To0, + [T, + (1 + T\T) T, T.0. 3 Ce 472
+cP[T6, + (1 + T\ T)T:6,1¢ — %€t 72, 13)
where @, is the appropriate step function on the Stokes line
S, ,and T, is the corresponding Stokes multiplier.

The connection formulas for the original wave problem
are determined by the values of the Stokes multipliers. When
only one Stokes line is crossed, we have, by comparing Eq.
(12) with Eq. (3),

C(+ w)=cy
for the amplitude of the transmitted wave, and

C(—0)=C(+x), C(—w)=TC(+ x)
for the amplitudes of the incident and reflected waves. When

two Stokes lines are crossed, the incident and reflected wave
amplitudes are

C(— 0)=0+TTHC(+ =),

CH{— 0)=T,C(+ ),
and so on.

The Stokes multipliers 75, T, T,,... are simply related to
the Stokes multiplier T, considered as a function of the pa-

rameters in the function Qin Eq. (7). We denote a solution of
Eq. (7) which is recessive on argl = 0 by

n@G)=Ww (g;{an +1 }’ {QZn})’

where the dependence on the coefficients of the odd and even
powers of 5 "'in Eq. (9) isindicated explicitly. Because Eq. (7)
is unchanged when £ is replaced by e ~ 7, and the coeffi-
cients Q,, , ; of the odd powers of { ~ ' are replaced by their
negatives, a second solution is

V(5) = Wi(e™ m;{ — Qo1 }: {an })

This solution is recessive on arg{ = , and is dominant on
argl = 0, soitis linearly independent of the first solution. By
comparison with Eq. (13), it is easy to show that the analytic
continuation of the solution ¢, is determined by

Y~ Qe 4 T ™y, (14)
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for argl < 3. In particular, it follows that the Stokes multi-
plier T, is given in terms of the function defined by

T.= Tl({Q2n+1}’ {an})
by
Ty=e T, ({— Q. +1 3 {2, D).
Similarly, it can be shown that
T,=¢e"2T,, T,=e 49T,

Thus, it is sufficient to determine 7.

In this paper, we shall obtain a convergent series expres-
sion for the Stokes multiplier T, as a function of the param-
eters in the differential equation.

Ili. COUPLED WAVE INTEGRAL EQUATIONS

In this section we shall derive a pair of integral equa-
tions for the amplitudes of right-going and left-going waves.
The dependence of the function Q on position is responsible
for coupling these waves. For large values of |£ |, the wave
amplitudes approach constants, consistent with the WKBJ
approximation. These integral equations are exact, and re-
present a reformulation of the problem of solving Eq. (7).

A. Simplifying transformation

We begin with Eq. (7) with Q given by Eq. (9) and write
the solution as the product of two functions

WS)=XEYUE). (15)
We require X (£) to be a solution of

dX Ay

E;‘*‘ @+u)X =0, (16)
where

m=3—0Q/C amn
Then

Q= StBy $ g (18)

so that Eq. (16) has a regular singular point at ¢ = o. Then
at least one series solution of the form

x=t(1+ § ag )

n=1

19

can be obtained by standard methods. It converges for suffi-
ciently large |£ |, uniformly with respect to argd. When Qis
given by Eq. (8), for example, a solution of Eq. (16)is

X(©)={%e "M (a,b,49/),
where M is the regular Kummer function,® which is defined
by an infinite series with an infinite radius of convergence.
The parameters g, b, and c are related to the parameters in
Eq. (3),

a=3+(B*—v/4)" —p/q,

b=14+2B*—+/4)",

Cc = % — (B2 — V2/4)1/2-

B. Coupled wave equations
For |{ | sufficiently large that X520, the equation for U
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is
d dau

P X —p?U=0. 20
¢ d¢
This equation can be written in matrix form,
2 _ Mo, @1
/o
where
@ UdU M= ( o X )
= X 2 ey y s X 3 2 0 .
d¢ #

We use the method of Keller and Keller® to derive the coup-
led wave differential equations.

The eigenvalues of the matrix M are + u. For |{ | suffi-
ciently large that neither 4 nor X vanishes, the matrix

1 1
S= (yX P o—uX 2)
can be used to transform M to diagonal form
S MS = diag(u, —p) = A.
If we let
P =5,
then Eq. (21) transforms to

v _ (A ~s~li§)w,

d¢ d¢
where
ds d 1 — 1)
St = —1| ¢ ( .
T ogu'*X) 11

Finally, by defining the amplitudes 4,, 4, by

¥, =Au X! exp( fu dg) ,

¥, = Au'?X! exp( — fu d§) ,
we obtain the coupled wave differential equations

4 (4)_ (e, X))
dg 2 2 M X

o el ofus))
exp(Z f u dg) 0 (’:;)2)

In terms of the solution of Eq. (7), the amplitudes 4,
and A, are defined by

v=w|a@rexo [uag ) + arexp( ~ [t )|
@3)

Since an arbitrary additive constant is implied by the indefi-
nite phase integral, we may define it, using Eq. (17), by

f pdf = 3¢ — Qung.

The lower limit of integration (the “phase reference point”)

X
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has no importance in the present method, in contrast to the
(approximate) phase integral method,’ since it can always be
eliminated by redefining 4, and 4,.

With the assumption that  is recessive on the Stokes
line arg{ = 0, we must have

A()—0, forf— + o

while 4, approaches a constant; we choose this constant to
be unity

Az@)-’l, fOI‘;—» + o0.

By integrating Eq. (22) from + o to £, using the above
intitial conditions, we obtain the coupled wave integral
equations

&
A) = f dE B(£)E e 4E), 24)
£
AC)=1+ f dE BEE ~EAE), @5)
where
v =20,
and
_ 1w X
B= — p + 5 (26)

We emphasize that Egs. (23)-(25) are exact and merely re-
formulate the problem of solving Eq. (7)

In some problems, it may be more convenient to begin
with the more general equation

=2 (PO L) + 0w =0

P¢) dg g
rather than Eq. (7). In this case Eq. (16) is replaced by
1 4 dx )
——|P—= X =0
i ( ) T @+

while, in Eqs. (20)-(22), X ? is replaced by PX *. In Eq. (23),
472 must be replaced by 2P "2, but the phase integral is
unchanged. We still obtain Eqs. (24) and (25), but with B
defined by

2 u 2 P X

C. Determination of the function 5(;)

One problem which must be addressed, before consid-
ering the solution of Egs. (24) and (25), is the determination
of the function B (£ ) defined by Eq. (26). Using the definition
of i, Eq. (17), we have, for £ | > |v],

dpg_ 1 i (l)" @7

2 u v A\ ¢
Thus, it suffices to find a similar convergent series for the
function

Wl)y=x'/X. (28)
This function satisfies the Riccati equation

dv

— + U+ Q0+’ =0,

dE Q+up

where Q + u? is given by Eq. (18). By substituting
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00

)= $ v, (29)
n=1
we find
~u+v: + 02 40,=0, (30)
v, = 0/2(1 —vy), 3D
and, for n>3,
n—1t
U"= z Umvn+1~m +Qn+l:|/(n'—'2vl)' (32)
m=2

By choosing v, to be the root of Eq. (30) with the smaller real
part, we obtain one series solution which can be shown' to
converge for sufficiently large | |. The recursion relations,
Egs. (31) and (32), may be used to compute the coefficients
v,; in cases where the series for ¥({ ) terminates at a small
number of terms, an analytical solution may be obtained. We
thus obtain a convergent series (for sufficiently large | |) for
the function B (') which appears in Egs. (24) and (25),

B¢)= > B.L ", (33)
n=1
where B, = v,, and, for n>2,
B, =4""4u, (34)

where v, is obtained from Egs. (30)—(32).

IV. SOLUTION OF THE INTEGRAL EQUATIONS
A. Asymptotic expansion of the solution

We shall look for solutions of Egs. (24) and (25) of the
following form, for — 7 <argé <2m:

A@)=¢e <] 3 apx T+ REC))|

n=1

+TOQ)| 3 B9 +R<,f;>(;>], (35)

N1
A6)=3Y BV "+ REE)
n=0
N
+T0Q)% 6| 3 aPe +REC)|
n=1
(36)
Here 0, is the step function onargl = 7, B’ = B = 1, the

other coefficients @V, BV, o, B8P, and T are to be deter-
mined, and for |§ | — oo,
RV ~af & ~ VY,
RE~BE
with N an arbitrary positive integer. These expressions are
thus assumed to beasymptotic expansions of 4,(§ )and 4,(&).
In the limit N — o, Egs. (35) and (36), combined with Eq.
(23), give an expression for ¥ of the form given in Eq. (12).
In evaluating the integral in Eq. (24), we use the con-
tours shown in Fig. 2. Term-by-term integration of the series
in Eq. (36) will lead us to evaluate the integrals in terms of
the complementary incomplete gamma function, defined by

&
FMag)= - f dEgete G

We must digress briefly to discuss the asymptotic expansion
of this function.

N) ) —N+1)
R(lz ~BN+1§ ’

2 —{(N+1
and Ry ~aP, &~
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wm O=argl<m

P
g
w argl=m
4
C._—*_—’_——J

@ mw<argl<2TT

FIG. 2. Integration contours used in Eq. (24), in the complex £ plane, for
different ranges of argé. In (c), e is an arbitrary positive acute angle:
O<a<n/2.

Integration in Eq. (37) by parts yields the recursion
relation

Fag)=¢{"""le*—(1-a (@—1¢)

and iteration then gives

Sr@)=co" s (— iy LTt e

o wld—a+M) B
+(—=1) i e & (@ — ML)
(38)

2041 J. Math. Phys,, Vol. 20, No. 10, October 1979

The asymptotic expansion of I" (a,{ ) is obtained by evalua-
tion or estimation of the last term in Eq. (38), called the
remainder. The contribution to the remainder, from any of
the horizontal line segments in Fig. 2, is easily estimated to
beO (|¢ ™+ ~2|)for | | — o0, whichisoftheorder of the
first term omitted from the series. The contribution from the
vertical line segment in Fig. 2(c) can be evaluated by making
achangeof variabletoy = (£ — £)/i|{ |, integrating by parts
and using the Riemann-Lebesque lemma. It is found to be of
the same order as the horizontal line segment contributions.
Finally, the loop contribution in Fig. 2(d) is essentially Han-
kel’s loop integral for the gamma function," so that we ob-
tain the asymptotic expansion (for — 7 < argé < 2m)

el (ad)~ io(_ l)m!:—(ll“_(_]fi__;)’ﬁ)—g —mta—1

2mib(&) eima— gt 39)
ra-—-a

where 6, is the step function on arg{ = .

Of course, the term which is exponentially small, for
|€ | — o0 with 7/2 <arg¢ < 3m/2, has a coefficient which is
not uniquely determined by this analysis, since an exponen-
tially small term can always be included in the remainder. In
fact, Eq. (39), without the discontinuous term, is the asymp-
totic expansion usually given for |argé | < 37/2. The rays
argl = + m/2, + 3w/2,- across which recessive terms be-
come dominant, and conversely, are known as anti-Stokes
lines. The recessive term must be included if I" (a,{ ) is to be
continued across the anti-Stokes line argl = 37/2, since it
then becomes the dominant term.

The above analysis only shows that it is not inconsistent
to choose the coefficient of the recessive term to be discontin-
uous on the Stokes line argl = . But there is a good reason
for this choice. Note that the leading terms in Eq. (39) may
be written as

£ EPT@E)~E e 0 TR,
where v = (@ — 1)/2 and
t,=2mie™ @~ V/I'(1 —a)

is the Stokes multiplier for this function. Now a Stokes line is
defined, according to Eq. (5), as a ray on which the modulus
of the ratio of the recessive exponential to the dominant one,
le £¢|, has a minimum, for a given |¢ |. The asymptotic ap-
proximation which is least discontinuous (and therefore
most accurate) is obtained by choosing the discontinuity to
be on the Stokes line. Stokes® showed explicitly, for the Airy
function, that the discontinuity in the recessive term is not
larger than the error made in truncating the asymptotic se-
ries multiplying the dominant exponential, at its smallest
term, only if this discontinuity occurs on the Stokes line. By
using the Stokes phenomenon for I" («,{ ), as given by Eq.
(39), we will be led to a self-consistent determination of the
Stokes multiplier 7, which we are seeking.

When Eq. (36) is substituted into Eq. (24), we obtain
terms which don’t contain the factor 7, plus terms which do
contain it; we begin by considering the former terms. Using
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Eq. (33) for B, and the definition

g N—1
L()= dEB(E)Eve ¢ z BDE—" + RINE)
we have

4
111(§)= d§§ e ¢ 2 §—~‘ z B(l)B .

+ o s=1

+ 0 (ﬂs\l,)é' — N+ l))]‘

Usingthedefinitionofthecomplementaryincompletegamma
function, the sum can be integrated term by term. Since as-
ymptotic order relations may be integrated'? we find

¢ e (E)
= _§“ 73 i (Silﬁg)Bs~n)F(1 —S—}—V,g)

s=1\n=0

+O0L NP1+ 0BV "M (v —NS)H].
Using the asymptotic expansion Eq. (39), and rearranging
the summation gives

& el (¢)
=~ S (—rp-ve - $ =0
- p=1 ? S Ls—w)
xS BYB, , —2mibE)ems e
(¢}
YZ] F(S— V) nZDB BSW”

BY

The integration of the terms in Eq. (36) which are pro-
portional to T, is straightforward and does not involve the
incomplete gamma function. The path of integration in the £
plane is taken to be the limit, as R — oo, of a path consisting
of a circular arc of radius R from argé = O to argé = argg,
plus a straight-line segment radially inward to the point
& = £. The result is

& N
| | dEBERE)( 3 AP T+ REE))
= —T16@)| 3 (3 aBoii )

n=1 \r=1 n

+0(¢ W ”)]. 41

We now collect results from Egs. (40) and (41), com-
pare with Eq. (35), and obtain

| 0, (—17
) ¢ _ 1 n+—lr n— (
===y TS
s—1
X z BYB. ., (42)
m=0
B = _ z a®B, . , ., n>l (43)
n s=1
and
v (=" mp
T, = — 2mie™
' g [nflr(’l—")mzd)ﬁ
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O(r(%l_))] 4

We next substitute Eq. (35) into Eq. (25). The path of
integration is taken to be the limit, for R — o, of a path
consisting of a circular arc of radius R from argé = 0 to its
intersection with a horizontal line segment through ¢ = ¢,
plus this horizontal segment. The integration of the terms in
Eq. (35) which don’t contain the factor T}, is straightfor-
ward. The terms containing the factor 7' can be integrated in
terms of the complementary incomplete gamma function by
using

5
| dgerrememeirge m,

and we obtain
3
[ aeB@x —eae

an -p
= g ﬁ: a(l)Bp m+1+0(§

m=1

_ s T'(s—v)
+ 16,()E e sy LV
. S;lé‘ pglf(P~V)
— 1
xS BRB, ,+0G )] 45)
m=0
By comparing with Eq. (36), we obtain
BY=—L S at, .. > (46)
n om=1
i I'(n—v) P
o= 3 LBV IS gop 47
pgl I'(p—v) z g @7

We have thus obtained recursion relations for the deter-
mination of the coefficients in Egs. (35) and (36), and an
expression for the Stokes multiplier 7', in terms of the solu-
tion of these recursion relations. It is convenient to define the
coefficients

(— Dal?
Yy = ————, for n>1 (48)
I'(n—v)
and
7’0 = O.
Then from Eq. (42) we obtain
VYo —VYu_y =4a,, for n>l (49)
where
— n—1 1
a = _(_1).__ 2 ﬁ(”ll) B, ., (50)

" F(n—v) m=0
and from Eq. (46) we have
1 m
BSVII)Z - ; Z (——l)pr(P—V)}/mefp+l’
=1
’ form>1  (51)
(Recall that B§° = 1.)

B. The Stokes multiplier

The expression for the Stokes multiplier 7, given in Eq.
(44) can be expressed quite simply in terms of the coefficients
a, . By taking the limit N — oo, as is consistent with regard-
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ing Egs. (35) and (36) as infinite asymptotic series, we find

T, = 2mie’™ i a,. (52)

n=1

Alternatively, this result may be expressed, using Eq. (49), as

T, = 27mie™ lim y,. (53)

The principal result of this paper is Eq. (52), which gives
an infinite series representation for the Stokes multiplier.
The terms in the infinite series are to be obtained by solving
the recursion relations, Eqs. (49)~(51). The convergence of
this infinite series is easily demonstrated by showing that the
limit in Eq. (53) exists. Assuming that, for p —, ¥, either
increases in absolute magnitude or approaches a nonzero
limit, the series in Eq. (51) is dominated by the p = m term

( _ l)m +1
Y ~>— I'(m—v)y,B, form-— .
i (54)
Then it is clear that the sum in Eq. (50) is dominated by the
m = n — 1 term, so that
- B % Yn—1
a, ~ ,
n—-Dn—-1-—v
Using Eq. (49), we have
Va B

Vaor (=D —1-v)
so that, for sufficiently large M and ¥,

Ty [ B e
Ve aetteil  (i—Dm—1—-wl G

In the limit N — o, we obtain a convergent infinite product,
showing that the limit in Eq. (53) exists. If B, = 0, this argu-
ment must be modified. The convergence is even faster in
this case, because
Yy B3
Vo1 (m—Yn—1-Wrn-2-vn—-3—-v)
The recursion relations for @ and B 2, given by Eqs.
(43) and (47), are similar in form to those for a{” and 5 V. By
comparing Egs. (35), (36), and (23) with Eq. (14), we find
that a’ and B ? are the coefficients in the second linearly
independent solution ¢,. These coefficients will not concern
us further, however.

for n »> . (55)

for n— o (56)

C. Relation to Thomé normal solutions

We now derive another useful expression for the Stokes
multiplier, in terms of the coefficients ¢, in the Thomé nor-

mal solutions, Eq. (10). From Egs. (35), (36), and (23), we
have

vouAere 1 S @ ek ]

n=1

+ T -V’Ze-‘”[l + 3 @@+ pO)E ](58)

for — 7 <arg{ < 2w, where i is defined by Eq. (17). Using
the notation

p'r = i Hnb

m=0
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we multiply ¢, as given by Eq. (12), by ' and compare with
Eq. (58) to obtain

AP+ BV = 3 Dy . (59)

m=20

From Eq. (11) it follows that
Cn/Con_ 1 = O (m),
so that the sum in Eq. (59) is dominated by the m = n term
a4 B~/ = o,
(by choosing ¢i” = p, = 27/%). Also, since
B /a¥~ — B\/n,
we have

for m -
for n - o
for n — o,

aD e
and so we obtain, from Eqgs. (48) and (53),
A — 1)
T, = 2mie™ lim —(—)—
n—w I'(n—v)
This expression is useful whenever the solution of the
Thome’ recursion relations, Eq. (11), is easier than the solu-

tion of Egs. (49)—(51). An example of such a case will be
found in the next section.

(60)

V. ANALYTICALLY SOLVABLE CASES

The simplest example, to which the method of the pre-
sent paper can be applied, is Bessel’s equation, the normal
form of which may be written as

2 2
M_l_(_i ﬂ),p:o‘ (61)
dg? 4 £?
This equation results when the transformation of Eq. (6) is
applied to the equation

d’¢ _ rg—0 62)

dz? .
This is an equation with one turning point [where g(z) = 0} of
order p; then 8 = 1/(p + 2) in Eq. (61). The function B ({),
which is contained in the integral equations, Eqs. (24) and
(25), is given in this case by
1-8
B({)= +——
©) R
Thus, the coefficients B, , which appear in Eqs. (49)—~(51),
are zero for n > 1, while B, = § — . Also, v = 0, so that Eq.
(51) gives

BY=(— 1" 2 r(myy,
m
while Eq. (50) gives
(=D 'BBY
a. =
" ()
B % 7/n —1
(n—1p
Thus, Eq. (49) becomes the two-term recursion relation
Vo =Va_1[l= B}/(n—17]

which can be solved immediately. An expression for the
Stokes multiplier then follows from Eq. (53):
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T, =2miy, [[ (1 -G —B)/n*]

n=1

= 2icos(m/(p + 2)) (63)

using ¥, = B, f = 1/( p + 2), and the infinite-product re-
presentation of the trigonometric functions.'* This expres-
sion agrees with the known result, which was obtained by a
different method." The most famous special case of this re-
sult is the case p = 1, for which Eq. (62) becomes Airy’s
equation, and Eq. (63) gives T, = /. This special case forms
the basis of the approximation WKBJ connection formula,
and the phase integral method.’

An analytical result for the Stokes multiplier can also be
obtained in the case of Whittaker’s equation

du ( 1 v ¢ -pB) )
— 4+ | - =+ —+ =2—¢Y=0. 64
d¢? 4 26 &2 v 4
In this case, the Thome’ recursion relation, Eq. (11), reduces
to a two-term recursion relation
[(n—v/2Yn—1—v/2)+ 4 —B?]
(—n)
The solution can again be obtained immediately
G _ (=Y T(n+1-—p)r(n+1-p)

¢, = ¢, _1.(65)

) (66)
Co n! r'd—p)r{—py)
where
P, =3+v/245 (D))
By using Eq. (60) and the asymptotic form'
'n+a)y/C(n+b)~n°"% for n— w,
we obtain
T, 2mie (68)

rg—+-8rG—%+58)
This result, and the corresponding results for 75, T3, and T,
obtained from the discussion in Sec. II, agree with the known
results'¢ obtained by methods unrelated to the present
method.

VL. NUMERICAL CALCULATIONS
A. Method

The approximate evaluation of the series expression for
the Stokes multiplier, as given by Eq. (52), is straightforward
using a digital computer. The terms are to be obtained by
solving the recursion relations, Egs. (49)—(51). When £, is
eliminated, we obtain the following, after rearrangement:

7/71 :7,n71 +an’ (69)
= I'(n—m-—v)
a, = -1 SS:) n—m
D
— )"B
_ =8 (70)
I'(n—v)
where
m B B
§® = rmilior )
r=1 (n-‘r)

When n is large, only a few terms are needed in the m sum-
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mation, since
I'n—m-—wvw/Irmn-—-+v)~n ",

Numerical evaluation of the coefficients B, is straightfor-
ward using Egs. (30)~(32) and Eq. (34).

The result obtained, by truncation of the infinite series
in Eq. (52) after ¥V terms, can easily be improved. Using Eq.
(55) with

Vi1V, = lim v, (72)

the remaining terms can be summed approximately. The use

of the trapezoidal rule, to replace the sum by an integral,
leads to

for n —» .

2

o — B
Yo —vn= 5 a,,~T‘7°° +ON), (73)

where

N
}/N = Z an
n=1
from which we obtain ¥ _ , and hence T, with an error
O (N ). By keeping both the m = 1 and m = 2 terms in Eq.
(70), a little more effort yields an expression with an error
O (N ). By keeping the m = 1,2 and 3 terms in Eq. (70), and
using the Euler—-Maclaurin summation formula, we find

Yo =Vn/FIN)+ON %, (74)
where
F(N)=1 +Bf/N—|—[%(v+ B2 +%B‘f —B,Bz]/N2
+[ @+ + DB + Qv+ DBY + 8¢

— BB, — (v + 2)B\B, + 3B,B, + 1B}| /N>,
(75)

In the case of Whittaker’s equation, comparison with
the exact result verifies the order relation for the error, as
given by Eq. (74). Sample calculations indicate that at least
four decimal place accuracy is achieved, with & between 50
and 100.

B. An equation with two irreguiar singular points

For differential equations with two irregular singular
points, few results are available for comparison with the re-
sults obtained by the present method. Whenv = p = 0in Eq.
(8), Eq. (7) can be transformed into Mathieu’s equation.
Comparison of known results for the characteristic expo-
nents for Mathieu’s equation, with the Stokes multiplier ob-
tained by the method of this paper, is made possible by the
following reasoning:

We consider the equation

d? 1 1 _R2 2
_ﬂ+(_~_+(4_ﬂ__4i)¢=o. (76)
dg’ 4 &’ [

Since @ (¢ )isasingle-valued analytic functionfor |§ | > € >0,
it is known® that a solution of Eq. (76) exists in the form

(@) =§ F¥(E),
where ¥,(£) is a single-valued analytic function for |§ | > €.
Since, however, Q ({) contains only even powers of &, the
function

P(§) = (Ge™) " W(Ge™)
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is also a solution, and so is the function

WE) =) + e™P(L).

This latter solution has the form

WE)=§ ¥ EC) a7
where ¥ is an analytic function such that

Y(te =¥ (¢). (78)

We now make the change of variables

p=0"p0), & =5e (79)
where

&o = 2ig"? (80)

and @ is real, corresponding to a value of { which lies on the
circle [£ | = |&|- Then Eq. (76) is transformed to
dy
de?
which is Mathieu’s equation. It follows, from the results of
the preceding paragraph, that a solution of Mathieu’s equa-
tion exists in the form

yO)=e"Y(0), (82)
where

Y(0)= ¥ (5e”)
is periodic with period 7,

Y@+m)=Y(@) (83)

4+ (B*—2gcos28)y =0 (81)

This is Floquet’s theorem; the characteristic exponent v is
related to the value of p, in Eq. (77), by

v= —p—4% 84

On the other hand, the value of p is related to the Stokes
multiplier T, for Eq. (76), as follows: The solution of Eq. (76)
which is recessive on argé = 0 is

1ﬁ(l)(;) — A (ll)e§/2 + A (zl)e ~§/2'

The A ’s satisfy Eqgs. (24) and (25) where B is given by
Eq. (26) with u =4 and

X =", Qig/g),
where J; is a Bessel function. A second, linearly indepen-
dent, solution is

YOC) = ¢ (Ge ™.
The result of analytically continuing these solutions, along a
pathfrom¢ = £, to§ = £,e 7, where argl, = 7/2,is given by
the circuit relation

(¢(1)(§1€in)) _ (T, 1) (l//(l)@,)) (85)

P2 e™) 10/ \¢?() ,

where 7', is the Stokes multiplier on arg { = 7. A linear com-
bination of ¢’ and y**’

Y= a¢<1) + bw(z)
is of the form given by Eqs. (77) and (78) provided that g and
b are the elements of an eigenvector of the matrix in Eq. (85),

with e ~ " the corresponding eigenvalue. Since the product
of the two eigenvalues is — 1, and their sum is 7, we have

7"! :e-—irrp ___eivp'

Finally, using Eq. (84), we have the relation between the
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Stokes multiplier 7, and the Floquet characteristic exponent
v

T, = 2i cosmv. (86)

The following known results were used to compare Eq.
(86) with results which were numerically calculated using
the method of this paper:
(a) Periodic solutions

When v = 7, an integer, relations between the coeffi-
cients in Mathieu’s equation exist

Br=14+q—q¢/8+- (n=1)
Bi=4—g/12+ (n=2)

(b) Stable nonperiodic solutions
When v+n, B3, v, and q are related by

P p @S2 — 1) +

for small g.
(c) Stable and unstable nonperiodic solutions for small 5*
The relation between 3, v, and ¢ is

cosmv = (1 — 7BY/2 + ) — 7°q*/4 + -

for small g. The full expressions given by Egs. (20.2.25),
(20.3.15), and (20.3.18) of Ref. 8 were used in all cases. Good
agreement was obtained, within the regions of validity of
these approximate formulas. It seems very likely that the
present method gives results which are reasonably accurate
over a wider range of parameters than these approximate
formulas.

C. Discussion

The recursion relations derived in this paper provide an
efficient means for calculating numerically the Stokes multi-
pliers for a class of ordinary differential equations. The main
limitation seems to be that the numerical values of the pa-
rameters in the differential equation must not be much larger
than unity. The rate of convergence seems to be quite slow,
when these parameters are large. On the other hand, that is
precisely when the more sophisticated analytical approxi-
mate methods'” work best. Thus, the method of this paper
and the analytical phase integral methods are complemen-
tary. The present method may be expected to give more ac-
curate results for the smallest eigenvalue in wave problems,
for which the phase integral method is least accurate.

Although the eigenvalues for a wave problem are relat-
ed to the Stokes multiplier, the structure of the eigenfunc-
tions is not obtained by calculating only the Stokes multipli-
er. However, the eigenfunctions may be obtained by solving
an initial-value problem, once the eigenvalues are known,
and this is a straightforward numerical problem which does
not require iteration.

The computer time required for the calculation of
Stokes multipliers by this method seems to be much less than
is required by another, recently published, method."*
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Using an abstract form of the Gel’fand-Levitan equation, it is shown how a solution of the
equation corresponding to a given weight operator can be found in terms of a solution for the
equation with a different weight operator. The resulting Gel’fand-Levitan equation is a
generalization of the original one. To achieve our result, an analog of a canonical transformation
for direct scattering is used. The effect of the use of the transformation is to include part of the
scattering potential (the comparison potential) in the unperturbed Hamiltonian. The generalized
Gel'fand-Levitan equation has the advantage that if the weight operator for a given
Gel’fand-Levitan equation is close to that for an already solved Gel’fand-Levitan equation, the
solution of the first can be obtained from the second by using the solution of the second as a first
approximation in an iteration procedure or as a trial function in a variational procedure. The
method is illustrated by considering the inverse problem for the one-dimensional Schrodinger
equation, a generalized radial Schrodinger equation, and the Marchenko equation for the zero
angular momentum radial Schrodinger equation. Though the use of a comparison weight
function for some of the cases above has been given by others, the work of the present paper
represents a systematic approach to the problem. The role of a variational principle will also be

discussed.

1. INTRODUCTION

In Refs. 1 and 2 an abstract formulation of the
Gel’fand-Levitan algorithm was given in which a Hamilton-
ian H could be obtained from the weight operator (essential-
ly the spectral measure function of H) and from the knowl-
edge of the spectrum of the unperturbed operator H, (in
scattering problems identified with the kinetic energy). It
was shown that this abstract formalism contained as special
cases the Gel’fand-Levitan equations for the one-dimen-
sional Schrodinger equation,’® the radial Schrodinger equa-
tion,* the generalized radial Schrodinger equation,’ the Mar-
chenko version of the inverse problem for the radial
Schrédinger equation,* and versions of the inverse problem
for the three-dimensional Schridinger equation.s” It is the
object of the present paper to offer a generalization of the
abstract Gel’fand-Levitan algorithm and then apply the
generalization to some of the above cases.

In this generalization it is assumed that for a particular
weight operator (which we call the “‘comparison” operator)
the corresponding inverse problem has been solved, and thus
the solution of the Gel’fand~Levitan equation and the scat-
tering potential (called the “comparison potential””) have
been obtained. Now, instead of using the weight operator of
the kinetic energy and the weight operator associated with a
general Hamiltonian as the given quantities for the inverse
problem for the general Hamiltonian, we use the weight op-
erators for the solved inverse problem and the general Ha-

“Research sponsored by the Air Force Office of Scientific Research, Air
Force Systems Command, USAF, under Grant No. AFOSR-77-3169.

2047 J. Math. Phys. 20(10), October 1979

0022-2488/79/102047-07%$01.00

miltonian. The Gel’fand-Levitan kernel obtained from the

generalized algorithm is now used to construct an operator
which maps the eigenfunctions of the Hamiltonian obtained
from the comparison weight operator to those of the general
Hamiltonian. Moreover, the total scattering potential is the
sum of the comparison potential and an increment obtained
from the new kernel.

The method used in the inverse problem of the present
paper is an analog of the method of using canonical transfor-
mations in the direct scattering problem to introduce the
interaction picture. One recollects that in the direct problem
one transforms away the kinetic energy (or the sum of the
kinetic energy and a portion of the scattering potential) and
thereby expresses the scattering problem in terms of the po-
tential (or remainder of the potential). The advantage of the
use of the generalized method of this paper is analagous to
the advantage of using the interaction picture in direct scat-
tering problems. If the comparison weight operator is close
to the weight operator of the Hamiltonian which we wish to
find, the Gel’fand—Levitan kernel of the generalized algo-
rithm will be small, and it might be possible to obtain it in
terms of a perturbation expansion in terms of the difference
of the two weight operators. Moreover, since (as will be
shown) a variational principle given in Ref. 8 is valid for the
kernel of the generalized algorithm, it could give more accu-
rate results for a given amount of work than the use of the
variational principle for the original version of the Gel’fand-
Levitan algorithm. Still another advantage is that the differ-
ence between the potential which we seek and the compari-
son potential can be interpreted as the error in the potential
due to the error in the weight operator, which is taken as the
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difference between the comparison operator and the given
one.

Finally we shall show how the generalized algorithm
looks in cases mentioned above, namely for the generalized
radial equation, the one-dimensional equation, and the Mar-
chenko equation. Though the use of a comparison potential
and comparison weight operator have been given before for
the usual radial Schrédinger equation,®' the one-dimen-
sional equation,'™*? and the Marchenko equation,' they
have not been obtained as particular applications of a general
formalism, as in the present paper. The present exposition
thus unifies previous treatments and can be adapted to other
inverse problems. Moreover, as will be seen in later papers,
the general formalism of the present paper lends itself to
applications other than for the inverse problem.

2. THE GENERALIZED GEL'FAND-LEVITAN
ALGORITHM IN AN ABSTRACT FORMULATION

For the sake of brevity we shall write this paper as a
direct continuation of Refs. 1 and 2 and shall modify the
notation only slightly to conform to the problem of the pre-
sent paper. As in the earlier papers H,, is the unperturbed
Hamiltonian which for scattering problems is usually identi-
fied as the kinetic energy. It will be convenient, for the sake
of a later application and for other generalizations, to as-
sume H, has point eigenvalues in addition to the continuous
spectrum, these point eigenvalues being denoted by E,; and
the corresponding eigenfunctions |H,;E,, >. (For point ei-
genvalues generally we shall not need the degeneracy opera-
tor A, and therefore will not indicate it). Then, instead of the
completeness relation (2.3) of Ref. 2, we shall use

ff | Ho,A;E,a) dE da{H A Ea|

+ 2 (Cod) 1 |H0§E0i> <H0;E0i| = n(H,), ¢y

where C;; are the normalizations of |H;E,, > and where the
integration over E is over the continuous spectrum of H,,
7(H,) is the identity operator in Hilbert space (as opposed to
the g-extended space) as in Ref. 2. The generalization of the
present paper could have been accomplished by including
the comparison potential in H, and using a comparison
weight operator for the continuous spectrum corresponding
to appropriate boundary conditions. Indeed this was the
procedure which the author used for introducing compari-
son weight operators and potentials for the one-dimensional
problem in Ref. 11. However, the procedure of the present
paper is more satisfying.
We now introduce a set of scattering potentials ¥/,

which are labelled by the subscript j = 1,2,3,.... We reserve
Jj = 0 for the unperturbed Hamiltonian and thus write

V, =0. The total Hamiltonians associated with these scat-
tering potentials are written H;, where

H=Hy+V, €))
in which here and later we set € of Refs. 1 and 2 equal to unity
for simplicity. In addition to a continuous spectrum which

coincides with that of H,,, the operators may have discrete
spectra with point eigenvalues E; . Since for each j the point
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eigenvalues of H; will differ in position and number, the
index /, which labels their number, will vary in range with ;.

The continuous spectrum has a weight operator
{a|w(E)|a"> while the eigenfunctions corresponding to the
point eigenvalues E;; will have the normalizations C;;. The
completeness relations for the continuous spectrum eigen-
functions |H;, 4; ;E,a) and discrete spectrum eigenfunc-
tions |H; ;E; > are

f dEJJlH,-, 4;3E,a> da Calo, (E)|a'> da'<H, A, :E,d'|
+ € VB <HyE, | = m(H). 3)

As in Refs. 1 and 2 we note that wave operators U, can be
introduced such that

|H]’A_] ;Ea) = Uj|H0»A0 ;Ead, II{] ;Eji>
= Uleo §Eji>’ @

where |Hy;E;; > formally satisfy the eigenfunction equation
Hy|Hy ;E;> = E;|Hy ;E;>. They are not true eigenfunctions
of H, unless E;; equals an eigenvalue E,; of H,, for some i
and /' in which case it is an eigenket of H,, belonging to the
point eigenvalue E,; . As in Ref. 2 they are needed to com-
plete the g-space.

The completeness relation (3) is equivalent to the
relation

UW,U} = n(H,). &)

In Eq. (5) W, is the weight operator (a generalization of the
notion of measure) given explicitly by

W, = deJ‘leOAO .E,a)

X da(alw (E)|a") da'(H, 4, ;E,a'|
+ Z (Cji)~ llHo ;Eji) <H0 §Eji|' ©6)

We also introduce U, ; = U~ .

As shown in Refs. 1 and 2, Eq. (5) is equivalent to the
Gel'fand-Levitan equation. For on writing

U=I+K, and U, ;=1+K,; @)
and requiring K; and K|, ; to satisfy the triangularity
conditions

qIKj| 4> =<q|Ko jlg> =0 for ¢'>g, (®)
we obtain the Gel'fand-Levitan equation for X; from Eq. (5)
(see Refs. 1 and 2):

q
QK| q>= —<q12lq"> — f <q|Kjlq"> dq" <q"12,l¢",
Qo

®
for g>¢q’, where
2,=W,— n(H,). (10)
Equation (4) is then
{q|HpA;;E,a) =<q|HpAo ;E @)
Y
+ | <qlKjlg’> dq' <q'|Hy , Ao ;Ea),
Go
q|H;:E;> =<q|Hy;E;»
q
+ | <qiKjlg"> dq' {q'|Ho;E;»>- (1)
qo
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Equations (11) imply the following boundary conditions on
the eigenfunctions of H;:

lim [{g|HpA;;Ea) — {g|HpAy;Ea>] =0,

94—
qlinql [<q|H}E;> — <q|HoE;>] = 0. (12)

It is convenient to define Uss Us, jor Wi Ky, Ko, oin the
following way:
Up=U, Up="U, Ky=K, K,po=K,; (13)
We now introduce our analog of a canonical transfor-
mation. We define

U = UpU ko= UpUk_ol’

Uo k= Uj;] = Uy oUs, o= Uy

W}k = UkOWJOU:O’ Kjk = Ujk -1,

KO,jk = Uo,jk —1, ‘Ojk = Uol Wp ~ Wio] Uk (14)
In Eq. (14), the asterisk means Hermitian adjoint.

The following theorem is the principal result of the pre-
sent paper.

Theorem: (a) The operators K, and K|, ;, have the same
triangularity properties (8) as K, K, -

(b) The kernels {¢|K, |¢"> satisfy the generalized Gel
’fand-Levitan equation (for g>¢")

q
GiKplg> = —<q|21a> — | <glKilg"><q" |2 q">-
ql)
(15)

(c) The operators U, transform the eigenfunctions of
H, tothose of H , i.e.,

0, *

|I1j’ Aj sEa) = Ujk |Hy, 4y ;E,a), |H_/ JEji> = Ujk |H ;‘Eji>'

i (16)
or, equivalently,
{q|HpA;;E.a> = {q|Uy |H, Ay sEa)
= <q|Hk’Ak ;E,d>

q
+ | <qlKulq"> dq” {q"|H},A, ;E,a),

'3
$q|H;;E;»> =<q|UylHED
=<q|HuE;>

q
+ | <qlKylq">dq" <q"|H} ;E;>.
Ga

In Eqs. (16) and (16") |H, ;E;;> = Uy o|H, ;E;>. Hence

|H, ;E;;>is aformal eigenket of H,, (i.e., satisfies H, [H, ;E;>
= E;|H, ;E,;>) having the boundary condition

limg ., [<q |H, ;E;> —<q|Ho;E;>] = 0. The ket|H, ;E,>
is a true eigenket of H, only if E; = E,; for some / (i.e., if

E;; is a point eigenvalue of H, ).

@ U,U,,=U,, 17

(©) <9lKilg> + <q|K,mlg> = <q|Kim|@D» (18)
qKilgd> = —<q|Kylg>. (19)

O Wy=U,W, Wi,

02y =Upp[W,, — Wi, U, for any m. (20)

(8 WH = "I(Ho)’ Ujj =1,
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(16)

Upy=1 Ky=Ko;=0. @1)

Before proving the theorem we shall discuss it briefly.
The generalized GeYfand-Levitan equation (15) is seen to
depend on the difference between the weight operators W,
and W, which are the weight operators for the inverse
problem which we wish to solve and for the inverse problem
which has been solved. If the difference is small, we expect
K, tobe small. In this sense the use of Eq. (15) is analagous
to the use of the interaction picture for direct scattering
problems.

The driving kernel {g|£2;; |¢"> of Eq. (15) can be written
in terms of the eigenfunctions of H, (including the formal
eigenkets |H, ;E;>) as follows:

<q|ﬂjk lg"™>
~ [ & [ [<alButsEa> datcaloy @i
— (alou(E)a’>] da'<Hydy Ea |7
+ 3 ) KalHiEyy <ty Eyla

-3 (C)~ q|H ;Ey <HyEnlg". (22)
This result follows from Eqgs. (6) and (16)

A second point is that the theorem is given in a “covar-
iant” formulation. That is, the Hamiltonian H, plays a fa-
vored role only in giving the boundary conditions on the
eigenfunctions of H; as in Eq. (12), and even here one could
have given the boundary condition with respect to any fixed
Hamiltonian H, .

Equations (18) and (19) are of importance in relating
the scattering potentials. In the applications discussed in the
present paper the scattering potentials ¥; are given in terms
of the Gel'fand-Levitan kernel {g|K, |¢> = <{g|K;, |¢) ei-
ther as

Vilg) = 2;—<qIK,~olq> (23)
q
or as
d
Vi@ = —2—~(qlKlq). 4)
q

Let us define ¥}, and ¥, by
— d
Vie@=V@, Vil@=+ @ (q1Kilg),  (25)

where the plus or minus sign holds according as Eq. (23) or
(24) is true.
Then from Eqs. (18) and (19)

Vi@ + Vol = Vi@ Vi@ = — Vi (g). (26)

In particular, let p be zero in the first of Eq. (26). Then, on
changing indices in an obvious manner,

Vi@ = VAg) — Vi (9).
Thus

Hy=H, + Ve 7)
Thus the generalized Gel’fand-Levitan equation shows how

the difference in the spectra of H; and H, leads to a differ-
ence in the potentials ¥; and V). In Ref. 11 we discuss in

@n
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more detail for the example considered (but which applies
more generally) how changes in the spectrum of H, —for
example, the addition of point eigenvalues—affect the po-
tential of V.

Equation (17) is reminiscent of conditions satisfied by
the conditional probabilities of a Markov chain. One can
introduce the notion of “paths” as in Ref. 11. This notion
suggests that there might be alternative ways of solving the
inverse problem. Also, though we have treated the subscripts
as though they came from a denumerable set, the subscripts
may also be regarded as being values of a continuous vari-
able. Perhaps this idea will also prove to be useful in getting
other relations associated with the inverse spectral problem.

We shall now prove portions of the theorem which are
not self-evident. For simplicity we shall assume that all the
operators H; have a continuous spectrum only. Then
n(H,) = I, since the Hilbert space and the g-extended space
are identical.

To prove part (a) of the theorem, we note that from the
first of Egs. (14)

(?|Kjk|q’) = <q|Kj0|q’> + (Q|Ko,kot‘1’>
+ g —4) J (9/K;0lg")

Xdq" (q”|K0,ko|q’>» (28)
where 77(x) is the Heaviside function, 7(x) = 1ifx > 0, = 0if
x <0. It follows immediately the (g|K, |¢') = 0if¢g'>g.

To prove part (b), we note from Eq. (14) that

Ui [Uo Wjo Uko ] U = n(H,), (29)
or
Ui [UroWio Uto— UroWioU %o + 7(Hy)]
= H) Ul (30)
(jjknjk + Ujk’?(Ho) = 7(Hy) Ué'fjk- 31

We now write Uy, = 7(H,) + Ky, Ug 5 = 7(H,)

+ K & i1, and use {g|n(H,)|q'> = 5(g — ¢) and the triangu-
larity properties of (g|K; |q">,{q| K, jx|g") to obtain the gen-
eralized Gel’fand-Levitan equation (15) in a manner identi-
cal to the obtaining of the Gel’fand-Levitan equation of Ref.
1.

The proof of the remaining parts of the theorem are
obvious, though the obviousness is due to the choice of
notation.

Finally, we note that the variational principle of Ref. 8
applies to Eq. (15). This result follows from the fact that
{gln(Ho) + 219> = 8(g — q') + <q|92; |¢" is the kernel
of a positive-definite operator in g-space precisely in the
sense of Ref. 8.

We shall now apply the above formalism to the one-
dimensional Schrédinger equation, the generalized radial
Schrodinger equation, and the Marchenko equation. For the
sake of brevity we shall assume acquaintance with the results
of earlier references.

3. APPLICATION TO THE INVERSE PROBLEM FOR THE
ONE-DIMENSIONAL SCHRODINGER EQUATION

We shall follow the notation and results of Ref. 3. In the
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present case we identify the variable ¢ with x, where
— o <X < . The triangularity condition on the kernels
<x|Kjk |x"> is
XKy x> =0, x'>x. (32)
The variable a is the sign of the momentum and takes on
only two values a = + 1. From Ref. 3

Qo fE) 1D == 1lofE)| - 1> =1,

(33)
Ao fE)1D =blp), {— o E)1>=5] ()
where p = E ' and b, (p) is the reflection coefficient (from
the left) for the potential ¥;. Through b;(p) is defined for

p >0, it can be defined for p < 0 using analytic continuation
and the fact that from analytic continuation

b,(—p)=b}@).
We define
Yfx|p) = 2| p))"* <x|H4;:Ea>  (p=aE"?), (34)
%) = x| H B dx) = x|HGED. (35)
Ui dX) = Yridx)- (35"
The Gel’fand—Levitan equation (15) becomes
XK | X7y = — x|y | x>

_ J’x CelK |x"> dx” <x" |2, %', (36)
with
ey = [T urelute | o) — b} o

+ Z ¢jkx(xz/?k.(x )

Do)
-2

ki

(37

In Eq. (37) we require the eigenfunctions ¢, (x| p) to satisfy
lim ¢, (x| p) = ¢ (x| p) = (2m) ~ /? ?* because of the

X—> — ©

triangularity conditions on the kernels (x|K; | x">. The am-
plitude of ¥, (x| p) is determined by the completeness rela-

tion Eq. (1), noting that H, = —d 2/dx* has no point
eigenvalue.
It is convenient to require 4, o; (x) = exp[( — E)'"*x]

so that .
im  9,0%) = ¥;04x) = exp[(— E)'’x].

X—> — oC

With these boundary conditions ¢, (x| — p) = ¥¥(x|p);
i (%), (x|K; | x') are real.
Because V), (x) = 2(d /dx) <x|K,, |x) it follows that

V) =2 Gl D = V@ = Vi), ()
which is what Eq. (25) becomes in the present case.
Finally, Eq. (16) becomes
e P = el P+ [ aRlxD d b )
B D =0+ | IR ). 69

It should be mentioned that Egs. (36), (37), and (38) are
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given in Ref. 12 without proof and in Ref. 13 as a limit of a
discretized formulation. The thrusts of Refs. 12 and 13 are
quite different from those of Ref. 11 and the present paper,
however.

4. APPLICATION TO THE GENERALIZED RADIAL
SCHRODINGER EQUATION

The generalized radial Schrodinger equation is dis-
cussed in Ref. 5 for both the direct and inverse problems. The
variable q is replaced by the variable 7 (0 < 7 < « ). The oper-
ators H, are given by

2

H, = — di— + Vi(r), Vi rn=0. (40)

Instead of requiring the functions of the domain of H,
to satisfy the condition f(0) = 0, our generalization consists
of generalizing the domain to require

f'0) = a, f(0), (41
where the @, are real numbers which generally differ from
each other for different k. The usual radial equation case is
recovered by requiring &, — o, all k. There is no degeneracy
variable a.

Let us define
U (rlp) =(2p)'*<rl HED, (p=E'*E>0), (42)
Udr) = <rl HyE . 43)

In the direct problem we require ¥, (7| p) and ¥, (7) to satis-
fy the differential equations

d? 2
[— it Vk(r)] ¥ (| p) = p*i (] D),

d2
[ 4+ Vk(r)] E, P, (44)

with the boundary conditions

%0 p) =@M —L

[p2 + (ak)Z] 12’
d d
— (0] p) = a0 p), — ¥ 0) = 2,4, (0) = ;.
dr dr
“45)
The set of boundary conditions (45') assure us that the oper-
ators H, operate on functions in its domain [see Eq. (41)].
The one can show that eigenfunctions satisfy the com-
pleteness relation [we use the fact that all of the eigenfunc-
tions are real because of the boundary conditions (45) and

@5)]
[* wetpmwomipan
+ z UidD[Cril ~ l'l’k.("') =6(r—r').

4 0) =1, (45)

(46)

In can be shown that the continuous part of the weight oper-
ator w_, (E') is given by

o (E) = W, (p). 47
In the direct problem, ¥, and a, are given and the weight
W, (p) and normalizations C;, are to be found. In the inverse
problem it can be shown that if W, (p) and C,, are given, V,
and a, can be found.

2051 J. Math. Phys., Vol. 20, No. 10, October 1979

In particular, let us consider the eigenfunctions of H,.
There are two cases: (a) @, >0, (b) a, <O0.

In both cases the eigenfunctions of the continuous spec-
trum ¢, (x| p) are given by

Yolx| p) = 2/m)"* sin(pr + 1), (48)
where ¥(p) is given by
; p
sin[y(p)] = m ’
cos[y(p)] = %o (48"

[p2 + (aO)Z] 172"
If @y <0, then H, has a point eigenvalue and corre-
sponding eigenfunction

Ey = — (@) Yo = exp[ayr]. (49
However, if @, > 0, the continuous spectrum comprises the
entire spectrum of H, and there is no point eigenvalue.

The weight function W, (p) = 1 for all values of ¢, . The
normalization of the eigenfunction ¢, () for @, <0 is
Co; = (— 2a,) ~ . The completeness relation (46) for eigen-
functions of H;, is now of the form Eq. (1).

The Gel’fand-Levitan equation (15) becomes in the
present case

<r|Kjk [r>=0 for ¥>r,
rKplry= — <"|-ij|”>
_ f "R (P> dr < [y for PP, (50)
On introducing the pseudo-eigenfunctions ¥, () of H
defined by
d

udr) =<rlHED, ¢0)=1, - Yud0) = a;
(51
and on using Eqgs. (42) and (43), (7|12 |r"> is given by
Al = [ 0l U DI ~ W) dp
4 2 ¢jki(r )C"pjkl(r ) z R (g ) (52)
i ji kl )
Because V), (r) = 2(d.dr){r|Ko|r), it follows that
Vielr) = 2 — <’l & P> = VL) = V(. (53)
As usual we find ¥, from Eq. (53). To find ;, we use
o, _ak+<0' k|0 (54)
Finally, Egs. (16') become
9019 = el = [ ClKl> a1 )
(55)

Uo) = Yudr| p) = f K | dr ).

For the special case @, — «, i.e., where the boundary condi-
tion (41} is replaced by f(0) = 0, our results go over into the
earlier results of Refs. 9 and 10.
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5. APPLICATION TO THE MARCHENKO EQUATION

The Marchenko equation is concerned with the prob-
lem of obtaining the scattering potential for a given angular
momentum (zero, say) from the scattering phase and bound
state information. In a certain sense it uses information com-
plementary to that needed for the Gel’fand-Levitan equa-
tion for the radial equation of the last section for a;— .
Specifically let us consider the Hamiltonian ;.

J

H = — % + V() (0<r< ) (56)

acting on the subspace of Hilbert space of functions £ (r),
which are twice differentiable and satisfy the condition

f(0)=0. 57
The operators H; have a continuous spectrum which ranges
from zero to infinity. On calling the spectral variable p > with
p >0, we require the corresponding eigenfunctions ¢;(r| p)
to satisfy

Hj¢j(rl p) =P2¢j(rl D) (58)
with the boundary conditions
B d - l 1/2
s =0 Lyoip=(2)"p (59)

It is convenient to introduce the Jost wavefunctions f;(r| p)
and f;"(rl p), which satisfy the differential equations (58)
with the boundary condition

lim f(r|p)=e~ 7" (60)

These solutions are, of course, the well-known Jost wave-
functions (see, e.g., Ref. 4, which can be consulted for much
of the development of the present section).

The one can show

P(r p) = /M) A/ 2D ) (| p) — F1@) fAr| P)]-

(61)
In Eq. (61) f;(p) are the Jost functions defined by
i) = £,(0] p). (62)
The scattering operator S, (p) is defined by
fo)/fF ) = S{p). (63)

In addition to the continuous spectrum H; may have a dis-
crete spectrum which we shall take to be negative. The points

of the discrete spectrum will be denoted by E;; = — «3,
(x;; > 0). The corresponding eigenfunctions ¥; (r) satisfy
Hy ()= — (), ¥/0)=0. (64)

In addition to the boundary condition at » = 0 of Eq. (64),
we must specify a condition at 7— o . It is simplest to choose

lim ¢,(r) = exp( — ;7). (65)

Having fixed the boundary conditions, the normaliza-
tions C;; are given by

C,= f " T dr. (66)

Furthermore, ; (7| p) and ¢;(r) are real.
From the asymptotic condition (60) and that of Eq. (65)
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it is seen that
bin) = fr| — iK;). (67

[In Eq. (67) the / in front of K;; is the unit imaginary and not
the counting index / which appears in the subscript.] The
right-hand side of Eq. (67) is defined by analytic continu-
ation in the complex p plane.

To introduce the Marchenko equation, we follow Ref.
14, which has a brief description of the standard method of
derivation.

It can be shown that a triangular kernel {r|K; |r") eixsts
such that

KrlKj|r>=0 for r>vr,

K> = = oy = [ ARl drt <lag,
forr<r’, (68)

where {r|£2; |r"> is given by

R > = _2-1; J_: explip(r + )] [1 — S{p)]1 dp
exp[ — K{r + r)]

+3y C

i ji
In Eq. (68a) the values of S; (p) appear for p <0, though
originally S; (p) was defined only for p > 0. To define S; (p) for
negative values of p, we use analytic continuation:

S(=p=S8F, (68b)

We shall now show that the Marchenko equation (68)
can be written in the form of Eq. (5). We shall first define an
operator K, ; by defining the kernel (r|K,, ;|'> when K,  is
written as an integral operator:

Ko ir> =0 for r>r,
Ko ir > =< + f AP drt G K
forr<r’, (69)

where {7|K }r’> is the kernel of the operator K ¥, i.e. (re-
membering that the kernels are real)

(rIKF|r)y = (FIK; [r). (699

Now define U, U, ;, W, in a manner analogous to Eqs.
(7) and (10). One obtains Eq. (5) after the manner of Ref. 1.
Hence the Marchenko equation falls into the formalism of
Refs. 1, 2, and the present paper.

The functions f; (r| p) are only formal eigenfunctions of
H; since they do not satisfy the boundary condition (57).
Nevertheless, the formalism of the present paper goes
through. [It should be noted that f; (r| — ix;;) are eigenfunc-
tions of H, because of Eq. (67). A treatment of the problem in
which the Jost wavefunctions are true eigenfunctions can be
achieved by embedding the problem of the present section
into a one-dimensional problem ( — w© <X < + ) with a
suitable potential. Nevertheless, it is not necessary to do so
for the purposes of the present paper.] Note that the “pseu-
do-eigenfunctions” corresponding to {(x|H, ;E,> are
/i (r]ix;), the analytic continuation of f, (r| p), and that they
are real.

Then our Gel’'fand-Levitan equation is

Ky \r>=0 for r>r',

(68a)
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<"Kjk”> = — <’lﬂjk 7>
| f K7 > dr" G712 )7

for r<r, (70)

where
<r[0jk [r>

N sz " ISUP) ~ SIPL /D) 1) p) dp
ﬂ- — o0

Si(r| — i"ji)fk("l —ini)
+
S
r| — ik Mo (P — iy
4 5 Zell = 0 i) o
7 Ci:
Furthermore, in defining V; (») by
d
V()= =2 % riKy |, (72)
we have, as expected from the general theory
Vi(r) = V() — V, (1) 73)

Finally the Jost wavefunctions and the eigenfunctions corre-
sponding to point eigenvalues are
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S D) = ) + f T K> A £ | )

$el = i) = £ = i) + [ <K lar £ = i)
4

It should be mentioned that these results were obtained
in Ref. 13 as the limit of a discretized version of the problem.
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Noether’s theorem, time-dependent invariants and nonlinear equations of
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Noether’s theorem is applied to a Lagrangian for a system with nonlinear equations of motion.
Noether’s theorem leads to a time-dependent constant of the motion along with an auxiliary

equation of motion. Special cases of this invariant have been used to quantize the time-dependent
harmonic oscillator. We also discuss the solution of the original equations of motion in terms of the

solutions to the auxiliary equation.

1. INTRODUCTION

The time-dependent harmonic oscillator equation
X+ao*(t)x=0 (LD
occurs in many physical problems. Lewis "> proved that a

conserved quantity for the harmonic oscillator is the time-
dependent invariant

I=4[(e/ pY + (xp— %)), (1.2)
where x( ) satisfies (1.1) and p(¢) satisfies the auxiliary
equation

p+a*@)p=1/p (1.3)
Lewis obtained this result by showing that an adiabatic in-
variant for (1.1) was, in fact, an exact invariant. As a point of
interest, we mention that the invariant I was derived by Er-
makov in 1880.  In his treatment, Ermakov assumed (1.1)
and (1.3) and eliminated the frequency o %(¢ ) between these
two equations. After a few simple manipulations, he arrived
at the invariant (1.2). Ermakov’s derivation is, thus, not as
general as that of Lewis, since Lewis obtained both (1.2) and
(1.3) from (1.1). However, Ermakov’s procedure admits im-
mediate generalization,

Recently we discussed and generalized Ermakov’s
method of deriving the invariant (1.2). * Our generalization
leads to the invariant

1=4[8(x/ p) + 0 (p/x) + (xp— px))], (1.4)
for the coupled system of differential equations

X + 0¥t )x = g( p/x)/ (X p), (1.5)

+ @t p = fx/ p)/(p*x), (1.6)
where g( p/x) and f(x/ p) are arbitrary functions. Functions

¢ and @ are related to fand g, respectively, by the following
equations:

b/ p)=2 f "’ fdu, an

p/x
0(p/x)= ZJ g(w)du. (1.8)

The invariant (1.2) played a central role in the exact quan-
tum treatment, by Lewis and Riesenfeld, 5 of the time-depen-
dent harmonic oscillator. It is possible that more of the in-
variants (1.4) will prove useful in solving physical problems.
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Lutzky, ° in a recent paper derived the invariant (1.2)
and the auxiliary equation (1.3) by a straightforward appli-
cations of Noether’s theorem to the Lagrangian

L = [%* — w¥(t)x?) (1.9)

for the time-dependent harmonic oscillator. Noether’s theo-
rem yields an invariant for each symmetry transformation
that leaves the action invariant. For the Lagrangian (1.9)
Lutzky showed that Noether’s theorem leads to the invar-
iant (1.2) and the auxiliary equation (1.3). Thus, Lutzky also
derived both (1.2) and (1.3) from (1.1), as did Lewis. Howev-
er, the derivation by Lutzky is simpler and is also easier to
generalize.

In this paper we apply Noether’s theorem to the
Lagrangian

L=4[p*—o’(t)p*+2G(t) F(p)],
which is associated with the equation of motion

f+o')p=GU)F(p), F(p)= g‘fﬁ

(1.10)

(1.11)

where G (¢) and F ( p) are, initially, arbitrary functions of
their arguments. We shall show that Noether’s theorem and
Lagrangian (1.10) lead to invariants which are special cases
of our results (1.4), (1.5), and (1.6).

The invariant (1.2) can be interpreted as a link between
the two differential equations (1.1) and (1.3). This link is
most clearly illustrated by the theorem that if x, and x, are
linearly independent solutions of (1.1), with Wronskian
W = x, X, — x, X, then the general solution to (1.3) can be
written

p=(Ax; + Bx? +2Cx, x,)'?, (1.12)
where A4, B, and C are constants related by
AB-C*=1/W?2 (1.13)

In their discussions, both Lewis and Lutzky mention that
this theorem can be proven by writing the invariant (1.2) for
the two solutions x, and x,, keeping p the same, and elimi-
nating p between the two resulting invariants. The invariant
(1.2) not only links x(¢) and p(z ) but in addition provides a
path to solve the nonlinear equation (1.3) in terms of solu-
tions to the linear equation (1.1). Our generalization (1.4),
(1.5), and (1.6) shows that the invariant (1.4) links solutions
to (1.5) and (1.6); however, since Eqgs. (1.5) and (1.6) are
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coupled we cannot use the technique of eliminating p be-
tween two invariants to solve (1.5) in terms of solutions of
(1.6), or vice versa. Since use of the Lagrangian (1.10) with
Lutzky’s procedure yields special cases of (1.4), (1.5), and
(1.6) the technique of eliminating p to generate a solution of
either (1.5) or (1.6) also does not work. Nonetheless, we find,
somewhat surprisingly, that Lagrangian (1.10) leads to cer-
tain nonlinear equations of motion in p which can be solved
in terms of solutions to the related auxiliary equation. It is
not clear whether such solutions are associated with the in-
variant linking these two differential equations. It is, howev-
er, still possible that this points to a deeper connection be-
tween being able to solve a nonlinear equation in terms of
solutions to an auxiliary equation and the existence of the
associated invariant.

In Sec. II we apply Noether’s theorem to the Lagran-
gian (1.10) and derive the form of the invariant and the equa-
tions linked by the invariant. In Sec. III we discuss some
properties of special cases and present some further exam-
ples of solving nonlinear equations in terms of solutions to
linear equations. Finally, in Sec. IV we present our conclu-
sions along with suggestions for further work.

Il. NOETHER’s THEOREM

We shall use the formulation of Noether’s theorem giv-
en by Lutzky. ® The symmetry transformation is described
by the group operator

@1

If the symmetry transformation defined by (2.1) leaves the
action 4,

A= J'L(p,p,t)dt,

invariant, then the combination of terms

3 3
X=£&(pt)= ) —.
§(p )at+77(p )ap

aL JaL . .. dL :
— = — pEY == + £L
§at+nap+(77 p§)3p+§
is a total time derivative of a function f(p,t), i.e.,
JL oL . o OL . ;
= — 4 (- — + EL = f. 22
§3t+na"’p (o pg)ap sSL=f (@2

It follows from this that a constant of the motion for the
system is

I=(¢p-mE gLy @3
ap
The Lagrangian to be investigated is
L =4[5~ () p* + 26 (1) F(p)], 24)
which yields the equations of motion
p+a’t)p=G({t)F'(p). (2.5)

We assume F ( p) is not one of the following functions, all of
which lead to trivial cases: const, const- p or const- p 2. F(p)
can be any function except one of these three. Using the
Lagrangian (2.4) in (2.2) and noting that this equation must
hold for all values of p and p we can equate the coeflicients of
powers of p. The g * terms give
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% _o=6=£0). (2.6)
dp

The g ? terms yield
n=14€p+ W), 2.7

where (¢ ) is an arbitrary function of time. The g terms give

f=3EP +¥p+ x), @.8)
where y (¢) is an arbitrary function of time. If we use (2.6),
(2.7), and (2.8), the remaining terms in (2.2) are

(~ oo — £ — ) p* — P+ o® P)p
+(EG+EGYF+AGpF'E+GF'y—y=0. (29)

Due to our assumptions concerning the form of F( p)
the coefficients of p 2 and p must vanish, requiring

b+ e =0, (2.10)
£+ 4fwo + 460® = 0. .11

Multiplication of (2.11) by £ and integration result in the
first integral

EE — 162 4 2£? w? = 2k = const, (2.12)
which becomes
% + 0¥t )x = k /x> (2.13)

through the transformation £ = x 2. This is the time-depen-
dent harmonic oscillator equation if we choose the arbitrary
constant k to vanish. This is the equation linked to (2.5) by
Noether’s theorem. The remaining terms in (2.9) are

EG+EG)F+LGpF'E+GFYy—y=0. (2.14)
We see that X = (), and, since a constant would only add a
constant to fby (2.8), we can drop y. We next suppose that F,
p F',and F' arealllinearly independent. Then from (2.14) we
obtain & = 0. For £ = 0, Eq. (2.11) yields @ = 0. We exclude
this case as we are interested in discussing the time-depen-
dent harmonic oscillator. Thus, some of functions F, p F', F’
must be linearly dependent. The possibilities are

(@)pF' = —2mF, 2.15)
where m is an arbitrary constant, and,
b)F'=cF, 2.16)

where cis an arbitrary constant. Case (b) is easily seen tolead
o = 0 and, hence, we have only case (a) to consider. Case (a)
implies

F=Fyp~*, 2.17)
Using this form for F in (2.14) we obtain the equations

£, = const.

£G4+ £G + 1G(—2m)é =0, (2.18)

¢ =0. (2.19)
The solution to (2.18) is

G=Gyé™" '=Gyx*"~? G,=const. (2.20)

Substituting the form of F (2.17) and the form of G (2.20)
back into the equation of motion for p, we obtain the equa-
tion of motion

prao’t)p= (2.21)
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wherec = — 2mG,, F,, is an arbitrary constant. Recall that
x(t) satisfies the following equation of motion

¥+ 0¥(t)x =k /x°. (2.22)

The Noether theorem invariant is given by Eq. (2.3) and
takes the form

[i (i)zm +k (ﬁ)z +(pi—x p)l]. 2.23)
m\p x
From our previous assumptions on F ( p), m cannot be equal
to0, — 1/2,0r — 1. Itisclear that these results are a special
case of (1.4), (1.5), and (1.6) withg = k p/x,

f= C(X/p) 2m — 1‘

Equations (2.21), (2.22), and (2.23) represent our re-
sults of applying Noether’s theorem to the Lagrangian
(1.10). Notice that, whereas we started from the Lagrangian
with F(p) and G (¢) arbitrary functions, in order for L to
admit a symmetry transformation (2.1), F and G are restrict-
ed to the forms (2.17) and (2.20) respectively. The two cases
treated by Lutzky can be recovered from our general results
by (1) G = 0and (2) m = 1. Note that in the case m = 1 Eq.
(2.21)isindependent of x. This is important since, in general,
uncoupled equations are much easier to handle.

Further reflection on the form of (2.14) shows that one
can generalize the equation of motion to

1 X \2m,— 1 ,
3 (—;;) ~ SGOFip),
(2.24)

where / = 1,2,-- and ¢; and m, are arbitrary constants,
m,;#0, — 1/2, — 1. The Lagrangian changes to the form

I=

N

pro’t)p=

L=4(§ - ot)p* +2 3G, F) (2.25)
with a corresponding change in the invariant J. Equation
(2.24) is the general equation of motion linked to the time-
dependent harmonic oscillator equation through the
Noether invariant associated with the Lagrangian (2.25).
This generalizes Lutzky’s results and shows that the
Noether theorem invariants for this Lagrangian are special
cases of our generalization of Ermakov’s results (1.4).

. EXAMPLE

Lewis and Lutzky indicated how solutions of the non-
linear equation (1.3) could be obtained in terms of solutions
to the time-dependent harmonic oscillator equation (1.1) by
using the invariant (1.2). The form of this solution was given
by (1.12). The method of eliminating p between two invar-
iants will generally not work for equations of the form (2.22)
and (2.24) because of the coupling of x in the p equation.
Nevertheless, we present an example that shows we can ob-
tain solutions of a special case of (2.24) in terms of solutions
to (2.22). The solution has the same general form as (1.12).

Consider the following special case of (2.24),

. c 2m; — 1 C 2m, — 1

pratp= S (277 Z(Z)PTL e
xXp-Ap xXpNp

For m, = (m — 2)/2, m, = (2m — 2)/2, we obtain

ﬁ+a)2p=clx'”“4p1"”+c2x2’"_4p1'2"‘. (32)
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A special solution to the auxiliary equation (2.22) is
x = (— 4k /WHY* (un)'7?, (33)

where u and v are linearly independent solutions of the time-
dependent harmonic oscillator equation (1.1) with Wrons-
kian W. Equation (3.3) is of the form (1.12) with 4 and B
both zero. We define the constants ¢, and ¢, as
— 4k —(m— /4
w2 ) '

¢, = (m — 1)(ac — b*/4) W? (:ﬁ/i*zf) TR 45

¢, = (b /4)(m —2) W? ( (3.4)

where a, b, and ¢ are new arbitrary constants. Using the
solution (3.3) and the constants (3.4) and (3.5), we have for
the p equation of motion

p+a’t)p=(b/4)(m —2) W u)" =2 pl ="
+ (m — )(ac — b*/4)(uv)™ ~*W?2p' — 2,
(3.6)
It can be proven by direct substitution that a solution to (3.6)
is
p= lauw™ + b (uv)™?* + ™1™, 3.7

This solution was first found by Reid ’ in his investigation of
homogeneous solutions to nonlinear equations. Although
we see no way to obtain this solution by using the invariant
linking equations (2.22) and (3.6), the similarity between the
solution (1.12) and (3.7) is obvious. That Eq. (3.6) can be
derived directly from Egs. (2.22) and (2.24), linked by the
Noether invariant, suggests a deeper connection among
these results. As a final point we note that, whereas (1.12) is
the general solution to (1.3), (3.7) is only a particular solu-
tion to (3.6).

1V. CONCLUSIONS
Noether’s theorem applied to the Lagrangian
L=i[pf-0r +2S60FP] @D

leads to the equations of motion

pro0p= o 3aG)T = ze0 o

m#0, — 4, — 1, (4.2)
where x satisfies the auxiliary equation
i+ 0¥ t)x =k /x> 4.3)
The Noether invariant linking these equations is
=L [z S (i)z.'"‘ + k (—’i>2 + (px— xp')zl. (4.4
219 m \p x

For k = 0 the invariant 7 links an infinite number of Egs.
(4.2) to the time-dependent harmonic oscillator equation of
motion. These results are a special case of our general results
derived in Ref. 4 using Ermakov’s technique. In Ermakov’s
technique one does not make use of Noether’s theorem. The
results in this paper furnish a further example of how
Noether’s theorem applied to a Lagrangian leads to an invar-
iant and an auxiliary equation. Lutzky ® considered the case
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G (t) = 0 and found the results which were earlier derived ties as derived in Ref. 6 and in this paper. The working out of
and used by Lewis. " In this case the time-dependent invar- more explicit examples would help clarify this point.

iant linking the equations was used to solve physical prob-

lems and to obtain the solution of a nonlinear equation in

terms of solu'tions toa linear equation. It is possible some of 'H.R. Lewis, Jr., Phys. Rev. Lett. 18, 510 (1967).

the Noether invariants (4.4) could be used to solve physical *H.R. Lewis, Jr. J. Math. Phys. 9, 1976 (1968).

problems. We have shown in Sec. III how solutions of a 3V.P. Ermakov, Univ. Izv. Kiev 20, No. 9, 1 (1880).

special case of (4.2) can be written in terms of solutions of the :{:IRlile qndJJ.L. ?;i:’i,BPlgis. Le;:ti :J711v,1 3t1h7 g:m).m 1458 (1969
K WIS, Jr. an .b. esenlelq, J. Math. ys. 'y 3

auxiliary equation (4.3). ) , ‘M. Lutzky, Phys. Lett. A 68, 3 (1978).
It seems to us that many important properties of nonlin- "J.L. Reid, Proc. Am. Math. Soc. 38, 532 (1973); P.B. Burt and J.L. Reid, J.
ear equations of motion are associated with Noether identi- Math. Anal. Appl. 55, 43 (1976).
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Gauge potentials are directly defined from Hamiltonian classical mechanics. Gauge
transformations belong to canonical transformations and are determined by a first order
development of generating functions. The electromagnetic and gravitational fields, and they only,

are obtained.

I. INTRODUCTION

We are indebted to Weyl’ for the prototype of gauge
theories. He introduced the electromagnetic interaction as a
gauge field associated with the group of phase transforma-
tions in charged fields. On the same model, the Yang and
Mills? field is associated with the rotations in isospace. Then
the concept is drawn from internal space and carried into
space-time. So the gravitational field is related to the Lo-
rentz group by Utiyama® and to the Poincaré group by Kib-
ble.* These early works provide a good insight into the pro-
cess for determining the interaction fields.

Let us consider a free field whose equation of evolution
is covariant under a group of global transformations (the
parameters of group elements do not depend on space-time).
This equation will be no longer covariant if we make these
transformations local (the parameters of group elements de-
pend on space-time). The covariance will be restored by in-
troducing gauge connections (or gauge potentials) according
to the minimal coupling principle. The variance of these po-
tentials is determined by requiring that the equation of evo-
lution should be covariant.

Thus, gauge theories appear to be a powerful tool of
research in interacting models of matter; Weinberg’s® and
Salam’s® works give a proof of this. Abers and Lee’ gave a
whole review on the subject.

The purpose of the present paper is to build up a gauge
theory in Hamiltonian classical mechanics. The intended
transformations will obviously belong to canonical ones in
order to preserve the frame of the Hamiltonian formalism.
Gauge fields will be generated according to the very similar
principle expressed above.

Formal invariance of the Hamiltonian, under some ca-
nonical transformations, implies the introduction of gauge
potentials, by a “minimal coupling principle.” The variance
of these potentials is determined by requiring that the Ha-
miltonian should be form invariant. One difference, howev-
er, is that gauge transformations will not derive, contrarily
to usual theories, from a group of global transformations.

In Sec. II we point out, as an example, that it is possible
to introduce the electromagnetic field in Hamiltonian me-
chanics for a particular canonical transformation. The exist-
ing analogy with the local phase transformation in quantum
mechanics is used as an introduction to the gauge theory in
Hamiltonian classical mechanics that we develop in the two
next sections. Section I1I determines the canonical transfor-
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mations that we may consider as gauge transformations.
These are defined by their generating functions. In Sec. IV,
after a transposition in a relativistic picture of Hamiltonian
mechanics and a physical justification of approximations
considered in Sec. IT, the electromagnetic and gravitational
fields are obtained only as gauge fields.

Il. GAUGE THEORY OF THE ELECTROMAGNETIC
FIELD IN QUANTUM MECHANICS AND IN
HAMILTONIAN CLASSICAL MECHANICS

By taking the electromagnetic field as an example and
by analogy with quantum mechanics, this section points out
how it is possible to introduce a gauge field in Hamiltonian
mechanics. The unusual formulation of the electromagnetic
gauge theory in quantum mechanics (Sec. I1.A), allows an
easy transposition in Hamiltonian classical mechanics. (Sec.
IL.B).

A. Point of view of quantum mechanics (fi=c = 1)

Let us consider the Schrodinger equation of a free
particle

idy=Huy, 2.1
where
1 .
H,= ?’;;(—zaj)z. 2.2)

This equation is invariant under the global phase
transformation

¢ = expiea)y.

However, if we work out the local phase transformation

' (x,t) = expliea(x,t )¥(x,t), 2.3)
Eq. (2.1) is transformed in the equivalent equation
idy =HgY, 2.4
where
H(’,=—1—Z(—i8j—e6ja)2—e8,a. 2.5
2m 5

Comparison between Eqgs. (2.2) and (2.5) shows obvi-
ously the noninvariance of the Hamiltonian under the local
gauge transformation (2.3). In order to require this invari-
ance, we are induced to substitute in H ), for the derivatives
d;a and d, a, a four-component field 4,(x,t) according to
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the correspondence
d, a—A,, 2.6)

In this way one obtains, by the minimal coupling principle,
the Hamiltonian of the particle in the presence of the gauge
potentials 4, :

9, a—A,.

1 . 2
H= — —id; —eAd;) —eAd @.7
2m ; ( Jj j) 0
and the associated Schrédinger equation
id,y=Hy. (2.8)

Then, let us perform again the gauge transformation (2.3):
Eq. (2.8) is transformed into the equivalent equation

id ¢ =H'Y, 2.9)
where
H' = LZ(—-iﬁj ~ed;a—ed;) —ed, a—ed,.
2m j
(2.10)
Let us define
A)=A;+0d,a, Aj=4,+7, q, 2.11)
Then, the new Hamiltonian can be written as follows:
.1 . , ,
H =E’;z(—zc7j—eAj)2——er. (2.12)
J

Therefore, the formal invariance of the Hamiltonian is
obtained on condition that the fields 4, should be jointly
transformed according to Eq. (2.11). Now Eq. (2.11) is the
gauge transformation of the electromagnetic potentials;
moreover, the coupling in the Hamiltonian (2.7) between the
particle and the gauge potentials is just the usual one of a
charged particle and the electromagnetic field. We can inter-
pret this result in the following manner®: the formal invari-
ance of the Hamiltonian under a local phase transformation
implies the existence of the electromagnetic field. In this ex-
ample we see the essential part of gauge theories emerge: the
requirement of a symmetry (for reasons sometimes abstruse)
makes the introduction of an external field necessary.

B. Point of view of the Hamiltonian classical mechanics

Let us consider a free classical particle. The equations
of motion are

) JH, .. OH,
pi= — -, X'= ) 2.13)
dx' aP,
where
1
H = — 2, 2.14
0 2m Zpt ( )
Let us work out the canonical transformation
x'=x"xlppt), pi=pie, Ppt) (2.15)
generated by
Fy(px't)= —ea(x',t)—x"/p, (2.16)

The transformation (2.15) and the Hamiltonian H /, of the
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new system are given by

dF, da
(= — — =e— +p, 2.17)
P Ix" ox'"
A F. .
= — o, =x', (2.18)
ap;
dF; da
H,—Hy= — = —e—. 2.19
©T0 a o @19)
This provides us with the Hamiltonian of the new system
1 da )2 da
H, = — —e— ) —e—, 2.20
T wm 4 (p Ax o 220)

to which one associates the equations equivalent to Eq.
(2.13):

gHy .. OH,

i’ !

Comparison between Egs. (2.14) and (2.20) shows obvi-
ously the noninvariance of the Hamiltonian under the ca-
nonical transformation generated by Eq. (2.16). Let us con-
sider the latter as a gauge transformation: We are induced, as
it was done at the beginning of this section, to substitute in
H ( a four-component field 4 ;(x’,¢) for the derivatives
da/dx'" and da/okt.

In this way one obtains, by the minimal coupling princi-
ple, the Hamiltonian of the particle in the presence of the
gauge potentials 4 ;:

1 2
H = — ' —ed) —ed|.
ZMZ(}’I z) 0

w4

Pi=

(2.21)

(2.22)

In order not to multiply notations we suppress the ‘“primed”’
variables and simply write the new Hamiltonian (2.22) in the
following manner:

1
H= — c—eA) — eA,,
2m Z (pr 1) 0
The canonical transformation generated by Eq. (2.16) yields
2
H' = 1 (p;—ei‘—_ —eAi) _eff_ —eAg;
2m i ax” é't

then, using again Eq. (2.11),

(2.23)

' 1 , "2 ,
H 2m§,-:(p' ed ]y —ed .
Hence, we obtain the formal invariance of the Hamiltonian
(2.23), on the condition that the fields 4,, should be jointly
transformed according to Eq. (2.11).

Henceforth, we can have similar conclusions to the ones
drawn in Sec. IIA. The Hamiltonian (2.23) describes a
charged classical particle in the presence of the electromag-
netic field.

Thus, the Hamiltonian theory (Sec. IIB) is perfectly
similar to the quantum theory (Sec. ITA). One simply substi-
tutes a canonical transformation for a phase transformation.
This will not surprise us, since Van Hove’® showed the close
links between canonical and unitary transformations. How-
ever, in the two next sections, we shall completely ignore the
quantum point of view and construct a gauge theory entirely
based on Hamiltonian classical mechanics.
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lll. CANONICAL AND GAUGE TRANSFORMATIONS

The canonical transformations are changes of phase
space coordinates

9'=4q"q’p). pi=pip) @3.1)
so that the 1 form pdg — p'dq’ is an exact form
p.dq' —p; dq'' = dS(p,q). 3.2)

These transformations preserve the canonical form of Ham-
ilton’s equations.

In a 2n dimensional phase space, Arnold" shows that
all the canonical transformations can be generated by a mini-
mal system 7, of 2" types of generating functions
F(q, p/,g'’) in which

q9=@"-q" pi=(pl-P)

g'=(@q".q" ") (3.3)
Here, (i,...0; )(Jy.-. J, _ x) designates one partition of the set
(1...n) in two disconnected subsets. The number of these par-
titions is 2 ".

The generating functions F (g, p/,q'/ ) have to satisfy

det( FF );&0, & = plq?). (3.4
dg or

Except for this restriction, the generating functions are arbi-
trary. The functions F| (g,¢") and F, (g, p") (Leech’s! or
Goldstein’s'? notation) belong to this minimal system %, .
The identity is generated by a function of type F,:

F,=4¢'p]. (3.5)

However, no generating function of other type belong-
ing to the minimal system .#’| can generate the identity.
Indeed, the independence of the variables involved in the
other types of generating functions belonging to | is ix:-
consistent with the identity. Then we deduce that all the
canonical transformations continuously connected with the
identity admit a generating function of the type F, (g, p').

Up till now, we have only used this minimal system .%",
associated with (g '...g ) but it is obvious that we can choose
among 2" minimal systems .% 5 (s = 1...2") associated with
the 2" systems of variables:

pi=(pi-p) 4" =@ g™ "), (3.6)

where (/,...1,)(m,...m, _,), as previously, designates one
partition of (1...n) in two disconnected subsets. In this way
we obtain 2".2" = 4" types of generating functions
F(ppq™, p!,q'’) constituting a nonminimal system.

It will be convenient, for reasons that will appear in the
next section, to use the minimal system .%,. composed of
generating functions of the type F(p,p/,q'/). The function
F,(p,q) and F,( p,p") (Leech’s or Goldstein’s notation) be-
long to the minimal system % .. The identity is generated in
this system only by a function of the type F;:

Fy=—pq" 3.7
As previously, we deduce that all the canonical transforma-

tions continuously connected to the identity can be generat-
ed by functions of the type F, ( p,q").
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In the usual gauge theories, transformations are con-
tinuously connected to the identity. This leads us to consider
as gauge transformations only the canonical transforma-
tions continuously connected to the identity. Let us empha-
size that they will be all generated by functions of the type
F,(p,q). Let us expand the functions F, ( p,q’) in power of p:

’ ’ aF3 r
Fy(p,g) = F:(0,9) + an 0.q) p; + - (3.8)
Suppose, for some reason, that we may neglect the terms of
second order; the equation (3.8) can be written

Fipg)= —ald)—g'@)p, (3.9)

The functions a(q’) and g/(¢") may be chosen arbitrarily ex-
cept for the restrictions analogous to Eq. (3.4) assuring that
Eq. (3.9) generates a change of coordinates in phase space.
Indeed, the equation (3.9) gives

) . OF, -
Fi0,4)= —a(g), 5;(0,q)= — 89). (3.10)

Let us remark that the first order is the lowest one from
which the development may be stopped; the zero order can-
not follow the conditions analogous to Eq. (3.4). Now let us
put together the results obtained in this section; we shall get
the following conclusion: To the first order approximation in
momentum, all the canonical transformations continuously
connected with the identity can be generated by Eq. (3.9).

In the following section we are to justify physically the
rightness of the first order approximation. The transforma-
tions continuously connected with the identity generated by
Eq. (3.9) will be considered as gauge transformations.

IV. GAUGE THEORY IN HAMILTONIAN CLASSICAL
MECHANICS: THE ELECTROMAGNETIC AND
GRAVITATIONAL FIELDS

Let us consider a Minkowski space (x “) to which one
associates an eight dimension phase space (x %, p,, ). The
equations of motion of a free particle are Hamilton’s
equations

d JH d , OIJH,
where the Hamiltonian*
Hy =(12m)p, py 1%, (4= —LLL1) (42
is a scalar quantity and r designates the proper time
dr = (—dx*dx® n,5)""* 4.3)

In order to consider cannonical transformations in that eight
dimension space, we suppose 7 is an evolution parameter
external to the space time. We shall give it back its meaning
of proper time at the last moment to solve the equations. So
the relation between the external parameter 7 and space—
time is similar to the relation between Newtonian time and
space. Therefore, the theory of canonical transformations is
identical with the usual theory. It is even simplified, since the
parameter 7 will never occur in the transformations.

Let us consider the canonical transformations in this

B. Boisseau and C. Barrabes 2060



eight dimension phase space

X = x"(x% po),

“44)
¥ =pHx%, po)
In the new system, the equations of motion become
OH | 0H
ip;:— 0, _d_x'#.__ 0’ (45)
dr ox* dr ap;,
where
Hy(x'%, pp) = Hy(x%, po), (4.6)

since 7 does not occur in Eq. (4.4).

Let us choose now a system of units in which the mass
unit is very large (the mass M of the universe, if it exists), the
unit of velocity being naturally ¢, the velocity of light in emp-
ty space. Conjugate momenta, which in the case of the free
particle become identical with linear momenta and energy,
turn out to be very small quantities in usual physical experi-
ments. Then one may consider the first order approximation
in p, exposed in Sec. I11. All the canonical transformations,
continuously connected with the identity, can be generated,
to this approximation, by

Fy(pox™) = — a(x™) — g *(x") pq. 4.7
The canonical transformations (4.4) generated by Eq.
(4.7) are given by

, oF. da dg“
Pu= — ,3 = >t g, Pos
ax'* Ix'* Ix'#
(4.8)
a aF3 a( l/_l,)
x4 = — =g%(x'"™).
3p. °
Let us put
x %= gux") = x*(x'"), 4.9)
the equations (4.8) and their inverses are written
da ax* o
.= ——rPw X7 =x%(x"),
P ox'# ox'# P &)
4.10)
ax'# ( da )
«= =P y XM =x"M(x7),
F axa \"" gxm 9

respectively. By using Egs. (4.6) and (4.10), we may now
write the Hamiltonian of the new system as follows:

. 1 , da , da \dx*
Ho-‘-;};(!’y*_)(h— )

ax't ax" ] dx*
ox’Y 7%,
x?
In this expression the derivatives dx"*/dx* must naturally be
functions of x'.

By comparing Eqgs. (4.2) and (4.11), it is obvious that
the Hamiltonian is not form invariant under the transforma-
tions generated by Eq. (4.7). If one considers these transfor-
mations as gauge transformations, this invariance will be
obtained by a minimal coupling principle: In the Hamilton-
ian H ;, one substitutes the fields G /(x") for the derivatives
dgp(x")/0x"” coming from the gauge transformation. These

X

4.11)
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are gauge potentials whose variance will enable us to obtain
the form invariance of the Hamiltonian. The latter will be
named the substitution Hamiltonian.

In the Hamiltonian (4.11) it is therefore possible to per-
form the substitution

da(x") oy

On the other hand, the derivatives dx"#/dx* cannot be re-
placed immediately. Their definitions are not consistent
with those we gave in the minimal coupling principle, but
algebraic expressions of these derivatives are.

As matter of fact we have

ax'* 9x“

Ix* Ix'
It is therefore possible to introduce ¥'*,(x') by the
substitution

ox®

axlv
One can define V', #(x") such as

Vi pe, =84
The relations (4.13), (4.14), and (4.15) then give the
substitution

ox'*

ax“
We may write now the substitution Hamiltonian, that is to
say, after suppressing primed variables:

H=@1/2m)p, — B, ) p, — BV, "V;"q®. (4.17)

Let us examine the variance of this Hamiltonian under
a canonical transformation generated by a generating func-
tion (4.7). By using again the equations (4.10), we obtain

1 ax'* da
() (- )

2m L g \ P ax* a
ox'r( 6 _ da v
G0 R

or equivalently

1 da ax¢
T
2m Pa Ix'* ax*

4.12)

= (4.13)

v

-V (x). 4.14)

4.15)

SV R (4.16)

X

‘;’: 2 ‘;’i AT (4.19)
If we define
Bi(x)= %Bs + %, (4.20)
. , dx"*
V' A = a—’;“_ V4 (4.21)

then the Hamiltonian is written

H'=(1/2m)(p; — B ) p, —B,)V',* V's* 9.
4.22)
The comparison of Eq. (4.22) with (4.17) shows clearly the
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formal invariance of the substitution Hamiltonian on the
condition that the gauge potentials should be transformed
jointly according to Egs. (4.20) and (4.21).

Let us interpret now the gauge potentials. The equation
(4.20) shows that the gauge B, is transformed, except for a
gradient, as a covariant vector under a general transforma-
tion of space-time, which agrees exactly with the properties
of the electromagnetic potentials. The equations (4.21) show
that the V_* constitute four vector fields which can easily be
interpreted. In Minkowski space (our starting point), the
element of length is

ds* = — 1,5 dx* dx°. (4.23)

The transformations generated by Eq. (4.7), changing a sys-
tem of rectilinear coordinates (x ®) into a curvilinear system
(x'*), allow us to write

dxs = I gew (4.24)
ox™*
Then the element of length (4.23) is written
ds’= — 1, Ox* %" dx"* dx"
ax'* dx"
= — o, dx"F dx". (4.25)

where g;,,, designates Minkowski’s metric expressed in cur-
vilinear coordinates. The substitutions (4.14) and (4.16)
translate the metric g;,,, expressed in Eq. (4.25) into
& =7V, V"7, . (4.26)
This allows us to interpret g ., as a Riemannian metric
associated with tetrad" fields V' *, or (V,*). The substitution
Hamiltonian is given the form

H = (l/zm)(Py - B'u)(pv - Bv)g I—“’. (4'27)
If we define A . @8
L =ed,, (4.28)

where e designates an electrical charge, which gives to 4,
the dimension of an electromagnetic potential, we obtain the
Hamiltonian of a charged particle in the presence of electro-
magnetic and gravitational field

H=(1/2m)p, —ed )p,—ed,)g"". 4.29)
The equations of motion are

_d_r_p“— o’ dr T ap, '
where H is given by Eq. (4.29) and 7 now recovers its signifi-
cance of proper time

dr* = —g,, dx*dx". (4.31)
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From the equations (4.30) and (4.31), it is easy to obtain
the well known equations of a charged particle in a gravita-
tional field g#* and, in the presence of an electromagnetic
field F,, =d,4,—3d,4,

A
m( V- 4 ) U“UV) =g*?eF, U (4.32)

dr
U * =dx" /dr is the four-velocity and { £,} designates
Christoffel’s symbols.

V. DISCUSSION

Thus, we have defined a gauge theory in Hamiltonian
classical mechanics in a perfectly autonomous way. In fact,
this theory is not a complete one since in this work we never
dealt with the equations of evolution of gauge fields. Howev-
er, it is well known that they are governed by the equations of
Einstein and Maxwell. In our opinion, the essential result of
this paper is to point out, in the perspective of gauge theories,
the necessary existence of long range interactions: the elec-
tromagnetic and gravitational fields. The result turns out to
be even more precise: We've only found those two fields,
which is satisfying in classical mechanics.

Let us note, however, that we used a first order approxi-
mation in p. This leads us to suppose that, if we had not
assumed its validity, we could have found some new physical
features (whether some small effects in the existing fields, or
other fields). However, this raises difficult problems which
we shall not evoke here and that we set aside for a further
work.
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Quasiprobability distributions and the analysis of the linear quantum
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The quasiprobability distributions (QPD) introduced by Cahill and Glauber much simplify
calculating the density operator of the output of a linear quantum channel from the density
operator of the input when the channel attenuates and is corrupted by thermal noise. This
channel models, for instance, an attenuator viewed as a simple harmonic oscillator in contact
with a heat bath, or the relation between the radiating field mode in the aperture of a transmitter
and the field mode it excites at the aperture of a distant receiver. It is shown how the attenuation
and the noise in the channel modify the dependence of the QPD on the ordering parameter s. The
form of the QPD at the output indicates that the greater the attenuation, the more nearly the
state of the output resembles a classical state. Indeed, the addition of thermal noise contributing
on the average only one photon suffices to convert an arbitrary unimodal state into a classical
state. The principal result of the paper is applied to determining the output of a quantum channel

whose input mode is in a generalized coherent state.

1. THE QUASIPROBABILITY DISTRIBUTION

The quasiprobability distribution (QPD) was intro-
duced by Cahill and Glauber ! as a comprehensive represen-
tation of the density operator p of a one-dimensional quan-
tum system, and they showed how it could be used to
evaluate expected values of variously ordered functions of
the photon annihilation and creation operatorsaandag *.
The QPD W (a,s) is defined by

Wias)=Tr[p T(as)], (LD

wherea = a, + ia , is a complex variable and the operator
T (a,s) is the two-dimensional Fourier transform of the s-
ordered displacement operator
D(&s)=exp(sié D) D(£)
= exp(£a™* — £*a+ 4s|£ %), (1.2)

that is,
T(as) = fD(§,s) expla £* —a*E)d*E/m

= [ewls@r —a*D — £*a—at) + plg 1)

Xd* &/ m, (1.3)

in which, as in all integrals here, the integration is carried
over the entire plane of the complex integration variable;
d* =dg, dt , and 1 is the identity operator. The density
operator p can inversely be expressed as

p= f W(as) T(a, —s)d*a/ . (1.49)

The parameter s is called the ordering parameter; s = 1
corresponds to normal ordering, s = O to symmetrical order-
ing, and s = — 1 to antinormal ordering of the operator

“This research was carried out under Research Grant ENG 77-04500 from
the National Science Foundation.
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functions of 2 and @ * being averaged. The mathematical
properties of the QPD W (a,s) asa function of the continuous
parameter s were thoroughly explored by Cahill and Glau-
ber. For s = — 1, in terms of the familiar coherent states
|a>, the QPD is

W(a, — 1) =<a| pla>,

which always exists and is nonnegative; W (a,0) is the
Wigner distribution; * and if a P representation of the density
operator exists, its P representative is

P(a) = W(a,1)/ 7.

(L.5)

(1.6)

It is the behavior of the QPD W (a,s) as s approaches 1
through real values in — o0 <5 < 1 that is of primary inter-
est. Here we shall show how the QPD can be used to simplify
calculating the density operator p, at the output of a linear
quantum channel subject to thermal noise when the density
operator p, of the input is given. The attenuation and the
noise in the channel significantly alter the dependence of the
QPD on the ordering parameter s.

2. THE LINEAR QUANTUM CHANNEL

The linear quantum channel was introduced by Taka-
hasi ? in extending the calculations of photon statistics for
attenuators and masers initiated by Shimoda, Takahasi, and
Townes. * At the input to the channel are a principal mode
and a parasitic mode, which can be considered as coupled
quantum harmonic oscillators whose states are situated in
Hilbert spaces 5%, and 77, respectively. Operating on
states in 5%°, are the photon annihilation and creation opera-
tors a and ¢ ¥, and the density operator of the principal
input mode is pg . Operating on states in #°; are the annihila-
tion and creation operatorsa’ anda’ *, and the density oper-
ator p;, of the parasitic input mode is that of a harmonic
oscillator in thermal equilibrium with a heat bath,

© 1979 American Institute of Physics 2063



po=(mN)™! f exp( — |a|/N)|ad><ald?a, (2.1)

where N, the mean number of thermal photons, is related to
the absolute temperature .7 through the Planck formula,

N= [exp(hv /k T)— 1]},
hvbeing the photon energy and k Boltzmann’s constant. The
density operator of the pair of input modes is p, ® p, in the
product %, ® 7% of the Hilbert spaces.

At the output of the quantum channel are a principal
mode, for which the annihilation and creation operators are
band b *, and a parasitic mode, for which the annihilation
and creation operators are b’ and b’ *. These operators,
which act in the product space #°, & 7, are related to
those for the input through the unitary transformation

b=xa®l +k'1®ad’, b= —Kadl +«*19d,

(2.2)

where 1 and 1’ are the identity operators in 7, and 577,
respectively. We call « the transmittance, and we define
k" = (1 — |«|?)"”* as real. Because the pairs a, a * and @',
a' * obey the usual commutation rules

l[a,a*l=aa* —ata=1,

[a,,a’+] =alal+ _al+al — 11’
sodo the pairs b, b * and b', b’ *,

(66 *]1=[bb""]=181,
and b and b’ commute

(6,6']=[bb'*)=[b*b']=[b+b"*]=0,
all by virtue of (2.2).

The eigenstates of the number operatorsa taanda’' * o’
form orthogonal bases in 5, and 577, respectively, their
products constituting an orthogonal basis in %, ® 7#7. We
can construct an alternative basis for this product space by

operating on its ground state |0) with various powers of & *
and b’,

(m' n!)-— l/2b +m b'+n l0> — |m>b|n>b"

where |m), and |n),’ are the eigenstates of the commuting
number operators b Thand b’ * b’, respectively. The prod-
uct space 7", ® ¢ can thus alternatively be represented by
the product 77, ® 7} of Hilbert spaces whose orthogonal
bases are the sets |m)>, and |n),’ of number eigenstates, re-
spectively. The space 7, bears the states of the principal
output mode; #”| bears those of the parasitic output mode.
In these spaces the identity operators are 1, and 1;, respec-
tively. We can then replace b and b’ in (2.2) by b ®1,, and
1, ® b’, with b and b’ photon annihilation operators in #*,
and ¥, respectively. Inversely, the original annihilation
operators are given by

avl =«x*bol,, —k'1,8b’,

18a’' =«x'bol;, +x1,8b". (2.3)

The principal input mode might represent a harmonic
oscillator at the moment it is placed in thermal contact with
a heat bath. The effect of the heat bath is accounted for by the
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coupling with the parasitic mode, whose density operator is
p4 of (2.1). The principal output mode then represents the
oscillator at a later time ¢, and the transmittance « equals
exp( — yt), where y characterizes the rate of conversion of
coherent energy into heat. In this way the linear quantum
channel models the behavior of an attenuator. >3

Alternatively, the principal input mode might be the
radiating mode of the field in the aperture of a transmitter,
and the principal output mode might be the field mode it
excites in the aperture of a distant receiver. The parasitic
input mode then represents the environment as it contributes
thermal noise, and the parasitic output mode represents the
sink of transmitted energy that misses the receiving aper-
ture. * In both examples, the density operator of the parasitic
output mode must be calculated by forming the trace over
the states in the space #7; of the parasite.

3. THE OUTPUT QUASIPROBABILITY DISTRIBUTION

The state of the output of the quantum channel can be
calculated from the input state p, ® p§ by the method de-
scribed previously ¢ for handling the R-representation of the
density operators of coupled harmonic oscillators. Itis easier
to employ their quasiprobability distributions, and we shall
derive a simple formula for the QPD of the output density
operator p; in terms of that of the input density operator p,, .

The state of the combined input modes is

pospi= [ [ Wolws) W@ 9T @ —9e '@, —9)
% d2ad’a'/m, G.1)

where T '(a',5) is defined in terms of the operatorsa’, 4’ * by
an equation like (1.3). By a formula of Cahill and Glauber’s

[Ref. 7, Eq. (6.25)], we can write
T(a, —s)e T'(a', —5)
=4(1 + s)‘zexp[ln ( — |

s
s+ 1

) [(@* —a*)(a —al)

el +1e(@+ —a'*1)(d —a'l)] ] (32

Defining the complex variables 3, 8’ by the transformation
like that in (2.2),

B=ka+xa, B’ = —«Kka+«k*a, 3.3)
we find by (2.3)
@ —a*N@—al)el +18(@* —a*1) (@ —a'l)
=0b" - B*,)0b- B1,)e];
+1,90B'" — B*1))(' - B1,). 3.4

In the transition from input to output of the quantum
channel, the pair of operators a, ¢’ is transformed into the
pair b, b’ given by (2.2); and the operator T (a, — 5)
® T'(a', — s) goes into

T(B,—s)eT'(B',—5)
-1

=4(1 +s)'2exp[ln (z+1
Xb— p1)el, +1, ek’ —
X @b - ,Bl;)].

)(b v _ B*1,)
B*1;)
3.5
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The density operator of the pair of modes at the output of the
channel is then

pr= [ [ W@ Wi@ T (8, ~90T' (8"~
X d*ad?*a'/m,
with 8, 8’ givenby (3.3) in terms of , &'.

The parasitic mode described by states in the space 77}
being unobserved, the density operator p, of the principal
output mode is found by taking the trace of p, over those
states. Since Tr T'(B’, —s) = 1, we find

P = f f Wy(a,s) Wia' T (ka +«'a’, —s)
xd*ada'/m. €Y)
The QPD of the density operator p, is therefore, by (1.1)
Wi(rs)=Tr[p, T(7.5)]
= [[m@owi.s
X 6P(y —ka —xKa)d*ad’a'/m
= (W@ -t~ ra9)
X d*a/mx’?,
since by [Ref. 7, Eq. (6.40)],

Tr(T (B, — ) T(y:5)] = 76P(B — 7)
in terms of the two-dimensional delta function.

(3.6)

(3.8)

The QPD of the density operator p{ of the parasitic
input mode, given in (2.1), is

Wia's) =2QN +1—3s) " lexpl —2|a'|/QN + 1 —5)]
3.9
by [Ref. 1, Eq. (7.8)], and we can write (3.8) as

W) =20V +1-9"" [ Wa)
2c)Pla —x ! ;/12) d’a
K?QN+1—5)
=2Kk| " Hs— 1)~ ‘J Wya,s)

X exp [ —2la—«~"y’s— 1~ '1d%a/ 7,
where 7 is defined by
ks — D =x*2N+1—3)

X exp( — >
TK

or
7=1—|k| ~*(1 — s+ 2N«k'?).

By Cahill and Glauber’s displacement formula
Wi By =26 — 7" [ W@ exp [ ~2la— 8P

X (s— 7V~ '1d%a/m Rer<Res (3.10)
[Ref. 7, Eq. (6.41)], we finally obtain for the QPD of the
output density operator p,
W(7.s5) = || =2 Woly/x,1 — || ~%(1 — 5 + 2Nx'?)).
(3.11)
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The term 2Nk’ ? on the right-hand side represents the
addition of Gaussian random noise from the heat bath or the
environment. A model for the addition of such noise to an
oscillator with initial density operator p determines the final
density operator p’ by

o= f P@D@)pD *(@)d’a, G.12)

where
Pn(a) = ( 7N0)~ ! CXp( - laIZ/NO)’

N, is the mean number of noise photons added, and D () is
the displacement operator

D(a) =explaa™ — a*a). 3.13)

By using (1.1), (3.9), and the displacement formula (3.10), it
is not hard to show that the QPD’s of p and p’ are related by

W'a,s) = W{a,s — 2N,). (3.14)
In (3.11), Ny = Nx'?, as is to be expected from (2.3).

The QPD W, (a, — 1) = {a| pyla) is always nonnega-
tive and free of singularities. ! If we rewrite (3.11) as

W71+ 2°N — [«|*(1 — D) = || ~* Wy(7/K, )
(3.15)

and put 7= — 1, we see that for any transmittance x,
W, (y,1) = P, (y)/ = will be nonnegative and free of singu-
larities for a sufficiently large noise level, N> |«|?/ «' 2. [If
W, (7.8)>0 for any real value of s, the displacement formula
(3.10) shows that W, ( ¢, 7)>0 for any real value of 7 less
than 5.] If we call a state with a nonnegative and well-be-
haved P representative a “classical state,” we conclude that
the addition of sufficient thermal noise will turn an arbitrary
initial state into a classical state.

In interpreting (3.11) further, we take N = 0, writing it
as

Wi(y.s) = [&| ~* Wo(v/k,1 — k] ~*(1 ~5)).  (3.16)
Putting s = 1, we see that if the input density operator p,

possesses a Prepresentation, so does the output density oper-
ator p,, and by (1.6) their P representatives are related by

P(p)= |x| =2 P 7 /K).
The complex amplitudes of the mixture of coherent states at
the input,

po= f Pya)ia><al d’a,

contract by the transmittance «, as is to be expected. If, on
the other hand, W), (a,s) is singular at s = 1, so that no P
representation exists for the input density operator p, , none
will exist for the output density operator p, when N =0.

Putting N =0, 7= — 1 into (3.15), we obtain

W, (y,1 =2[k|*) = |«| = Wo(7 /k, — 1)

= x|~y /klpo| ¥/ x).  (.17)

The right-hand side of this equation is always nonnegative,
and by (3.10), therefore, W, ( ,5)>0 for s<1 — 2|x|2 Thus
the QPD W, ( v,s5) is nonnegative at least over a segment of

the Res axis whose right-hand end approaches the point
s = 1 as |«|* decreases to zero, the state p, of the output ap-
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proaching closer and closer to a classical state.

The nature of this approach to a classical state can be
understood by comparing p, with a density operator p}
whose P representation is

p;=|x\-2f v/ &l po| ¥/ k) | 7) (Vd%y /

= J (a} pola) \ka) (ka\d*a/ w. (3.183)

This density operator represents a classical state whose P
representative is

Pi(a) = || ~Xa/ k| pola /ky/ . (3.19)

Its QPD, at all values of s for which W, (a,s) exists, is by
(3.10),

W'(a,s) = Wi(as — 2|«
- jx(xa— B Wy(Bs)d?B,

K(x)= 7 '|x| ~*exp( — x*/|x|?). (3.20)

Toprove this, we note that (1.6), (3.17), and (3.19) imply
(3.20) for s = 1. Thence the displacement formula (3.10) im-
plies (3.20) for values of s with Res < 1, whereupon analytic
continuation extends it to all portions of the s plane where
W, (B,s) exists. As |k|>—0, the kernel K (Ja — B) ap-
proaches the two-dimensional delta function § @@ — B).

If as |«|>—0 we imagine increasing the mean number of
photons in the input state, while preserving the form of its
density operator and keeping the mean number of photons in
the output state fixed, the density operator p; defined by
(3.18) approaches the true output density operator p; in the
sense that

Tr(p} — o)’ = o(Ik]?). (3.21)
The proof is given in the Appendix. If the states |y, > forman
orthogonal basis,

IKxal(Pi— PO X ol = ITr [(p] — P X mp <X w11
<Tr(pi — p,)’ Tr(| ¥,y
X Xl X <X ml)

=Tr(pi — p1)* = o(lx[?)
by the Schwarz inequality. Thus in this limit the matrix ele-

ments of the operator p{ in any orthogonal representation
approach those of the operator p, ,

IKX al PUX m> — <X Al 1l X 2| = o(|K]).

As the number of photons in the input state becomes larger
and larger with the decrease of the transmittance « to zero,
the state it induces at the output of the linear quantum chan-
nel becomes ever more difficult to distinguish from a classi-
cal state, that is, from a mixture of coherent states with a
nonnegative density

PP =Ik| =X v/ k| pol ¥ / £>.

If the input state possesses a P representation whose P
representative P, () is negative in part of the complex a
plane, the P-representative P, (&) of the output state will also
be negative somewhere, and it cannot be approximated by
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p1, for which P {(a)>0 everywhere. If P, (&) < 0 for some
values of a, however, as shown by Picinbono and Rous-
seau, ® the operator p, in (3.18) with

Py(a) = |k|*P,(ka)
cannot be a density operator for arbitrarily small values of
[«], and the passage to the limit [x|—0 contemplated here
cannot be carried out. Eq. (3.20), with s = 1, indeed fur-
nishes an alternative proof of their result.

If we compare (3.20) with (3.14), we see that the ap-
proximate classical state p; at the output could be created
from the actual state p, by the addition of thermal noise
bearing an average number N, = |«|* of photons. Even at
the input (x = 1) the addition of thermal noise contributing
an average of only one photon suffices to turn any arbitrary
state p, into a classical state. The relative insignificance of
that one photon when the state p, itself carries a large aver-
age number of photons accords with the common belief that
fields with a larger number of photons in each mode behave
essentially like classical fields.

4. THE ATTENUATION OF A GENERALIZED COHERENT
STATE

To illustrate the usefulness of (3.11) we apply it to cal-
culating the density operator at the output of a linear quan-
tum channel when the input mode is a generalized coherent
state of the kind described by Stoler ® and Lu. '® The proper-
ties of such states | 5,1, , v, » Were extensively treated by
Yuen. '! They are the right-eigenstates of the operator

foa + voa™t, whereul — | vo|> =1,

(uea + voa * )N Bos o Vo> = Bol Bos to» Vo 4.1)

and for y, = 1 they reduce to the ordinary coherent states
| By >. (We assume , real throughout.) From [Ref. 11, Eq.
(3.20)],

K| Bo; hos Yoy = Ho~ V2 exp [ — §la)® — §| Bol?
+ @Bt +4vEBL—Lvoa*))/ pu].
4.2)
Hence by (1.5)
Wo(a, —1)= <a| Bo; to» Vo) (ﬁo;,uo, Vo |a)

N Vv n
= ,uo“‘exp(—|a— Bol* — ——(@* — Bo*)
2p

ve
2 po

withB, = g, By — v, BE. The QPD W, ( 7,s) for arbitrary
sis found by substituting (4.3) into the displacement formula
(3.10) with B replaced by 7,  replaced by s, and s replaced
by — 1. Upon evaluating the Gaussian integral one obtains
Wo(rs) = {[ud — 31 + 91 — wd v '}~

X exp{{{ud — 41 + 9 — 2w}

X {BA+9— w3 lly— Bol* — 4 pov8

X7 = Bl — 4 povo(y* — B2V} (48
The integration of (3.10) here requires Res < — 1, but by
analytical continuation the result is valid everywhere in the

4.3)

m—&ﬂ
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complex s plane when it is cut along the real axis in
s, <Res<s,, with

si=(o+ [ V> 1, s,= 57" =(po— | %l <1
For B, =0, (4.4) reduces to [Ref. 1, Eq. (7.41)], Cahill and
Glauber having already noted the interesting analytical
properties of the QPD of this type of state. Qutside of the cut
the QPD is real and positive for all real values of s.

If the principal mode at the input of a linear quantum
channel is in such a generalized coherent state, the QPD
W, (v,s) of the density operator p, at the output is obtained
by substituting (4.4) into (3.11). This QPD W, ( 7,s) is ana-
lytic over the s-plane cut in

5;< Res<sy,
where
si=6* 1+ 2N) + [c*s,, 55 =6"(1 +2N) + |x[’s,

The cut is now shorter by a factor |x|? and shifted toward
larger values of s by an amount depending on the noise.
When N = 0 the cut still includes the point s = 1.

The output density operator o, , as we shall prove, can
be written as

P =U,V)pB U " (1, v),

where

4.5)

() = (7N~ f exp(— |a — 8*/N")|a) <ald ’a
(4.6)

is the density operator of a harmonic oscillator containing
both a coherent signal of complex amplitude & and thermal
noise contributing an average number N’ of photons, and
U (p,v)is the unitary operator transforming the annihilation
operator a intoua —va +,

Ut (uv)aU(uv)= pya—va™,

Ut (uviatU(uv)= pa™* — v*a, 4.7)

with 4 2 — |v| 2 = 1. The parameters x, v, N’, and & of the
output state p, in (4.5) are given by the equations

N'@? + (N’ + D|v|* = [«|*|v|* + &N, 4.8)
AN’ + D pv =2 o vo, (4.9)
8= px By + v* Bo*, (4.10)

in terms of the parameters y,, v, , and Bo of the input. If for
simplicity we take v, and « real, (4.8) and (4.9) can be solved
by determining € from

204 v,

tanh20 = ]
2N + 1 + 23 v
whereupon
u = coshf, v =sinh 6,

2N’ + 1 = 2% g v, /sinh 26.

Equations (4.5) and (4.6) show that the output state p, pos-
sesses a P representation in terms not of the usual coherent
states |a), but of the generalized coherent states

las u, v> = U(pw)|a), 4.11)
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that is,

pr=@N)"! f exp(— |a — 8|°N")|a; u,v> {a; p,v|d *a.
“4.12)
To prove (4.5), we use (1.1) to determine the QPD

W, ( 7,5) and equate the result with (4.4) after its substitution
into (3.11). Now

W(vs)=Trp, T(y.s)
=Tr[U(uv) pBO)U * (uV)T(7.5)]
=Tr[ pG)U * (V)T (7)U (1,v)]
=Tt pOT (7.5; u,Y)],
where by (1.3)
T(ysipv)=UT(uNT(r)U(4,v)
= f CXP( vE* — v+ -;—S|§ l2)
XU () D(EW () d*/m
=fCXP( vEr— v+ —;—SIflz)
XD(us+vENd*E/m
since by (4.7) and (3.13)
U (pv)DEYU(uw)
=explé(ua™ —v*a) — £*(pa —vat)]

=D(pE+vE*) = D(),
T=pf+vEr

After substituting (4.14) into (4.13) we must evaluate

(4.13)

@.19)

@.15)

Tr[ p(6) D (1] =(ﬂN’)“’fexp[— |a ~8*/N']
X (a| D(1)|a) d’a
= (ﬁN')“’Jexp(-—N"‘la—ﬁ{z

+a*r—71* —4|7[)d%
= exp[8*r — 8r* — § N’ + )|7]*].
- (4.16)

Combining (4.13) and (4.14) and using (4.16) we obtain

W79 = [ exl ye* — 76 + 45lE P+ 6(ug + v %)
—B(uE* +VE) — (V' + DI pf + vl d%
= [expl(r =206t~ (r*~ 2%
~ (V' + D) (2 + [v]) — 3s1I€ )2

~(N'+4) pvE* —(N' + Puv*é*td*/n
4.17)

after some algebra, where
A =Tr(p,a) = ud — vé*. (4.18)

After evaluating the bivariate Gaussian integral, we find for
the QPD
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Wi (7s)
=M~ Vexp(— M {I(N'+ 3 (12 + WD)

~ BV + N+ Huvty”

+ (N + D pvPwye2]}), 4.19)
where
7/ =¥y 19
M=[(N'+3) (£ + |v]) — 4s1° = QN + 1)’ p?|v]”.
(4.20)

When (4.4) is substituted into (3.11), we find

Wi(7s) = {[ud — 46" + DI —pdlvo 12} —2
Xexp({[u2 — 4" + DI — pid |vo [}~
X{[%(sl + D) —uillc vy~ Byl — duovo
X (* 7y —BE — L pov*
XK~y — By}
with s' = 1 + |«| ~*(s — 1 — 2N«"?). Equating correspond-
ing terms in (4.19) and (4.20) we obtain (4.8), (4.9), and
A= ub — vé* =kf,.
Solving this last equation and its complex conjugate for §
yields (4.10). In Ref. 12 (4.5)—(4.10) were derived for ¥ =0
by using the R-representation and the method of Ref. 6; the
calculation was far more tedious than this.
When they carry a large average number of photons,
these generalized coherent states manifest the similarity to

classical states mentioned at the end of Sec. 3. This similarity
is illustrated by the behavior of the “bunching ratio”

R = [Tr(pga* %a?) — (my?) /n)?,

n> =Tr(pya ™ a).
It is known !! that R can be negative (“‘antibunching”) for
such states if the parameters u,, v, and 3, are appropriate-
ly chosen. It can be shown, however, that when the average
number

<ny = | Bol? + [vol®
of photons is large, the minimum attainable value of this
ratio R is approximately equal to — {n> ~ ' and goes to zero
as the average number {n) increases without bound !*. If the
input to a linear channel is in such a generalized coherent
state, the bunching ratio of the state of the principal output
mode will be the same as that of the input, but the mean
number of photons upon which to try to observe antibunch-
ing will be less by a factor of |«|*.

APPENDIX
To prove (3.21), that

Tr(p,' — p,)* =Trp’ — 2Tr pi py + Trpi = o(|k|?)
(AD)

as |k|>—0, we evaluate each term by means of a general for-
mula for the trace of the product of two arbitrary density
operators p, and p, in terms of their QPD’s,

Tr(p, p) = f f W) Wi Bos) Tr[T(@ — 5,)
x T(p, —sz)]d2a dzﬁ/‘n'2
— 254 5! ” W (@) Wyl Brsy)
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_n2
><exp(——z-l-a—ﬂ)afzadzﬂ/ﬂ2 (A2)
81+ 5,
by (1.4) and [Ref. 7, Eq. (6.39)], the real part of s, + s, being

positive. Thus with s, =5, =1,

Trp, %= ” Wil Wi(B1) exp(— Ja— B
X d’adB/ . (A3)
From (3.20) withs, = 1,5, =1 —2 |k|% s, +5, = 2¢'?,

Tepi o =21 +5) 7" [ Wi@s) WiCBs, + 2P
X exp(— 2—la—_-'g—’i)dzadzﬁ/ﬁ2

S+ 5,
=K’_2fj- Wila,1) Wi(B,1)exp(—«' 2

X la —B|~Dd*ad?B/ T (A4)

Finally by (3.20), taking s, =s, = 1 — 2|«|?in (A.2),

Tr o} =(1—2|Kl2)"JfWi(a,l)Wi(B,l)

Xexp [ —(1 =2« " 'a— BI*1d*ad?B/ 7
(AS)

Hence, with P {(a) = W |(a,1)/ 7 the P representative of
the approximate density operator p}, we find

Te(pt —p* = [ [ Pi@ PU(BYFa — B d%ad?s,
(A6)

in which

F(x)=e {1 — 2 ~ 2 exp(— ||2x*/K'¥)

+ (1 —2|x|®) ~ Pexp[ — 2jx|2x*/(1 — 2|k}
(A7)

Keeping the mean number of photons in the output
mode fixed as |«x|>—0 is equivalent to keeping P () con-
stant during the passage to the limit. Expanding the expo-
nential functions in the brackets { }in (A7), wefind that the
terms of order |«|° and |«|? cancel, whereupon F (x) is pro-
portional to |«|*, and Tr(p; — p,)* vanishes faster than ||
as |k|*—0, as in (3.21).
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Gravitational duality and Backlund transformations®
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We analyze various forms of duality symmetry transformations occurring in the theory of axially
symmetric gravitational fields and their relation to standard Bécklund transformations.
Appropriately interpreted, duality rotations provide genuine Béicklund transformations for the
fundamental SL(2,R) invariants associated with the metric, consisting of elementary algebraic
substitutions; thereby the construction of the metric reduces to the solution of linear equations.

I. INTRODUCTION
A. General

Recent work concerning axially symmetric gravitation-
al fields'™ revealed an interesting connection with a large
variety of two-dimensional nonlinear systems, that were pre-
viously integrated by inverse scattering methods. Whereas a
direct application of the inverse method to the gravitational
problem is halted by a number of technical difficulties, Back-
lund transformations seem to lead to interesting results. A
solution-generating procedure, in some respects analogous
to a Biacklund transformation, was already derived through
the elaborate work of Kinnersley and Chitre.® Therefore, it
appeared reasonable to ask whether their program hinges on
the existence of a symmetry transformation of the Biacklund
variety. While examining this question, we became aware of
a recent paper by Harrison® where a Bicklund transforma-
tion is derived. Nevertheless, we have decided to communi-
cate our observations for they address the connection be-
tween the duality rotation, on which the construction of the
Kinnersley—Chitre hierarchy is based, and standard Bick-
lund transformations.

A simple connection does indeed exist. Appropriately
interpreted, the duality rotation provides a Biacklund trans-
formation for the three fundamental SL(2,R ) invariants as-
sociated with a metric, and consists of simple algebraic sub-
stitutions; while the solution obtained this way for the metric
itself is only a special solution associated with the same in-
variants. Of course, knowledge of the invariants reduces the
construction of the full metric to a system of first order linear
equations. A stronger result is obtained in a special case, the
SL(2,R ) ~O0(2,1) invariant nonlinear o model. Exploring
the duality rotation, the construction of both invariant and
variant fields is reduced to elementary algebraic quadra-
tures. Although such an elementary algorithm is not yet
available for the full theory, our considerations suggest its
existence.

An important link among the gravitational duality ro-
tation, the Bicklund transformation and previous exper-
ience with similar systems is provided by yet another form of

“Research supported by the National Science Foundation under grant
number PHY77-23512.
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duality pointed out by Maison.* The reader who feels un-
comfortable with the plethora of duality symmetry transfor-
mations should find the present article helpful. Otherwise,
we do not intent to provide an extensive list of solutions to
Einstein’s equations. The explicit examples that we work out
are chosen to illustrate the main ideas and do not necessarily
describe physically interesting situations—no special effort
is made at this stage to comply with reasonable boundary
conditions.

We furthermore restrict ourselves to the description of
nonstationary fields, e.g., collision of gravitational plane
waves or cylindrical waves.®® With the identification of var-
iables explained by Maison in,* this reduces to the theory of a
real chiral field ¢ ¢, @ = 1,2,3 satisfying the equations of mo-
tion, written here in two equivalent forms:

(ré X¢n)§ + (¢ X¢§)1, =0, Tne = 0,

¢’=¢¢, = — 1 (1.1a)
1

¢n§ + i; (7'1,¢§ + 7'§¢1,) = (¢17 ‘¢§)¢9

Ty =0, ¢°=—1 (1.1b)

77 and £ are characteristic real coordinates. Scalar contrac-
tions are performed with the metric (g,,) = (— 1,1,1),
whereas the cross product is defined with the usual antisym-
metric tensor €*, while €,,. = — €. The global SL(2,R )
symmetry, and invariance under the conformal transforma-
tion 7 — f; () and £ — £, (£ ) are manifest.

In the remainder of this section, we state Maison’s re-
sult and explain the so-called gravitational duality rotation
in a way suitable for our subsequent discussion. Section II
analyzes in detail the special system obtained from (1.1) by
setting the background field  equal to unity—the O(2,1)
nonlinear o model. Section III deals with the complete prob-
lem. Since our conventions differ slightly from those of,* an
appendix describes the construction of the metric in terms of
the fields employed here.

B. Reduction and duality

A moving orthonormal trihedral is defined as
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\/;2—‘?511 +\/Z¢§ e, = v k2¢n—‘ v k1¢§

e,=¢, e = sy €y =
2V bk, cos(a/2) 2V h,h, sin(@/2)
hlE¢3;’ h2§¢2, cosa= (¢n¢§) = d
Vh,  Vhh
(eie)) =(8y) =(—LL1). (1.2)

The equations governing its space—time displacement are derived by using the equation of motion (1.1) and elementary
completeness arguments. One obtains

0 V h, cos—oi, \/h_sin2 " ]
é 2 ) e
—_— o a, h 172 T .
e, | = \/hl cos?, 0, 5 T (—h—l) Ei—_sma e, (1.3a)
2
S h 172
e, \/h1 sing-, _ L + (——1-) 7-—gsina, 0 [
L 17| 2 2 h, ] 27 JL
- i — a T a 1r
e 0, \/h2 cos;, —\/h2 sm? 31-‘
— a a h2 172 T .
e - \/h cos —, 0 - £ (—) —L- sin,
2 2 D) 2 + A o ax e 1. (1.3b)
— h 172
€ |, ~\/h2 sinﬁ, g _ (—%—) l"—sina, 0 €,
L0l | 2 2 \n/) 7 [

The equations of motion satisfied by the invariants 4, , 4, and o (or @) may be obtained as the integrability condition of Eqgs.
(1.3a) and (1.3b):

(th)); + 7,0=0, (vhy), +7,0=0,

k 1/2 h 1/2
e =V hih, sina + [gi(h—‘) sina] + [In_(h_2) sina] ,
£ 7

T\ A, 2r \ A,

o=V h,h, cosa. (1.4)

This completes the reduction of the original system (1.1). It may be said that (1.3) is the “linear” problem associated with the
“reduced” system (1.4). We should emphasize, however, that this is not yet a genuine Lax problem, for an eigenvalue
parameter is missing in Egs. (1.3). To put it crudely, a theory that possesses an invariance group can always be reduced toa
system of equations analogous to (1.3,4); which does not in general lead to a Lax problem. This is possible for a distinct class of
nonlinear systems that admit a duality symmetry transformation. Such a duality transformation was first discovered by
Pohlmeyer, in the O(¥) nonlinear o model.’ A class of Fermi interactions'® and the linear ferromagnetic chain'' were
subsequently shown to possess analogous structure. For the theory under present consideration, the duality transformation
was derived by Maison.* We first outline its content, and describe the consequences throughout the paper.

The first of Egs. (1.1a) is written in the form of a local conservation law, which is Noether’s current conservation
associated with the SL(2,R ) invariance. We may “trivialize” this equation by introducing a dual vector field Q %, through the
compatible equations

T¢ X¢1} = _Qap T¢ X¢§=Q§ (15)
In turn, the dual field Q satisfies the equation of motion
Qe + (1/1NQ, XQe = (1/27)(7,Q; + 7:Q,)- (1.6)

In the special case 7 = 1, Eq. (1.6) is nothing but a fancy way of expressing the fact that the current densities appearing in
(1.1a), with 7 = 1, are “pure gauge” fields

(¢ X¢e), — (& Xd,); — 2P X¢,)X($ X¢,) =0. (1.7

This follows merely from the constraint 2 = — 1. What is interesting here is that the presence of the background free field 7
in (1.6) does not disturb the essential consequences expected from a pure gauge condition such as (1.7). Namely, a duality
transformation may be derived as follows. Given a solution of the equation of motion, the linear system

R, =(1— )¢ X$,Yr.R= — (1 —7.)r ~'Q47.R,
Ry =(1—7," )¢ X8)r,R=(1~7," )y ~'Qir,R,
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§—

[l

(1.8)

is a system of compatible equations. Here, 7, are the generators of SL(2,R ), [7,,7, ] = €,,.7°, and s is an arbitrary real
parameter; 7 is conjugate to the free field 7, 7, = 7, and 7, = — 7,. Furthermore, we can normalize R such that

detR =1 —>ReSL(2,R).

Most importantly, the one-parameter family of fields defined from

¢ 97, =R ~'¢°r,R

(1.9)

satisfy the original equation of motion for arbitrary s, in the background field 7*:

T+ 7

o 1 T—7F ]
1—2(r+P1’

201 4+25(7 =7
% =0.

n

(1.10)

This completes the construction of the duality symmetry transformation. Its consequences will be described in later stages.

C. Gravitational duality

We finally turn to a preliminary description of an alter-
native form of duality that emerged in earlier discussions of
axially symmetric gravitational fields, e.g., see Ref. 2 and
references contained there. It will be necessary to clearly
distinguish it from the duality discussed in Sec. I B. With no
exception, we shall refer to it as the G duality. In order to
reveal its content, we abandon manifest covariance under
SL(2,R ) transformations. We thus introduce the Lewis—Pa-
papetrou (L-P) parametrization of the chiral field ¢ ¢

1

o'+ =/, ¢‘—¢25w2f+7, é°=awf, (1.11)

so that the constraint ¢ “¢, = — 1 becomes automatic. The
two independent equations satisfied by the real L-P param-
eters fand w are easily derived to be

(7f*w,)e + (tf0;), =0
[7(frow, —f )] + [((froo, —f )], =0,
(1.12)

to be supplemented by r,, = 0. Using the dual potential in-
troduced in (1.5), specifically

nN=0'+0% 0, =-1f0,, 2 =1f0,,

(1.13)
an equivalent system for fand £ may be derived
(r 7Y M) + (0T ), =0
(r = 72002, +7f " f,)
+@ Y N +7f ), =0 (1.14)

The crucial observation is that (1.14) follows from
(1.12) under the formal substitution:

1
— ——
f 7
and, of course, 7, = 0. This simply means that a new chiral

field F ¢ obtained from (1.11) under the same formal substi-
tution, namely

w0, (1.15)

1 2 I 1 2 '02
F'4+F°= —, F'—F?= v 4 7f,
Tf f
=" pp - (1.16)
Tf
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is also a solution of the original equation of motion in the
same background field r. This symmetry transformation
constitutes what we call G duality.

Il. CHIRAL O(2,1) THEORY (7 = 1)

We begin the detailed analysis of the concepts described
above, and their relation to Biacklund transformations, in the
special system obtained from (1.1) by setting r = 1. Thisisa
nonlinear o model with O(2,1) symmetry. The specialization
of the equations given in Sec. I to the present problem is
obvious. We shall gradually reproduce them as we proceed
with this discussion. The theory of the O(2,1) o model is
fairly analogous to the well studied O(3) model {9,10]. The
added element here is the G duality outlined in Sec. I C.

The reduced system (1.4) simplifies to

hl,§ =0= hz,n ’ 2.1)

It was already mentioned that the equations of motion are
invariant under conformal transformations. We may exploit
this freedom to impose appropriate gauge conditions. The
most convenient choiceish; = 1 = k,. We shall refer toit as
the canonical parametrization or canonical conformal
frame. With this choice, the first two equations in (2.1) be-
come trivial, whereas the second is the well-known sine-Gor-
don theory.

It will be important to examine the transformation of
the fundamental invariants 4,, 4, and o = (h, h,)"? X cosa
under the duality transformation (1.8), which now reduces
to

a,. =V hh, sina.

R, =1 -y)¢ X4,)7.R,

R, =1~y )¢ X¢;)7.R 22
with y an arbitrary real constant. Starting from a solution ¢
with invariants 4,4, o the invariants of the associated dual

ray ¢ Per, =R ~'¢°r, R, are easily calculated to be
h(ly)zyzhly hgy)=},~2h2’ o =a. (2.3)

We wish to illustrate this situation in a simple example. We
start with the solution:

{¢°) = (cosh(n + £),0,sinh(y + £)) @4)
in the canonical frame 4, = 1 = A, ; one also calculates
o =1, ora = 0. Using (2.4) as input in (2.2), the construc-
tion of R is trivial. Not surprisingly, the dual ray associated
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with (2.4) is found to be

{¢ "} = {cosh(yn + ¥~ '£),0,sinh(yn + y ~'£)},
(2.5)

with invariants 2 ” = >, B Y = y =2, ¢ = 1 as expected.
This example might in fact lead to false impressions. It ap-
pears that the effect of a duality transformation is equivalent
to an ordinary constant conformal transformation or even a
Lorentz transformation. This is not the case, however. In
general, a solution depends on a number of parameters ¢,¢’,
-+, aside from the dependence on the duality parameter y. A
duality transformation amounts to redefining 7, but leaves

The integrability condition is a,, = sina, for arbitrary 7.

[ ] i 0 a a1
e, ycos—2~— ysm—i— e
a
e = | ycos= 0 = e
2 Y 3 2 2
.« a
e sin— — L 0 e
o K e 2 0]
e, 0 ¥y~ 'cos — ——y“sin—1
a
e = ~lecos — 0 _
? 4 2 2
a
e —ytsin % £ 0
A O 2 2

unchanged €,€’,--- ; which distinguishes it from conformal or
Lorentz transformations that uniformly transform all
parameters.

We return to the general case and state the derivation of
a Lax problem associated with the reduced system (2.1). Ob-
serve that the invariants entering the sine-Gordon equation,
h, h, and @, remain unchanged under duality transforma-
tions or, equivalently, they do not depend on the duality
parameter y. In particular, 4, 4, = 1 in the canonical frame
as well as in the frame #; = %%, h, = ¥ ~ % The transcription
of the “linear” problem (1.3) into a genuine Lax problem
should now be obvious. We simply set 7 = 1 and h, = 2,

h, =y~ %in Egs. (1.3)

. (2.6)

Starting from (2.6) a Biacklund transformation can be derived along the lines of.' We only state the result that can be
verified by an elementary, but relatively tedious, computation. Given a solution ¢ ° in the conformal frame h, = y*, h, =y ~?

with invariant (¢, -¢,) = cosa, the chiral field F*:
1

Y —é

_ v b, 1 _ v b — Vs

a=g &= 2 cos(a/2) 8= 2 sin(a/2)

F=

[(?’2+€2)€1 + 2€y[cos%e2 —sin%eS]}, FeF, = —1

(2.7a)

is also a solution, in the same conformal frame and (F, -F,) = cosa’, provided that @ and a' are related by the standard

Bicklund transformation:

(“ _“> =esin(a +“), (“ +“) - isin(“ _“), @.7b)
2 ), 3 )T e

with € an arbitrary real constant. The Bicklund parameter € should be clearly distinguished from the duality parameter ¥,
even though an interesting interplay between the two will be shown to take place in connection with G-duality transform'a-
tions. Before turning to this question, we apply (2.7) to the simple solution (2.5). The resulting one soliton solution is written in
the form:

i
modulo an arbitrary constant O(2,1) rotation (trivial posi-

tion parameters have also been omitted in the above
expression).

1 2 __ l
F'4+F*= ——Yz_e_z[(}’z+ez)cosh9

— 2ey sinby sinhf 3 1 The Biicklund transformation (2.7) reduces the con-
coshy struction of arbitrary multi-soliton solutions to quadratures.
1 - intri lation between this Bicklund
F3= + €2) sinh@ — 2ey tanhy cosh8d 2.8 We now reveal an intricate rela t 1
y—€ o” ) y o I es transformation and the G duality described in the end of Sec.

I. This will in turn provide an elementary algebraic algo-
rithm that can replace the Riccati equations (2.7b), in the
construction of higher soliton solutions. The precise content
of G duality was already stated in Sec. I C. We shall only

h;E(quFr]):yz! hEE(Fg‘F5)=?’_2,
o'=(F,F,)=1—2cosh™?
O=yn+y '¢, x=en+e ',
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have to specialize the appropriate formulas by setting 7 = 1.
Hence, starting from a solution ¢  characterized by the L-P
parameters fand w, see Eq. (1.11), and defining a dual poten-
tial 2 from

N, =—f, 02 =f’o, 2.9)
a new solution is obtained by a G duality transformation,
namely

F'+F*=1/f, F'—F*=Q%f+f, F*=Q/f.

(2.10)

It is important to examine the transformation of the
fundamental invariants A, , 4, and o under G duality. We
first express the invariants associated with the solution ¢ ®in
terms of the L-P parameters fand o

hl E(¢1}'¢1}) =f2a)3, +f -2 :y
h, =6 ¢;) =f2(0§ +f _2f§2
UE(¢"'¢§) =f20).,’(0§ +f _zf‘n.fg .

The invariants associated with the solution F° are readily
calculated from (2.10)

;E(Fn'Fq) =f2a)3] +f—2 7?3

@.11)

hi=(F,-F) =10} +f ~f} (2.12)
O=F,F)= —f 0,0, +f f, f; .
Comparing with (2.11), we deduce
1=h, hi=hy, O+o=2f"f. (13

The first interesting observation is that G duality pre-
serves the conformal frame (h | = h,, h 5 = h,), butinduces
a nontrivial transformation for the invariant o, a property
shared by the Bécklund transformation (2.7). Secondly, the
transformation formula (2.13) for the fundamental invar-
iants does not contain the dual potential £2, contrary to the
situation for variant fields, see Eq. (2.10). In order to appre-
ciate the meaning of the above observations, we find it conve-
nient to continue our demonstration with an explicit
example.

As we did for the Biicklund transformation, we apply
the G duality transformation to the simple solution (2.5). We
immediately identify the associated L-P parameters

Sf=coshf, w=tanhd, O=yp+y % .19
and thereby calculate the dual potential £2 from (2.9):

R=y -y, (2.15)
up to a trivial additive constant (such position parameters

are systematically set equal to zero). Direct application of
(2.10) and (2.13) yields:

1 0?2
F'4y F?= , F1_F?= ho,
cosh@ cosh@ +cos
0
F3= . ' =h =97, 2.16
oshd i =h =7 (2.16)
hy=h,=7"% o0 =1-—2cosh 2.

Comparing with Egs. (2.8), we immediately realize that the
effect of G duality on the invariants is identical to a Bicklund
transformation; whereas it is easily seen that the variant

fields in (2.16) are not related to the corresponding fields in
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(2.8) by a constant O(2,1) rotation. The resolution of this
apparent paradox is obtained by the following consider-
ations. Notice that, in contrast to (2.16), the variant fields in
(2.8) depend on two essential parameters, the duality param-
eter ¥ and the Biicklund parameter €. However, the invariant
o’ depends only on the Biicklund parameter. Hence, despite
the fact that we are dealing with a nonlinear system, expand-
ing the equality (equation of motion) F,.( ;€,%) = o’( ;€)
X F( ;€,7) around ¥ = €, and keeping the leading term, we
obtain a solution with the same invariants as F( ;¢;¥). The
only provision is that F should be regular at ¥ = ¢, so that a
y-independent leading term may be identified. Simple in-
spection of (2.8) reveals the opposite. Recall, however, that
an arbitrary constant O(2,1) rotation can be applied to Fthat
may well depend on the parameters ¥ and €. Indeed, we
found that the following O(1,1) rotation in the 12 plane ren-
ders the solution regularat y =€

_ 1 l+(y—€f 1—(@y—e?
_2('}’—6)[1—(7_6)2 1+(},_€)2]. (2.17)

Applying it to F given in (2.8), and expanding carefully
around ¥ = ¢, one finds for the leading term:

2
F‘+F2=i[ﬂ +cosh,y],
2¢ Lcoshy
F'_F?— i, o P

coshy coshy

hi=¢€, hij=€¢"? o =1—2cosh™ %

y=en+e '€, R=en—e 't
Direct comparison with (2.16) establishes that this solution
is equivalent to the result of G duality, modulo a remaining
trivial O(2,1) rotation and the identification y = €.

The general pattern should now be clear. We thus sum-
marize our main conclusions for the chiral O(2,1) theory.
Combining the Bicklund transformation given in (2.7a) and
the G-duality transformation for the invariant o (or @) given
by (2.13), we have essentially arrived at a completely alge-
braic procedure for the construction of multi-soliton solu-
tions. It is straighforward and can be explained in words as
follows: A solution ¢ ¢ in the conformal frame 4, = 2,

h, =y~ ?is characterized equivalently by the L-P param-
eters f, ,w, ; the subscript indicates the dependence on the
duality parameter . Using (2.13) with f = Sy = ¢» We con-
struct the once-transformed invariant ¢’. Inserting o’

= cosa’ into (2.7a), we obtain a new solution again parame-
trized by the duality parameter y in addition to the Bicklund
parameter €. After a general constant O(2,1) rotation is per-
formed, we identify new L-P parameters /' ,w; ; inserting
f,— ¢ into (2.13) we obtain a new potential 0", etc. We thus
obtain a hierarchy of solutions all parametrized by the dual-
ity parameter ¥, in addition to a sequence of Bicklund pa-
rameters €,¢’,€” .-, and a set of position parameters intro-
duced through the constant O(2,1) rotations, performed at
each stage of the iteration. In such a scheme, explicit solution
of the Riccati equations (2.7b) is avoided.

It may seem surprising that a manifestly O(2,1) covar-
iant Bécklund transformation such as (2.7) is intimately re-
lated to the “noncovariant” prescription of G duality. We

(2.18)
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note, however, that alternative formulations of the Bicklund
transformation in terms of a pseudo-potential® also abandon
manifest covariance. In fact, it appears possible to express
the logarithmic derivatives f ~'f, and f ~'f; in (2.13) in
terms of a pseudo-potential satisfying appropriate Riccati
equations. We shall not elaborate on this point, as it will not
be essential for our subsequent considerations.

We conclude this section with some comments on the
important qualitative differences between the duality trans-
formation (2.2,3) and the Bicklund transformation (2.7a,b).
They can be best understood in the context of the inverse
problem deriving from Eqgs. (2.6), see Ref. 10. Duality inter-
relates the Jost functions to one another, while it leaves the
potential unchanged. In contrast, a Bicklund transforma-
tion induces a nontrivial change on the potential by adding
to it one bound state at each stage of the iteration. Such
intriguing structure underlies, in fact, most of the surprising
properties of a large class of integrable systems.

Hl. THE GENERAL CASE

The analog of Eq. (2.7a) is not yet available for the com-
plete (75£1) theory. This prevents the direct generalization
of the elementary Backlund algorithm derived for the O(2,1)
nonlinear o model. However, the lesson from the preceeding
discussion is that a genuine Béacklund algorithm may be de-
rived for the fundamental SL(2,R ) invariants, exploring the
G-duality transformation; thereby, the construction of the
corresponding variant fields reduces to the solution of linear
equations. We anticipate that the analog of (2.7a) will be
obtained in the future, in which case some of the subsequent
considerations will be substantially simplified.

Aside from certain technical differences, the spirit of
the following construction is similar to the considerations of
Sec. I1. The conformal freedom may be eliminated by re-
stricting to the canonical frame:

T=1,=0+§. 3.1
For instance, a simple solution in the canonical frame is giv-
en by

{¢“} = {cosh(n — £),sinh(n — £),0}. (3.2)
Most of the following arguments possess an obvious exten-
sion to arbitrary solutions. For concreteness, we discuss for
the moment the solution (3.2). Along with it, it will be essen-
tial to consider the associated dual ray constructed by per-
forming a duality transformation. The function y, entering
the duality equation (1.8) is now

B [ 1+ 4s€ 12
s ™ m ,
since 7 =7 + &, 7 = 17 — £. For the construction of R asso-
ciated with (3.2), we use the real basis of SL(2,R ):

(3.3)

7= — /2oy, 7, =40, 73 =40y, [TalTb] = €ape T
with €,,; = — 1. Inserting (3.2) into (1.8) and solving the
resulting linear equations, one finds
1 1
R:a[——[— -1
p 2K 13 >

x (1 =V (1 + 4s& )1 — dsp) )]03}
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detR=1, R(s=0)=1. 3.4)
The dual ray associated with (3.2) is readily calculated to be:
{@ @} = {coshd,,sinh8,,0}

1
0= [1-V(+4ase)1—asp) ], (3.5)
a solution in the conformal frame
T(s) — § + 77 . 3.6
14 4s& 1 —4sy -6

This solution reduces to (3.2) at s = 0, but not under the
ordinary conformal transformation 7 —7 + £.

With this concrete example in mind, we return to the
general problem. Under duality, the invariants transform
according to

WY =vh, hY =y "hy, o¥=0 ER)
It is also useful to know that
(s) ) —2
In yf_ , T _ N (3.8)
™ og+E 0 g+

The main difference from the discussion of Sec. I1 is
that 4, and A, satisfy nontrivial differential equations, see
Egs. (1.4). In order to arrive at a Lax problem, it will be
essential to parametrize these equations in terms of quanti-
ties that are invariant under duality transformations (see
Sec. V of Ref. 10 for a similar discussion). This task is in fact
straightforward. Direct inspection of (3.7) and (3.8) suggests
that an appropriate change of variables in (1.4) is obtained by

Th, =1, H,, 3.9)
where H, and H, are invariant under duality transforma-
tions. We also note that 7~ 7, 7, is invariant so that it as-

sumes its canonical value (7 + £) — 2. With these qualifica-
tions, the reduced system (1.4) reads:

H,+0=0 H,, +0=0

(H,H)'"* . 1( 1 (Hl )‘/2 . )
a,, = ————sina +———|—|] sina
77+§ 2 77+§ Hz &

Gel) )
+ — -{—) sina
2\n+§\H, 7

_ (H,H)"”
=
n+§

Further simplification is achieved by noting that an integrat-
ing factor 8 may be introduced through the compatible equa-
tions H, =f,, H, = B,, so that the first order equation in
(3.10) may be replaced by a second order equation:

B, + o = 0. This fact will not be used in our subsequent
discussion.

We must transcribe the *“linear” problem (1.3) in the
above variables. The prescription is standard. The elements
of the orthonormal trihedral are constructed in terms of the
dual ray, associated with a solution in the canonical frame,
and are functions of the duality parameter s. Accordingly,
the invariants appearing in the matrices of (1.3) are identi-
cally replaced by

Th, =7, H,,

(3.10)

0oscx.

7
h’ = _LH] = 7? H, ,
i n+¢

N. Papanicolaou 2074



s) -2
=g - _u,
7 n+§
H,, H, and o do not depend on the duality parameter s. For
future reference, we also note that the matrices in (1.3a) and
(1.3b), denoted by C, and C, respectively, are real superpo-
sitions of the generators of SL(2,R ) in the vector

representation:

o9 =a. (3.11)

C] =‘2)‘11 Ia’ C2 = w3 Ia’ [Iaflb] = €gpc I
[0 0 0 0 0 1
I,={0 o —1|, ,=|0 0 o0f,
10 1 0 1 0 0
[0 1 0
IL=|1 0 0 (3.12)
0 0 O
€¥= —€, =1

Using (1.3), (3.11) and (3.12) we write explicitly,

H -[ %y + L (El—)m sina
LI=1"72 "o \& ’

Hl 1/2 a I{1 172 a
Vs (—) sin —, ¥, (—) cos —]
n+§ 2 \p+4 2

{0} = {a_g — ———}———(&)m sina
’ 2 2 +&)\H, ’

—1( H2 )1/2 L a “( H2 )1/2 a]
—-¥ \—— Sin —, ¥ cos —t.
n+¢ 2 n+¢& 2

The integrability condition is now written as

(3.13)

(3.14)

and leads to Egs. (3.10), for arbitrary value of the duality or
eigenvalue parameter s. This completes the lengthy, but nec-
essary, preliminaries that will enable us to construct soliton
solutions to the generalized sine-Gordon system (3.10), by
exploring elementary G-duality transformations.

In analogy with Sec. II, our main assertion is that G
duality provides Bicklund transformations for the invar-
iants H,, H, and o. Starting from a solution characterized
by the L-P parameters f and @ and invariants

hy =f2a’f, +fA2 ;» h, =f20)§2' +f~2.f§21
o=flw,0; +f " fe

the invariants associated with the transformed solution giv-
en by (1.16) are calculated to be

w?,g - wg,n + efzba)? wg = 0’ a,b9c = 1,213

(3.15)

[=(F,F) = 0] + (IT”— + f-")2

S
hy=(FFy) = f b + (Tf + %)2 (3.16)
O=(F, F) = —flo,0, + (1:— + ffl) (775 + J;i)

We noticed earlier that G duality transformations do not
change the conformal frame. In other words, they preserve
the value of the background free field 7. For this reason, we
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do not have to specify the choice of the conformal frame at
this point, as long as 7, = 0.
Combining Eqgs. (3.15) and (3.16), we obtain

o o )
hi—hy = Tf(rf +2f7§) G.17)
et (5 Y )

In the light of our preceeding discussion, it will be necessary
to rewrite these equations in terms of the duality-invariant
variables H, and H,. Using the definition (3.9) and Eqgs.
(3.17), one finds:

2
H;__H1=T_"+ﬁ
T S
2
H—H = e (3.18)
T f

o+o= £ te + (T—” + &)(ﬁ— + é).
f? Y FA S

The finer details of the above formulas will be illustrat-
ed in a concrete example. The argument explaining the fact
that (3.18) may be used in place of a Backlund transforma-
tion is perhaps laborious. The reader is urged to keep in mind
the analysis of Sec. II, which we will not repeat here. In
practice, the application of (3.18) is completely elementary.

In what follows we construct what may be called the
one-soliton solution of the generalized sine-Gordon system
(3.10). The input is provided by the elementary solution giv-
en in (3.2), or more accurately by its dual ray constructed in
(3.5). Before employing it into the algorithm, we must per-
form a general constant SL(2,R ) rotation. For our demon-
stration, we only perform a 90° rotation in the 23-plane, thus
suppressing a more or less inessential position parameter
that would have been introduced in the general case. We
write

{¢ @} = {coshd,,0,sinhd, }

SE%[I —V 1 +as£)1 —4sp) |

P £ T 19
1 4 4s& 1 —4sy (3.19)
The associated invariants are easily calculated to be:
H =n+¢f{=H,, o= -1 (3.20)

and are, of course, s independent. Accordingly, the relevant
L-P parameter fis identified as

/f. = cosh@.. (3.21)
Following the instructions of Sec. II, Egs. (3.18) are used
with H,, H, and o givenfrom (3.20)and 7 = 7¢ =9, f = f, _ _
from (3.19) and (3.21). We thus obtain:

Hi=n5+&+ e
7+

+ 2y, tanh@,
§

—2
e_ _ 2 tanh8,

H,=n+&+
’ n+E€ 7.

(3.22a)
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o' =1—2tanh’8, 4+

tanhﬁg(l )+ 1
— —Ye -_—
n+& \r. m+€)

[1+4e§ 172
1—4ey) ’

where

Ii

€

6, = 2—1€ [1 — V(1 + 46 )1 — 4e) |. (3.22b)
This completes the construction of the one-soliton solution
of Egs. (3.10), depending on the Biacklund parameter €.
We mentioned earlier that knowledge of the fundamen-
tal invariants reduces the construction of the associated vari-
ant fields to the solution of linear equations, which we now
formulate (see Refs. 4, 10). The answer is provided by Eqgs.
(1.3), incorporating the refinements summarized in Egs.
(3.12) and (3.13), and an appropriate transcription in the

Using (3.13) and (3.23), we write explicitly

- dn 1 (Hl)l/z .

- =+ ———| =] sing,
[«/n] _ il 2 m+H\R,

'/’2 7 2 7’( Hl )l/ze—ia/2
n+§

a, 1 (H2)1/2 .

—_— | — sina,
[%] il 2 2+ H\A,
¥, 3 2 7,71( H, )l/zeia/Z _ a_§

T \p+¢ 2
_[1+4s§ 12

: 1 — 4sy '

Of course, the integrability condition leads to (3.10) for arbi-
trary s.

It is easy to see that (¢, — ¢5¢,), =0
= (YT¢, — ¥¥¢,),. We may, therefore, normalize ¢ such
that Y¥¢, — ¥, = 1. We further observe that if ¢

= (¢,, ¥,) isasolution of (3.26), ¥ = (¥¥, ¢¥¥)is also a solu-
tion. Hence, the matrix

¥

R= [w‘ v ]eSL(Z,R )
¥, UF

satisfies the system of Egs. (3.26), namely R, = o{7,R,

R, = w37, R. The elements of the first row of the three-di-

mensional matrix representation of R may be identified with

the components of the chiral field ¢ °, satisfying the original

equations of motion in the background field

) § 1
[ T g
Explicitly, one finds:
(¢} = (W + V3 ¥, — YT o, + YYD}
(3.29)

In previous applications of the above procedure, the
analog of the “linear” system (3.26) was solved by inverse
scattering methods. This is prevented here by a number of

(3.27)

(3.28)
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ay
2

spinor representation. For the following discussion, it will be
somewhat convenient to use the (complex) basis of the
SL(2,R ) Lie algebra:

7___.L<l 0) 7__1(0 1)

1_20 _1 ’ 2_2 1 0!
i(O —1)

T3 = — ’

; 2 \1 0

whereas a finite SL(2,R ) transformation will be represented
by

(3.23)

4 B
R:[B* A*], AA* —BB*=1.

Let ¢ be a two-component complex spinor satisfying the
equations:

(3.24)

¢1] = w‘lz Ta 'p’ ¢§ = (l)g Ta ¢ (325)
Y ( H, )1/2 ias2 ]
— s —— e
n+§ ¥,
: (Hx )1/2 i} [¢2 ], (3.26a)
—_— na
20 +£) \H, 1
7,;1( H2 )I/Z — ia/2
— . e
» n+§ Y,
L e { 0 (3.26b)
+ —2(17 6 (E) sina
(3.26¢)

technical difficulties. Instead, the system (3.26) is linearized
with the aid of the G duality transformation summarized in
Eqgs. (3.18). For instance, the one-soliton solution of the gen-
eralized sine-Gordon system given in (3.22) may be used in
Eqs. (3.26) in order to arrive at a linear system for the spinor
. Solution of this linear system and application of (3.29)
yields a chiral field ¢ parametrized by the duality parameter
s and the Bécklund parameter €. This may in turn be used
into (3.18) for the construction of a doublet solution of the
generalized sine-Gordon system, etc. We do not carry out
this integration here, but note that solving linear (or Riccati)
equations can lead to potential complications. This brings us
back to an earlier remark, namely that the derivation of the
analog of Eq. (2.7a) is most desirable. This would reduce the
solution of the linear equations (3.26) to elementary algebra-
ic substitutions, see Sec. II.

A number of concluding remarks are in order. One way
or another, an “industry” for the construction of exact solu-
tions to Einstein’s equations is being established. Whether
this would lead to physically interesting new solutions re-
mains to be seen. One thing is certain. Einstein’s equations
for axially symmetric fields have revealed a remarkable and
worth exploring structure. The present discussion would
have achieved its purpose if it contributed to a better under-
standing of the relative importance of the various forms of
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duality and Bicklund transformations encountered in this
problem. We may briefly summarize our main conclusion by
saying that the gravitational duality rotation is nothing but a
special form of a Bicklund transformation. We have certain-
ly been cavalier concerning boundary conditions; we can
hardly claim at this point that the series of soliton solutions
indicated here possess special significance. What might be of
some general importance is the observation that all solutions
seem to develop singularities, as discussed earlier by Sze-
keres® and Kahn and Penrose’ in the context of special solu-
tions. Technically, the origin of these singularities is here the
special analytic form of the function y, entering the duality
trnsformation.
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APPENDIX: COMPLETE METRIC

We briefly describe the construction of the complete
axially symmetric metric, associated with a chiral field ¢ ¢
solving the nonlinear system (1.1). Its general form is

ds®* = &7 “I(dt? — dx*) — f,p(t.x)dx"dx®

AB=23; (A1)
The coordinates ¢ and x are related to the characteristic co-
ordinates employed in the text by

_t+x _t—x
N = 7’ 3 >
whereas the symmetric matrix ( £, ) is obtained from the
background field 7 and the chiral field ¢ ¢, or the L-P param-

eters fand w, through the relations
- (¢ ! + ¢ 2)’ ¢3
(.&B)zT[ ¢3, _(¢1_¢2),
AL o
of, —of—QNI
Finally, given a solution ¢ “ in the canonical frame 7

=71 + &, the construction of the function I” (£,x) in (A1) is
effected by solving the linear equations

xX*=y xX*=z

(A2)

(A3)

nﬁﬂm@hzaiﬁ
ol Al 77 VI NS S
"= G T T
_n+é&, N 1
re="115090 - (A%)

which are compatible by virtue of Egs. (1.1), with7 = + £.

As an illustration, we present in this notation the famil-
iar Kasner solution and work out an immediate generaliza-
tion provided by the duality transformation. With p an arbi-
trary real constant, the Kasner solution reads
(r=n+&=1)

f=—@+&Y=—1t% 0=0 (AS)
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or
(6 ={—14¢"+1 "7, —14@?—t 7,0} (A6)

The associated invariants are readily found to be
2 2

A
m+&)y

H =H,=

= s , cosa=1.
n+§

(A7)
Furthermore, Eqs. (A4) are trivially solved to yield

=1 pr—1
= 1 + =
4 n(y +¢) 2

Inz. (A8)
Assembling the above information, the complete metric
reads

ds? = 1@~V dt? —dx?) —t' *rdy? — ' PdZ. (A9)
It can be brought into its standard form

ds® = dt? — t*7'dx? — t*Pdy? — t°Pd2?,
_ Pl _2+p) _21-p)

T PA+3 T g3 T pas
(A10)

b

by a more or less obvious coordinate transformation.

We have worked out the dual ray associated with the
Kasner solution, see Sec. I1I for a similar calculation. In
terms of L-P parameters,

_}_\/1+4s§ —\/1—4s17 i

f‘xz_' ’ 0)=0,
23\/1+4s§ +\/1—-4s77
(Alla)
r=r= £ 7. (Allb)
1+ 4s& 1 —4sy

It is found to possess an interesting cyclic property. Under
the ordinary conformal transformation 7 —7 + &, re-
quired to express the solution in the canonical frame, f,
transforms simply as /; —f_ ,. Since the duality parameter s
is not required to be positive, it can be said that (Alla)isa
solution in both the canonical frame 7 = n + £ and the con-
formal frame 7 = 7.

Further generalizations of the Kasner metric can be
achieved by performing Biacklund (G duality) transforma-
tions in the manner described in the main text.
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°W. Kinnersley and D.M. Chitre, Phys. Rev. Lett. 40, 1608 (1978); addi-
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“‘D. Maison, Phys. Rev. Lett. 41, 521 (1978); and Max-Planck preprints
(1978).
°B.K. Harrison, Phys. Rev. Lett. 41, 1197 (1978).

P. Szekeres, Nature 228, 1183 (1970); J. Math. Phys. 13, 286 (1972).

K. Kahn and R. Penrose,, Nature 229, 185 (1971).

P. Jordan er al., Akad. Wiss. Lit. Mainz Abh. Math.-Natur. K1. No. 2
(1960).
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independently done by F. Lund and T. Regge, Phys. Rev. D 14, 1524
(1976); F. Lund, Phys. Rev. D 15, 1540 (1977). See also M. Liischerand K.
Pohlmeyer, Desy preprint (1977), to be published.
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The Einstein field equations for an irrotational perfect fluid with pressure p, equal to energy
density p are studied when the space-time has cylindrical symmetry with no reflection
symmetry. The coordinate transformation to comoving coordinates is discussed. The energy and
the Hawking-Penrose inequalities are studied. Particular classes of solutions are exhibited.

1. INTRODUCTION

In a recent paper' we studied the Einstein field equa-
tions for an irrotational perfect fluid with pressure p equal to
rest energy p in a cylindrically symmetric space-time. The
metric that we considered had reflection symmetry, i.e., in-
variance under the transformation z— — z.

The purpose of this paper is to study the Einstein field
equations for the same type of fluids, but now the metric is
taken as

ds? = e*@ M (dt? — dr?) — (PPe* + rle~)do?
— 2pe** dO dz — e** dZ?, (1.1)

with , A, and ¢ functions of f and r only, i.e., a cylindrically
symmetric metric without reflection symmetry. Note that
when ¢y = O the metric (1.1) reduces to a particular case of
the metric studied in Ref. 1. The metric (1.1) has been used to
study gravitational waves with two degrees of freedom.?
The Einstein field equations for an irrotational perfect
fluid with equation of state p = p are equivalent to the Ein-
stein field equations coupled to a massless scalar field,® i.e.,

R,y= —20,0,, (1.2a)
Oo=[(—8)"%0.8"],/(—8)"*=0. (1.2b)

The units are so chosen that we have for the velocity of light
¢ = 1 and Newton’s constant of gravitation G = 1/87. A
comma means partial derivative with respect to the index.

The pressure p, the 4-velocity ¥, and the energy—mo-
mentum tensor T, are related to o by®

p=p=0,0" (1.3)
U, =0,/0,0" 1.4
Tab = 20,aa,b - gaba,cg “ (15)

In Sec. 2 we study Eqgs. (1.2) when the metric is given by
(1.1). In Sec. 3 the coordinate transformation that enables us
to write the equations in comoving coordinates is presented.
In Sec. 4, the energy and the Hawking—Penrose inequalities®
are examined. In Sec. 5 we exhibit particular solutions to the
field equations.

2. THE FIELD EQUATIONS

The field equations (1.2) and the pressure (1.3) when
the metric is (1.1) reduce to,

Oy — @)y — 0/F — Aog+ A1y + A1/ + 24}

+ (" /290t = — 203, @n
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—@p+ 0 — @ /P+ Aoy — Ay — A Sr+ 243

+ €273 = — 2073, (22)

— wy/r + Qo Ay + (¥ 27, = — 2040, (2.3)

A — Ay — A/ — (2P — ¥3) =0, (2.9
— Yoo + Y11 — Y/ — AW — 41¥)) =0, (2.5)

Op — 0y —0/r=0, (2.6)
p=p=e 2" _a)), Q7

where the indices 0 and 1 mean derivatives with respect to ¢
and r, respectively, the comma is omitted for brevity.
The system of Eq. (2.1), (2.2), and (2.3) is equivalent to

@o = 2r(Ad, + 000)) + (6" /21%o¥,, (2.82)
oy =rA5+ A1+ 05+ 00 + /AW + ¥),  (2.8b)
wg — @1y —Aog + A+ A/ T+ AS+ - AT —

+ (€ /4P W% — ¥ = 0. 29

Equation (2.9) follows from the other field equations. Equa-
tions (2.4) and (2.5) are equivalent to

Ago — Ay — A /1= (72703 — ), (2.10)

Yoo — Y — Y1/r= — 2,/1 — Aoy — A1¥)). (2.11)
Note that the integrability condition for w, @y, = @, are
exactly Egs. (2.10), (2.11), and (2.6). Thus, in the present
case, the solution to Einstein equations reduces to finding a
solution to the coupled nonlinear differential equations
(2.10)-(2.11) and the solution of the usual cylindrical wave
equation (2.6) (that is well known). We get  from (2.8) by
quadrature.

In (2.10) and (2.11) it does not appear o, so each par-
ticular solution A and ¢ of the system of Eq. (2.10)«2.11)
generates a class of functions @ given by

wloA Y] =2[0] + Z[A.¥], (2.122)
where
N[o] = J r[2040, dt + (0} + %) dr] (2.12b)
S =011+ [ /anizbg d
+ W5 + ¥} dr] (2.12¢)

and ¢ is a solution to Eq. (2.6).

3. COMOVING COORDINATES
It can be easily verified that the coordinates R defined
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by
dR(t,p)y=r(o, dr+ o, dt)

and T = o( t,7) transform the 4-velocity u° to u*
= [(o ,%)"%,0,0,0]; therefore R and T are comoving co-
ordinates. Equation (2.6) guarantees that the differential
that defines R is exact.

The Jacobian of the transformation to comoving co-
ordinates is

(LR~ h- D
t,r,0,z

which vanishes where p = p = 0in the nonsingular region of
the space-time.
The line element in comoving coordinates is

@1

3.2)

ds* = [(*“~ /(05 — 01)]dT* — dR*/P)
— (PP + Pe~*1)dO? — 2™ dOB dz — ed2?, (3.3)

this line element has a singularity at r = 0.
The field equations in comoving coordinates are

&= Ho A%+ Pa A2 + 20 A + o))

+ @ /400, + Po P+ 2o dd),  (34)
o= god 2+ rzaoziz + 2r0,/{/l’ + g,

+ (€™ /4P (oo P + 1'2(701,1/2 + 2ra, W), 3.5
R ” 20, ’ 41 ’
A-ri-— O _i=S_@F-ry, 3.6

PR 7 @ ) (3.6)

. 20, . L e
y—ry+ v=—4ly—riy), (3.7)

(o5 — o)
where ( ) and ( )’ denote derivatives with respect to 7 and
R, respectively. Tosolve Egs. (3.6) and (3.7) we must know o
and the transformation ¢t = ¢ (R,7T’) and r = n(R, T'); these
transformations, in principle, are known when o is given.

4. REALITY CONDITIONS
For irrotational perfect fluids with equation of state,
P = p, the energy condition T, U°U®>0 and the Hawking—

Penrose condition* (T, — 1/2 T'g ., )U°U*®>0 tell us the
same, that

p=e =05 —a})>0 @1
Note that when o3 < o7 the metric does not have necessarily
a pathological behavior, but in this case it does not represent
the metric of a perfect fluid. When o3 < o3 the metric (3.3)
can be generated by the energy-momentum tensor

T = _a,cg»f[zazb N L L ”], “2)
1 1 0 0 3

2 2 3
where

1 =(o,0")" %89, (4.3a)
0
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1 = (0 ,0°) " r18% (4.3b)
1
1° = (8% + ¥6%)e* /r, (4.3¢)
2
1% =e— 782, (4.3d)

3
The last statement can be easily proved using (1.5) and the
fact that when 0} <07, (4.3)is an orthonormal tetrad associ-
ated to the metric (3.3). Note that (4.2) is the stress—energy
tensor of an anisotropic fluid with positive rest energy densi-
ty — oo ° and vanishing heat flow. In this case both reality
conditions are satisfied.

5. PARTICULAR CASES

In this section we shall study different solutions to the
system of Egs. (2.10)—(2.11).
Let us assume

/100_111 “'ﬂvl/r:O, (5.1)
then (2.10) tells us that ¢ is an arbitrary function of either

t—rort+rie,¥y=9(t+r). From(5.1) and (2.11) we
get

A = (1/4) Inr + (1/4) Indb, (5.2)

where b is an integration constant. Now o is given by

w= —(1/16) Inr + 2bf(¢')2d(¢z+ »+02[a],
(5.3)

where now the prime means derivative with respect to the
argument. This solution, when o = 0, is studied in Ref. 2.
Note that this solution represents the “superposition” of a
gravitational wave, a cylindrical self-gravitating fluid and a
wire without reflection symmetry located at r = 0.

Let us assume

Ai=1¢;=0, (5.4)
thus Eq. (2.11) gives us
¥ =(1/2)ar?, (5.5)

where a is an integration constant. We have omitted in (5.5)
an additive constant, because it can always be eliminated by
a coordinate transformation of the type z—z + ¢6.

From (5.5) and (2.10) we find

2 = — a’e*r. (5.6a)
Equation (5.62) is equivalent to

e"H (e M0~ [(e™ P> =02 (5.6b)
This equation admits the real solution

e~ ** = b cosh(ct), (5.72)
where b and c are constants related by

b%? =ad> (5.7b)
From (5.5), (5.7), and (2.12) we obtain

o(1/8)c*r* + 2 [o]. (5.8)

The pressure in this case is
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p=p=b[cosh(ct)] ~ (03 — 0?) exp( — 202 — *F*/4).
5.9

If we take the particular solution to (2.6) given by o = k¢,

where k is a constant, the pressure takes the appealing form,

p=p=>bk?*[cosh(ct)] ~'exp{ — [(k*+ ¥/4)r*]}.
(5.10)
Note that in this case 7 is related to the comoving coordinate
R by R = (1/2)kr?. Thus, the pressure is not singular and
goes to zero when either 7' = kt or R goes to infinity. But the
metric (3.3) has a singularity at » = 0.
Let us assume

Yo =40 =0, (5.11)
thus Eq. (2.11) gives us

U, =are ¥, (5.12)
and Eq. (2.10) reduces to

An+A/r=1/2d%* (5.13a)
Equation (5.13a) is equivalent to

(@) 1 — @), + @) /r=a’  (5.13D)
This equation admits the real solution

et =b/2[(cr) + 1], (5.19)
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where the constants g, b, and c are related by Eq. (5.7b).

From (5.14) and (5.12) we obtain
2
= - ——— 5.15
Y all + (cr)?] G159

Now w is given by

@ =1/21n[l + (cr) ] + 2[0]. (5.16)
The pressure takes the particular simple form
p=(1/2)be (0% — 7). (5.17)

Note that (5.17) can be obtained from (5.9) doing the follow-
ing replacements b—b /2 and ¢—0. Thus, the remarks that
we made about (5.10) also apply in this case, except the one
about the limit 7— oo.

'P.S. Letelier, J. Math. Phys. 16, 1488 (1975); see also D. Ray, J. Math.
Phys. 17, 1171 (1976); this paper rectifies an oversight in the first paper.
Particular cases of the solution discussed in the first paper can be found in
P. S. Letelier and R. Tabensky, J. Math. Phys. 16, 8 (1975); Nuovo Ci-
mento 28 B, 407 (1975).

?J, Stachel, J. Math. Phys. 7, 1321 (1966) and references therein. See also
R.A. d’Inverno and J. Stachel, J. Math. Phys. 19, 2447 (1978).

‘R. Tabensky and A.H. Taub, Commun. Math. Phys. 29, 61 (1973). See also
Ref. 1.

*S.W. Hawking and R. Penrose, Proc. R. Soc. London, Ser. 314, 529 (1970).
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We define a stationary Gaussian quantum stochastic process (GQSP) on the C*-algebra of the
canonical commutation relations over a real symplectic Hilbert space. Physically GQSPs can
describe diffusion with non-Markovian memory effects in quantum harmonic oscillators of
arbitrary dimension. We find that in analogy with the commutative case a GQSP is completely
specified by a operator-valued autocovariance function satisfying certain positive definiteness
and reality conditions. The autocovariance function also determines the response of the system to
a class of time-dependent generalized forces, and it has a spectral representation in terms of a

positive operator-valued measure.

I. INTRODUCTION

In an earlier paper' a formalism for (generally) non-
Markovian quantum stochastic processes (QSPs) was intro-
duced, providing a general description of irreversible phe-
nomena in quantum systems which included memory ef-
fects. Such QSPs were defined by the operationally mea-
surable correlations or, equivalently, in a mathematically
more perspicuous fashion by a set of completely positive
(CP) maps on tensor products of the algebra of observables
[which was taken to be B (¥°), 57 a separable Hilbert space].

In this paper we consider an especially simple class of
QSPs defined on the C *-algebra of the canonical commuta-
tion relations (CCR). We call them Gaussian QSPs (GQSPs)
in order to stress the analogy with the commutative case.
Physically GQSPs can describe diffusion with memory ef-
fects in a set of harmonically coupled quantum harmonic
oscillators. The formalism defined in Ref. 1 does not imme-
diately apply to the CCR algebra. The simple structure of
GQSPs, however, makes it easy to develop the formalism
necessary to deal with this case. This is done in the
Appendix.

In Sec. 2 we first recall the definition of Gaussian (qua-
sifree) CP (GCP) maps on the CCR algebra over a real Hil-
bert space provided with a symplectic form. The GQSPs are
defined in Sec. 3 via GCP maps on tensor products of CCR
algebras, and the corresponding correlation operator form is
also derived. It is assumed here that an invariant Gaussian
(quasifree) state exists. It is shown in Sec. 4 that a stationary
GQSP is uniquely defined by an operator-valued autocovari-
ance function which satisfies certain positive definiteness
and reality conditions. A normalized autocorrelation func-
tion is also introduced. In Sec. 5 is derived a spectral repre-
sentation of the autocorrelation function in terms of a posi-
tive operator-valued measure which satisfies a reality
condition. It is also shown that a large class of positive opera-
tor-valued measures satisfying this condition actually exists.
The results of Secs. 4 and 5 thus nicely rephrase the classical
theorems for Gaussian processes in the noncommutative
language. In addition it is shown in Sec. 4 that the autocovar-
iance function defines the response of the system to a certain
class of time-dependent generalized forces. This is a property
not shared by classical Gaussian SPs without some addition-
al hypothesis.
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It should be pointed out that the Markovian case
(where the dynamics is given by a semigroup of GCP maps)
has been treated elsewhere.? In that case some greater gen-
erality is achieved as the existence of an invariant state is not
assumed. On the other hand the autocorrelation function
and its spectral representation was not derived.

2. GAUSSIAN COMPLETELY POSITIVE MAPS ON THE
CCR ALGEBRA

Let H be a separable real Hilbert space with complexifi-
cation 57, o(x,y) a bounded real symplectic form on H. The

CCR algebra A4 (H,0) is the closure in a suitable C *-norm of
the *-algebra 4 (H,0) which is generated by elements W (x),
x€H, satisfying the Weyl relations’

W @)W (y) = exp[ — ioGx)IW (x + »),
Wx)* =W(-x).

For simplicity we write

LO=AHo), =)~ =4Ho).

We can consider .« to be a concrete C *-algebra of bounded
operators in a Hilbert space .#". The C *-algebra

o, =4H,0,)

H,= eH, o,xy)= Z o(x;, y;)

i=1

is then the n-fold C * tensor product?

A, = 8 ACB(K,), H.= & X

n

We note that in this case the spatial tensor product is the
unique C * tensor product (Ref. 7 Theor. 10.10) and that

&= ()", L= & "

We recall that a positive linear functional on .27 ° ex-
tends uniquely to a positive linear functional on <« and that a
completely positive (CP) map of ¢ © into itself extends
uniquely to a CP map on .« .** We call the state p on &/
Gaussian (quasifree) if

p(W (x)) = exp[g(x)], 2.1
where g is a bounded quadratic form with g(0) = 0.° The
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positivity of p is equivalent to the positive definiteness of

explg(x — ) + io(x.p)]. 22)

A map TeB (%) is Gaussian CP (GCP) if

T[W (x)] = W (4x) exp[ f(x)], 2.3)
where AeB (H ) and fis a bounded quadratic form such that

explf(x — y) + io(x,p) — io(4x,4p)] @4

is positive definite.”*'* When T is unit preserving, then
f(0) = 0. There is a Gaussian state p invariant under T

p(T[W @)]) = p(W (x)) = explg(x)]
iff fis of the form

Sf(x) = g(x) — g(Ax). (2.5)
We will always assume the existence of such an invariant
state from now on. By gauge transformations we can remove
the inessential linear terms in fand g, and we will conse-
quently take fand g to be homogenous quadratic forms.

The positive definiteness of (2.2) is equivalent to the
conditional positive definiteness of

L (x,y) =g(x —y) + io(x.y)
(see Ref. 11) and hence to the positive definiteness of
K (x,y)=L(x»)+L©00)—Lx0—LO,y)
=gx ~ ) —gx) —g(y) +iolx,y).  (2.6)

We can extend the bilinear forms on H to sesquilinear forms
on 7 and write

o(x, ) =(x,Sy), glx—y)—gx) —g(y) =(xGy),
K, p)=xKp), gx)= — x,Gx),
x, yeirt, G.K,SeB ().
The positive definiteness of (2.6) then reads
K =G +iS>0.

In the same way the positive definiteness of (2.4) gives, using
(2.5), the condition for the CP property of T,

K —A4 *KA4>0.

We can introduce the complex conjugation c associated with
a real basis spanning H in 7. Then

G‘=G, §°=S8, A°=4, K°=G—-i§
Gt=G6, §*=-5 K*'=K

Given a positive K, G and iS may be defined as the symmetric
and antisymmetric parts under transposition in this basis.

In Secs. 4 and 5 we will assume that X is nondegenerate
and furthermore that K ~ ! is bounded (if this condition is
not fulfilled we would have to consider a Gel’fand triplet
instead of only H).

3. DEFINITION OF A STATIONARY GAUSSIAN QSP

The definition of a stationary QSP on B (%") (" a sep-
arable Hilbert space) was given in Ref. 1 through what was
called a correlation operator representation, and an equiv-
alent tensor product form was derived. From the correlation
operators could be calculated the probabilities of events con-
sisting of sets of outcomes of arbitrary sequences of measure-
ments on the system. The measurements were defined by CP

2082 J. Math. Phys., Vol. 20, No. 10, October 1979

map valued measures called instruments."'* In the case of
the CCR algebra .7, the correlation operators and the prob-
abilities are not so simply related. For this reason we choose
to define a stationary GQSP in terms of a tensor product
representation. A procedure for defining the correlation op-
erators and the probabilities associated with a certain class of
instruments starting from the tensor product form is given in
the Appendix. The definitions are chosen to permit a general
algebraic treatment not depending on any representation de-
pendent properties. The definitions furthermore coincide
with those of Ref. 1 whenever the latter are applicable, e.g.,
when H is finite dimensional and we consider an irreducible
Schrodinger representation in a separable Hilbert space,
such that the Gaussian states and the GCP maps are normal.

A GQSP is defined by aset { T, eGCP(+7 )} where T,
is a function of n + 1 time parameters, i.e., (2.3) reads

Tn(tO""7tn)[W(xn)] = W(Anxn) exp[.fn(xn)]:

where A, e€B (H,)and f, are bounded homogeneous qua-
dratic forms such that (2.4) is positive definite for
(A,,[,,0,). We must assume some continuity in the time
parameters, namely that each A, is a strongly continuous
function of (¢,,...,¢,) with A, (0) = I. Furthermore we as-
sume that there is a Gaussian state p satisfying the invariance
condition (A3)

Pi(T, (ot )[W (x,)]) = p(W (x,))
X Tn — l(tl ""’tn)[W(xn — l)]9

where n — 1 refers to the n — 1 last indices. With (2.1) and
(2.3) this relation gives

fux,) +8((Ax,)) =/, o (X, ) + 80x1),

f1(x) =g(x) — g4, x),

(A,x,), . =A,_ X, _,. 3.2)
The compatibility condition (A2) reads
T,(to,st,)[W(X,_, ©0)]

=T, (torstn_ IWE,_1)]®1
where n — 1 now refers to the n — 1 first indices. This gives

A, (x,80)=(A,_x,_,)®0, (3.3)

fix,_1e0)=f,_1(X,_1)
where the last relation actually follows from (3.1) and (3.3).

Together with the stationarity condition that all quantitites
depend only on the time differences

At, =t, —t,_,, k=1,..n,
(3.2) and (3.3) imply that A, is of the form
(An)ij = eijA it ‘)(Ati"'-)Atj)) (34)

3.1

where i, j refers to the indices in H, = & H (i), 6,; =0 for

j<i, = 1forj>i, and 4 ®’eB (H ) are strongly continuous
functions of k nonegative parameters. From (3.1) follows
that

L) =3 [g(x,.) —g(;A U=+ x(At,,...,Az,.)x,)].

i=1

(3.5)
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Consequently the continuity of £, in the time parameters
follows from that of the 4 ®).

In addition to the positive definiteness condition on
(2.4) there is one more condition not yet satisfied, and that is
the additional compatibility condition (A4) which is most
easily expressed in the correlation operator form (A6).
Therefore we now turn to the derivation of the correlation
operators. We see from the definition of 7, and (3.4) that the
conditions for Lemma A-3 are satisfied. Consequently there
arey,, y.cH, such that for all n

woey, )T,[W(-x)W(-y,_,80)
XW(y,_, eOW(x)IW0O0e ~y,_1)
=T, [{(W(—x )W (x)i]er (3.6)
gives the correlation operator. From (3.4) follows that
y. = B,(4t,,..,.4t)[x,] oy,

n—1

= k?an—k(Atk+ 1""!Atn)[xn~k]’

where n — k refers to the n — k last indices and the B, are
defined by

B,(Af,.,4)[x,]= 3 [A®A1,,..A1)%,]
k=1

+ B, _ (@t At [x i ]
B, =0.
From this relation follows that B, is of the form

B,(@1,..4t)[x,]1= 3 B®WUL,,..A1)%,,

k=1
where B “)eB (H ) satisfies the recursion formula (B @ =1I)

BUXAt,,..AL)
= 3 ADA1,.AL)B DAL, , ,,..4L) (.T)

k=1
and are strongly continuous functions of the time param-
eters. We see from (3.6) that the correlation operators are of
the form

T [{W(—x):W(x)i7 ] = W(~ B, [x, DW (B, [x,])

X exp[k,(x,,x.)], (3.8)
where the &, are quadratic forms in (x,,,x,). Now we can
apply the additional compatibility relation (A6) to (3.8) to
obtain by recursion

B™(4t,,...,At,) = B" ~(4¢,,...4¢,, + 4t,, , ,,...,41)
=BM(1, — 1) =4(t, — 1),
A@)=4,t)=A4P@),

B,[x,]= 34 (1, —to)%. 3.9
1
We can invert the relation (3.6) to obtain
T, [W(—x)W&x)] =T, [{W(-z):W@))]

® W( — Y- I)W(yr’r— l):
where z,, is defined by the recursion relation

z, =X, _'yn—l’ Pn =Bn[zn]‘

2083 J. Math. Phys., Vol. 20, No. 10, October 1979

This shows the equivalence of the conditions (A 1)-(A4) and
(A5)~(A7) for GQSPs. The CP condition (A5) is just the
positive definiteness of exp [, (x,y)] which is equivalent to
the positive definiteness of
Kn (ny) = kn (X’Y) + kn (0’0) - kn (x’o) - kn (O’Y)
The k, can be determined in terms of the £, via (3.6), but
they can also be derived directly from the invariance condi-
tion (A7) which gives with (3.8) the recursion formula
ky(xp) = g(x — ) — 84 (t)(x — ) + io(x.)
—io(A4 (t)x,4 (t)y)
kn(xn’yn) - kn— !(xn— 19¥n - l)
=g(x; = V1 + X1, —Vin) — &Ko — Vo)
+io(x, + X191 +P1,,) — 10(X0.n5 Vo,n)
— io(x, ’xl,n) + io(y, ’yl,n)’

where n — 1 refers to the n — 1 last indices and where we
introduce the notation

n
Xy =

k=m+1

A(tk - tm)xk'

The solution is given by
k,(x,y) = K,(xy) — $K,(x%,x) — 1K, (y.y)

_l; {U(xk’xk,n) _U(yk’yk,n)}r (310)
K= 3 K@)+ S 1K o)

k=1 k=1

+ K G 230} — K (s Yo @3.1D)

Obviously &, is determined by K and 4 (¢ ). We can sum up
this paragraph in the following proposition.

Proposition 3-1: A stationary GQSP is defined by a posi-
tive KeB (#°) (giving G and S when the real basis of
# = H @ iH is specified) and a real strongly continuous
function 4: R—B (H ) with A4 (0) = Isuchthatthe k, defined
by (3.11) are positive definite. The tensor product form is
specified by the A4 ™ defined by the recursion relation (3.7)
which now reads

A™(At,,..,AL)=A(t, —t,)

~ nilA"‘)(Atl,...,Atk)-A(t,, —1)

k=1
and the f, given by (3.5). The correlation operator form is
specified by (3.8)3.11).
Remark: The GQSP is obviously Markovian iff 4 (¢)
forms a semigroup: 4 (s + ¢) = A (s)-4 (¢). This is so if and
only if A ® = 0 (and hence 4 ¥’ = 0 for k>2).

4. AUTOCOVARIANCE AND AUTOCORRELATION
FUNCTIONS

We introduce the operator-valued autocovariance
function

K@)=KA@)(>0), =A(—t) K (t<0).

and assume from now on that K ~ ! exists as a bounded
operator.
Proposition 4-1: A strongly continuous function

R3t—K(t)eB(#) with K(0O)=K =G +iS
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uniquely defines a stationary GQSP on 4 (H,0) with an in-
variant Gaussian state given by G iff
(a) it is positive definite in the sense that

X TK(t —1)X;>0
ij

for all { #,€R, X,eB (#)]7, all N
®A@)=K "'K@)(@>0)isreal: A(t) =4 ()
Proof: We write (3.11) in the form

K, (%) + K (x5 Vo) = ; K (= 1) 1)

K, pos. def. for all n and K>0 obviously implies that X (¢ ) is
pos. def..
Conversely, let K (¢) be pos. def. and put

Xy = — Xg,-

Then we find that

n

z (. K@ —ty) =K, (x,,y,)

kil=0
and consequently K, is pos. def.

We can normalize K (¢) and introduce the autocorrela-
tion function

R@#)=K ""’K@)X '~
R () is obviously positive definite if K (¢) is and R (0) = 1.

Proposition 4-2: If R (t ) is positive definiteand R (0) =1
then R (¢) * R (¢)<I and R (¢) is strongly continuous in ¢ if
it is continuous at t = 0.

Proof: In the positive definiteness condition
> X R(t — )X, >0
k,{

we first takez, =0,¢, =1, X, =1, X, = R (¢) to obtain
I—R() TR(1)>0.
Secondly weputt, =0,t, =s,t; =1, X, =R (s)R(t —5)
—R(@#), X, = —R(t—5),X; =1toobtain
I—X"X —X;X,>0
If R (¢) is strongly continuous at the origin, then

s-lim,__X, = — I and consequently s-lim,_, X, =0.
We want to justify the names autocovariance and auto-

correlation function introduced above. If &/ = 7(4 (H,0))
is a ray continuous *-representation of the CCR in a Hilbert
space .%", then there is for each xeH a self-adjoint operator
in %" which we denote by (x,X), such that
W (x) = exp[i(x,X)].
If we write x = |x|e, X, = (e;,X), then we find (with some
abuse of notation)
pX, T (0,0)[X, ])
d? -
= — —————— (W )T, O [ W), = -0
d|x |d |x|
=(e,,K(t)e;) =K (),
Higher order correlations of the form
AT, [{Xk;yk 3 ])
are similarly derived from the relation
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AT, [{W(—=x W (311 ]) = exp[G,(x.y)],

G,(xy) = z (o Kt = 1) y1)

kiI=1

_ "2 oKX + Wi K 9O}

> |
3 kil {(xk’ka) + (J’k»K.Vk)}-

They are obtained as sums of products of matrix elements of
K (¢) in precisely the same way as in the commutative case,
eg.,
AT (X0l D=K (@t — 1), K(ts —13)1s

+ K (t3 - tl )ISK(t‘t - t2)24

+ Kt — 1)1 Kt — 1)

In contradistinction to a commutative SP the definition
of a QSP includes the response of the system to external
forces. In the case of the GQSP we can easily deal with a class
of generalized forces defined through the time derivative of
the expectation of the generator X introduced above. The
corresponding finite transformations are simply gauge
transformations

U (DI (x)] = expli( p:X)]W (x),
wherey = f(t JAteHandR Dt —f (¢ )eHisasufficiently regu-
lar function. The calculations are simplified if we assume
that S ! exists as a bounded operator (this is not necessary,
however). Then we can implement U ( y) by a unitary
transformation

UWDIW @] =W(—4S ' )WEWES ~'y).

We let this type of instrument act on the system at the in-
stants ¢, = kt /n, k = 1,...,n. The time development of the
system during the time interval (0, ) is then given by
T[Wx)] = explio(y, )T, [{W(—z2W @)} ]
2, =48 "'y =4S T @t /n,
z; =2z, k<n, z,=2z,+x.
The expectation of this operator in the state p is

explio(z,.x) + G,(z2)]

= exp i 2i Im(z, K (¢, — t,)x)

L k=1

+ i Im(z,,Kx) — 1(x,Kx) + i(z, ,Sx)]

—exp|i $ (4G, — 1) SE)/nx) — %(x,Gx)].

L k=1

We take the limit #— o and assume that the integral

AT (fit)= f A@¢—7n" f(ndr
(0]
exists in a weak sense. We then obtain
AT (OIW (X)) = expli(4 * (fi1).x) +g(x)]
and the expectation of (X,e) at time ¢ is (4 * (ft),e). We
conclude that the response of the system to this type of force
is given by K (¢). This is strongly reminiscent of a version of

the fluctuation-dissipation theorem in the stochastic de-
scription of thermodynamic fluctuations. In the classical
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case, however, this relation is not a consequence of the defi-
nition of a stochastic process, but involves additional infor-
mation in the form of a linear response hypothesis or a Lan-
gevin equation.

5. SPECTRAL REPRESENTATION OF THE
AUTOCORRELATION FUNCTION

We want to derive a noncommutative analog of
Bochner’s theorem for the autocorrelation function R (1).
The first step is

LemmaS-1:R3t—R (¢ )eB (F7)isaweaklycontinuous
positive definite function iff there is a positive operator-val-
ued measure (POVM) E on R such that

R(t)= f _w expliot E (do). .1)

The definition of a POVM is given, e.g., in Ref. 12. The proof
proceeds from Bochner’s theorem precisely as the proof of
Stone’s theorem in Ref. 13 Sec. 138. Note that weak continu-
ity implies strong continuity.

Corollary: Under the same conditions there is a Hilbert
space ¥, a weakly continuous group of unitary operators
U(t)in ¥ and a projection P: % —7 such that R (¢)
= PU (¢t )P. The proof follows from Theorem 8.1 of Ref. 14.

The condition 4 (¢ ) € = A4 (¢ ) in Proposition 4-1 must be
transcribed into a condition on E (w). Define

Qm)~! f (w—~2)"'E(dw)=E, (z), Imz>0,

= —E_(2), Imz<O.

Obviously
E . @=E_ @7,

E _(2=Qnr “wa(t)exp(—izt)dt.

0
Introduce

V:(K(‘)I/ZK ~-1/2’ N:V+V
Notethat ¥ = ¥ ~ ' Theconditiond (¢) € = A (¢ ythenreads

E (-z=V*[NE_@IV,
(5.2)

E (—z=V* [E_@N]V
(the two equalities are just Hermitian conjugates of each oth-
er). From Proposition 4-1 follows

Proposition 5-2: For given K, the strongly continuous
function RD 7R (¢ )eB (#°)isthe autocorrelation function
of a GQSP iff it is of the form (5.1) where the POVM E
satisfies the reality condition (5.2) and is normalized to
unity,

ER)=1I

As the condition (5.2) is quite implicit we want to de-
scribe in more detail how to construct a large set of POVMs
which satisfy it. We start with POVMs in the commutant of
N.

Proposition 5-3: (a) Let s, belong to the point spectrum
and put

AE = Iim [ @o) — E(@, — )],
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Then AEE{N }'.

(b} If thereis a gap in the spectrum, i.e., an open interval
A on Rsuch that E(4 ) =0 then E(w)e(N }’

Proof: (a) It is easily seen that

AE =2 lim E_(2)dz,
e—0 e
we) :z=w, + € exp(if),

The equality (5.2) integrated over y(¢) gives that —w, isa
point in the discrete spectrum with a “jump” which must be
positive:

AE' =V H(NAE)V>0.
Hence NAE = V T (4E') V. Hermitian conjugation gives
NAE =A4EN.

(b) If there is a gap in the spectrum, then E | (z) and
— E _ (2) are analytic continuations of each other. From
(5.2) we obtain by analytic continuation

E,(—z%=V*[NE, @]V

Consequently [N,E | (z)] = 0and E (w)e{N }'. Conversely,
given a POVM £, in {N }" we put

Ei(@)=V " [NE (—w)]V.

E{ is then a POVMin {N}’ and
E@=4""[E @) +Ei@} ",
A=E R)+E|R)

is a normalized POVM in { N}’ satisfying (5.2):
E@)=V *[NE(—o)]V.

This construction gives the most general normalized POVM
in { N}’ satisfying (5.2).

We will now show how to find a POVM which is not in
{N }" and which consequently covers R. Assume that

e(w) = dE (w)/dw

exists as a positive weakly measurable function. Define

— 1<8<0.

rle]l(w) = ling VYIE (—o+ie)N
+ NE _ (0 — ie)]V

whenever the right-hand side exists as a weakly measurable
function. Then (5.2) is satisfied iff

e(w) = tle)(w). (5.3)
A necessary condition for this to hold is that
lirl(l) [E,(—o+ie)N+ NE_ (v —i€)] (54)

is a positive weakly measurable function. If this is true, then
the identity

rrle] =e
holds. Consequently
e(@) = jle(w) + rlel(w)]

is a positive weakly measurable function satisfying (5.3). The
problem is then to construct a positive weakly measurable
e(w) such that (5.4) is positive and weakly measurable. When
the limit exists, the expression (5.4) can be rewritten in the
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form
¢ (@)=4[e@)N + Ne(@)]

+Qmi)~! PVfdA(/l — @) '[e(A)N].

In the second term of Hilbert transform type e(w) must be
sufficiently regular for the integral to represent a measurable
function. In order that this function should be integrable
over ( — ,00) we must demand that

fdm [e(@)N] =0, ie, fa’w e(w)e[N }".

Note that we cannot nomalize e(w) from the start.
Leta:R—B (7%°) be asufficiently regular function of compact
support such that

a(w)* = a(w), fdw a(w) =0.
It is easy to see that as N and N ~ ! are assumed to be finite,
there is a minimal integrable scalar function ¢(w) such that
¢, (w)=a(w) + c(w)I>0,
e (@)=4[e, (@)N + Ne,(@)]

+ Qmi)~'PV f dA (A — @)~ '[a(A),N 1>0.

e, and e} define POVMS E| and E ;. The set of POVMs Ein
{N}’ such that

E<E,, EXN ~'’E\N 7

is a partially ordered set. Choose any maximal element E, .
Then

E,=E —E, E)=E;—NE,
are POVMs. Note that

E;R)=N ~'E;(R)=4e{N}".
Define

E= %[A — 1/2E3A - l/2+ V+(A - VZE;A — ‘/2)CV].
E is then a normalized POVM satisfying (5.2). Furthermore
if Fis a POVM in {N }' satisfying (5.2) such that AF<E for
some A >0, then F = 0.
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APPENDIX

A class of instruments relevant to the definition of a
GQSP can be specified in the following way.

Let £2 = {w} be a countable set of outcomes. An instru-
ment on .7 ° is given by a map & from subsets of 2 to
CP(o/ ©) such that

F@ =0, F@U1=1,
FENX]= 3 EEIX], Xesd’,

for disjoint sets E, with E = UE, , where the sum is assumed
tobe norm convergent. Of course each ' (E ) extends unique-
1y to a map in CP(2#) and the sum above is in fact uniformly
norm convergent on .« .%
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In analogy with the tensor product representation de-
rived in Ref. 1 we introduce the following structure for a
stationary QSP on .« ° (extended to = by continuity).

A QSP consists of a set { 7,eB (&)}, T, depending
on n + 1 time parameters (continuously in some topology
which we will not specify) through the time differences 4¢,

=1, —t, _,and an invariant state g on . satisfying the
conditions (a)-(d) below.

(a) Complete positivity: T, cCP(°) which means that

SXOT,[Wx@) " WENIX()>0 (A1)

[
for all {x(eH, X (e, 1} andall N. T, extends to o/, by
continuity.

(b) Compatibility:
T, (toyt MIXRIT =T, _ (to,st,_ YMX]0T1
(A2)
forallxed, .
(c) Invariance:
p-l (Tn( t{)y“~ytn)[X® Y ])
=pX)T, _ (115t )Y ] (A3)

forall {Xeo/,Yeo/, _, }, wherep, denotes / considered as
a partial state on the first factor in & .

(d) In addition we must impose a compatibility condi-
tion corresponding to that given in Ref. 1 Sec. 3, Remark 1.
This condition will be formulated below.

In order to be able to derive the correlation operators
and the probabilities associated with instruments of the type
defined above we will restrict ourselves to a special class of
CP maps on &/°.

Lemma A-1: Let T, eB (&%) be of the form (for a given
)

T,[Xe W, )" W, _)]=T,, 0 .y )]

n—1
o o X, 00y o),

k=m

where Xe ¥, X", = (X, »-0X,). Let T, ,(X.¥)
eB (.«7°,) be positive definite in the sense that

S XO* T, GOXD W GO W )X ()30

for all (x(DeH,, _, .y(@)eH,, X ()es/,, ]| and all N, and the
X, _ (x,y)eo° positive definite in the sense that

i X )" X, (x()x()X (N>0

forall {x(DeH, _ X (e },allNandallm<k <n. ThenT,
cCP(°).

Proof: From Ref. 7 Sec. 1,2 we know that T, , and
{X, _ ] have Kolmogorov decompositions.

T,.xNX1=V,, X" 7, X)V,.®)

X, (=W, "W, ()
where 7, , is a *-representation of </, in some Hilbert
space. It is then obvious that (A1) is satisfied.

Corollary: If T, is of this form for m = 1, then it is true

for all 1<m < n.
Denote by p,, the central state on .o/ defined by’
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1 for x=0,
po (W (X)) = 0 for x=£0,
and denote by p, ,,, the partial state on the mth factor in &/,
given by p, .
Lemma A-2: On the set of all 7,eCP(«7") with the
properties of Lemma A-1 for a given m there is defined a
contraction

6, :T,—T.,_,eCP(«°_,)

through
T, \(XoY¥)= 3 po(Une WX el, , )
xeH
XT,[Xe W(—x)aY])
forall Xe &% _,, Yer® .

Proof: Note first that the sum is always finite. From the
given form of T, we obtain that 7'/, _ | is of the same form
with
X vk = X n—k»
T:n.n — I(X:: :n—— l’y:: r!n — 1)[W(xm)+ W(ym)]

= Tm,n(x;:rlt—x!yzz;)[W(xm~ l)+ W(ym— l)
X, (X1, ¥, 0]
= Vm,n(x:: rln) +77.»1,n [W(xm - l)+ W(Ym— l)
D G ¢ Rt ) | | S ¢y )
where x,,, = (x,,....x,,). T, ., _, obviously has the positive
definiteness properties defined in Lemma A-1.
Remarks: 1. If T,, belongs to the class of maps of

Lemma A-1 for a given m, then so does (¢ denotes composi-
tion of CP maps)

mgk<en — 1,

( ®T(’k))°Tn for all T{,,eCP(«°),

T,o(T" ®I, ,) for all T, eCP(«").

2.IT;, =1, eT al,_,cCP(«°), where
T'eCP(« °), then we have the following relation

em [TnoT('m) ] = em [T('m+ l)oTn ]

3. If 4,Be./ ° and we put 7'(X') = AXB, then the pre-
ceding relation still holds (7' is a “matrix element” of a CP
map on the 2 X 2 matrix algebra over &).

We can now formulate the additional compatibility re-
lation mentioned above.

(d) Compatibility:

6, [T.({t D) =T, ({#}] : km). (A4)
The probabilities corresponding to those of Ref. 1 Sec. 2
are defined as follows. Let { €, }] be a set of instruments of
the type defined above. The probability of obtaining a se-
quence (@, ,...,@, ) of outcomes when the instruments act at
instantst, <, <... <1t,, given that the state at time ¢z, < ¢, is
P, 1s given by
n—1 n
(T 0.)|7utortre( & .00 101)
m=1
This expression is well defined by Remarks 1,2 above. It is

obviously positive. The definition coincides with that in Ref.
1 whenever they are both valid.
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The correlation operators are defined in the following
way
T (tosrst MW (= x W (x)}1]

— (MI;III Gm)[Tn(to,...,t,,)O( ® T(xk,x;))] (1,

where T (x, y)[X1 = W (— x)X W (), and they satisfy the
following relations which correspond to those of Ref. 1 Sec.

{a) Complete positivity:
S XO T [(W(~x0:W (D X ()30

f;)r all {X (e, x()eH, }, all N.
(b) Compatibility:
T,({t I (—x W&l x, =x, =0

=T, ({#}1: k;ﬁm)[{ W(—x W&l : k#’"]
(A9)
which corresponds to (A2) for m = n and to (Ad) for m < n.

(AS5)

(c) Invariance:
PAT, (ot YW (=2 W (x0T ])
=p(W(—=x)T,_ (tt,)
X [(W (= x )W (xi)}5 IW (x7))- (A7)
The following lemma helps in the calculation of the correla-
tion operators for GQSPs.

Lemma A-3: If T, eCP(.7°) is of the type defined in
Lemma A-1 for m = 1 and if there are unitary U, ,U ,e.°
such that
I® U)T,,O( ® T(xk,xL))[U TU'eIl(Ie U™

eI, ,,

n—1

& U, then this expression is equal to
T [(W(—xxWEx)ii]el,_ .

Proof. This follows from the definitions of @ and the
correlation operator and Remark 3 above.
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The interaction between quanta and a static soliton is discussed in the boson theory. As a natural
consequence, there appears the quantum coordinate associated with the position of the soliton,
which leads to a quantum or classical behavior of the soliton depending on its size and the
experimental conditions. It will be shown that the presence of the quantum coordinate (or
collective coordinate) is required by the equal-time canonical commutation relation.

1. INTRODUCTION

In recent papers'? we showed how the classical Euler
equation is obtained from the Heisenberg equation when the
boson transformation is used; this formalism is called the
boson theory. According to this method the soliton solu-
tions** can be regarded as extended objects that are created
by the condensation of a certain boson. In Ref. 1 some of us
(H.M. and H.U.) applied this method to the (1 + 1)-dimen-
sional A¢ *-model and obtained the static soliton solution
from the Heisenberg equation. In Ref. 2, others of us (G.O.
and M.U.) made an extensive analysis of the sine-Gordon
equation. A remarkable result is the /inear law for the boson
transformation parameter f'(x):

£ = 3 £, (LD

f=1

where f¥ (x) is the parameter for N solitons while the func-
tions f; (x) are the single soliton parameters. One merit of this
approach lies in the fact that the theory begins with the usual
quantum field theory, from which creation of extended ob-
jects naturally follows. Thus, extended objects (i.e., solitons)
appear in a quantum many-body system, and therefore, they
interact with the quanta. It is the purpose of this paper to
study the interaction between extended objects and the
quanta. In this section, we present a brief summary of the
boson theory.

Using the same notation as Ref. 1, we consider a Hei-
senberg equation

A @YW = Fl¢], 1.2)
where i is a scalar Heisenberg field. For the sake of simplic-
ity, we assume that the perturbative method is applicable to
Eq. (1.2). Eq. (1.2) leads to the Yang-Feldman equation

¥ =¢°+ 4] 'Fl¥l, (1.3)

where @ © is a renormalized free boson field satisfying
A@)p°=0. (1.4)
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and has the form
dk 1
@M V2,

% [a(k)eﬂ(x — dwyt + a*(k)e — iRX + iwt ] (15)

¢°)=2*

Here a(k) is the annihilation operator of the @ °-quantum
with momentum k and energy o, , and Z is the wave func-
tion renormalization constant. In (1.3), we used the notation
@ % instead of @ ' in order to make it clear that our choice for
the free field is not necessarily limited to the in-field. When
¢ is different from the in-field, a suitable choice of the
Green function A ~ (@) should be made accordingly.

When we solve (1.3) by successive iteration we are led to
the usual perturbative expansion. The result is an expression
of ¥ in terms of ¢

¥x) = Ylxp°l, (1.6)
which is called the dynamical map.

Let us now introduce a c-number function f(x) that
satisfies

AY(x)=0 an
Then we can generalize the Yang-Feldman equation as
Y=¢°+f+[A@] 'F[4]. (1.8

Solving (1.8) by successive iteration, we obtain a new solu-
tion of (1.2):

P (x) = Plsp® + 1) 1.9
Note that 1/ is related to i through the boson transforma-
tion @ ° — @ ° + f. The fact that both ¢ and ¢ satisfy the
same Heisenberg equation (1.2) is the content of the boson
transformation theorem®:

A@W =F¥/]

‘Let us now introduce the classical field ¢/(x) as

¢/ = (0[y/]0). (1.11)

This describes an extended object created by the condensation

(1.10)

® 1979 American Institute of Physics 2088



of the p °~quanta. It was shown in Ref. 1 that, when we define

¢4 =limg”, (1.12)
h—0
this satisfies the Euler equation
A@t =F[#{] 1.13)
Equation (1.12) shows that ¢4 is given by the tree diagrams
only.

In the next section, we derive a kind of Schrodinger
equation for the one particle matrix elements in the presence
of extended objects; the equation contains a self-consistent
potential that is created by the soliton. In Sec. 3, the structure
of the dynamical map ¢ is investigated in the tree approxi-
mation. The result shows that the introduction of certain
canonical quantum coordinates associated with the position of
soliton is required from the canonical commutation relations.
Significance of these coordinates is discussed. A general con-
sideration without any use of the tree approximation for the
results of Sec. 3 is developed in Sec. 4. This consideration
again confirms the appearance of the quantum coordinates
mentioned above. In Sec. 5, we present a brief summary of
our results.

Quantization of the classical soliton has been studied by
many. It is comforting to us that the boson theory naturally
leads to results, several features of which resemble the results
obtained by other approaches that began with classical solu-
tions.** The quantum coordinate (or the collective coordi-
nate) is a kind of concept that is widely used in solid state
physics.” The study of extended objects by use of the collec-
tive coordinate is extensively done in Ref. 6. A significant
question from the quantum field theoretical viewpoint is to
ask what is the origin of this coordinate. Our conclusion is
that the presence of the collective coordinate is required
from the canonical relations.

2. THE SELF-CONSISTENT POTENTIAL INDUCED BY
SOLITONS

In this section, we study the interaction between the
soliton and ¢ ®-quanta. To do this, we determine the general
structure of the dynamical map in (1.9).

The Taylor expansion of the dynamical map in (1.9)
leads to

P x)=¢7(x)+ fd‘yC(xy)¢°(y)+ fd‘y

x [ d'2cr0°OIp0@: + = @)
where
/@ -
e(xy) = 50 22)
1 s (2.3)
)= 5 s e ? @ e
and derivatives mean functional derivatives.
We now introduce
J/(x) = (0|F[y’1]0). 29

Then, the Heisenberg equation (1.2) leads to
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A @)’ =T/ (x). 2.5)

Let us now change f'(x) into f (x) + €g(x), where g(x)
also satifies (1.7), that is,

A (3)g(x) =0. 2.6)
Here € is an infinitesimal constant. We have
54400 =lim L [4/* ) — 4/®)]
8¢ 7(x)
= |d% 2.7
| L g @
Since ¢/+ 8 satisfies (2.5),
4,077 (%)
A T(xy= 1d 2.8
@566) = fyb,f()g() @8

Here d* means the derivative with respect to x. For given
Sf(x), $/(x) is uniquely determined. Furthermore, there is a
one-to-one correspondence between f'(x) and ¢ “(x), under
the given boundary condition for f(x). Then we can regard
f(x)asafunctional of ¢ /(x). As a result, J/(x) is also regard-
ed as a functional of ¢ "(x),

T = I (). 29
Since

B0 _ [0, 800560 3870 210

50 5@ ()
we have

A@)8H0) = [aavixa) o0, @) @.11)
with

Sixg) = S x:d7)
V/(x,z2) TR (2.12)

The function V”is called the “self-consistent potential.” The
expression 8¢/ (x) behaves like a wave function of a quan-
tum in a nonlocal potential ¥/ (x,2).

The significance of Eq. (2.11) lies in the fact that
the linear @ *-term in the dynamical map is equal to 547, (x)
and therefore that it satisfies (2.11). This implies that g °-
quanta feels the self-consistent potential V*(x,z) which is in-
duced by soliton. Choosing

gx) = exp[ + i(kx —w,2)],  (2.13)

V 2m*2,

we can determine the linear g °-term in the dynamical map
(2.1). Here w, is the energy of the ¢ ®-quantum with momen-
tum k. In a similar manner, the higher order terms in (2.1)
can be obtained.

When the tree approximation is used [see (1.13)],
V/(x,z) is simply given by

Vi(x,z) = F'[¢/(x)]6®(x — 2), 2.149)
where F'=6F /5¢7. Then (2.11) becomes
(A@)—F'$/(0)])s¢L(x)=0. (2.15)

This equation has the same form as the one called the stabil-
ity equation.*
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In the following, we restrict our consideration to static
cases in which f(x) (and therefore ¢/ (x)) is independent of
time [i.e., f(x) = f(x)]. In these cases the time-translational
invariance of the theory leads us to conclude that the expan-
sion coefficients in the dynamical map (2.1) and the self-
consistent potential have the following forms;

Clxy) =Cxy,1, —1,), (2.16)
C(x;y,z) = C(X,Y,Z,tx — ty’tx — tz)! etc., (217)
Vixy) =V/xyt, —t). (2.18)

Equation (2.7) together with (2.13) leads us to the following
form of 5¢7:

— dwyl,

567 (x) = Z tu(x,k) =
_ fd4y5¢f(x) e Ty Z (2.19)
CASURVETA PR

It should be noted that the normalization of u(x,k) is deter-
mined by the asymptotic condition: u(x,k)— exp(ikx)/
Qm)*"* for |x| — oo.

Now (2.11) leads to the eigenvalue equation

A 9,0, )u(x,k) = fd y VI (x,y;0,)u(y k), (2.20)
where
APw)=AD]s- - (2.21)

and V/(x,y,w) is defined by

Viey) = —— fda) exp[ — io(t, — £,)]V/(x.y0).
2
(2.22)

In the next section, we study Eq. (2.11) [or (2.20)] by
using the tree approximation. A general consideration with-
out any use of the approximation is presented in Sec. 4.

3. THE QUANTUM COORDINATES. |. THE TREE
APPROXIMATION

When the tree approximation is made, ¢”(x) satisfies
the Euler equation (1.13):

A @) (x) = Fg/ (0] 3.1

In this case, the self-consistent potential ¥/ (x,z) becomes

V/xz2)=F'[¢"(x)]6(x — 2), (3.2)
where
,_ F
F'= 6¢f' 3.3
Thus, Eq. (2.11) becomes (2.15), i.e.,
(A @) —F'[¢’(x)])647%(x) = 0. (.4

Since the renormalization factor Z is equal to 1 when the tree
approximation is used, (2.19) reads as

8¢5 () = [20, ] ~tu(x,K)e ~ " (3.5)
— 3114 4 5¢f
owen']* [dty 22

X exp(iky — iw,t,). 3.6)
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Now (3.4) becomes the eigenvalue equation

{4 @) — F'l¢7 )1 }u(x,k) = 0. (3.7
Furthermore, this eigenvalue equation admits solutions with
discrete energies:

{A@w) - F'[¢/(0)]}u,(x)=0. (3.8)

We can choose u(x,k) and u,(x) to form an orthonor-

malized complete set of solutions of the eigenvalue equations
(3.7) and (3.8):

fd x u'(x,k)u(x,l) = 6k — 1), 3.9)
Jd *x u; (x)u;(x) =8, (3.10)
J-d *x u) (x)u(x,k) = 0. @3.110

We then have the sum rule

[ iuty i + 3 uitou, () = 8x ),
(3.12)
Let us now recall that, since Eq. (1.7) is translationally
invariant, f (x + a) satisfies (1.7) when f'(x) does. The re-

placement f(x) — f(x + a) induces the spatial translation
X — X + a in ¢/(x):

¢/ N x) = ¢/ x + a), (3.13)
which gives

4 M)_ R — 3.4 [ — 3 4

fd y 50 Af(y)=3d.¢’(x), i=123. (3.14)

Since d,f (x) also satisfies Eq. (1.7) for f(x), (3.4) gives

{A @) —F'[¢/(x)]}3,67(x) =0, forw=0.
(3.15)
We thus see that 3,6/ (i = 1,2,3) are the zero energy solutions

of the eigenvalue equation (3.8).
Let us now define

v, = fdlxa,.qsfa,gsf. (3.16)
We can then write as
3
u,(x) = Z (V’*),-jajgbf (i=123) (3.17)

j=1

because these functions satisfy, not only the eigenvalue equa-
tion (3.8), but also the orthonormalization condition (3.10).
This result shows how the translational invariance of the
theory induces the translational modes; as soon as the cre-
ation of the extended object breaks the translational symme-
try, the dynamics naturally creates the translation modes in
order to preserve the translational invariance (this point is
further clarified later). Existence of the translation modes is a
particular feature of the self-consistent potential induced by
the extended object, which itself is self-consistently created in
the guantum many-body system. When £ (x) depends only on
two components (say x, and x, ) of x, there appear only two
translation modes because d; ¢ = 0. When £ (x) depends on
only one component (say x, ), there appears only one transla-
tion mode. The number of translation modes is the same as

Matsumoto etal. 2090



the number of translation symmetries that are spontaneous-
ly broken by the creation of the extended object. In the fol-
lowing, we assume that £ (x) dependson x, ,x,, and x,.Our
notation now is the following: u, with/ = 1,2,3 are the wave
functions of the translation modes while #; withi > 3 are
the wave functlons of other bound states.

It is convenient to introduce the field

Y’ = fd k — {u(x,k)a(k)e

+ 4" (x,k)a (k) }

. 1 -
+ —_— {u,-(x)a,e e
> Vi

+ ) (x)ate } (3.18)

where 2’ means that the translation modes are omitted in the
summation. It is obvious that
4@ - F'[¢/@y°x)=0. (3.19)
The fields associated with the translational modes are
denoted by

z u,(x)q;, = Z z ai¢f(x)7]ijqj, (3.20)
=123 i=123;=123
the time derivative of which gives
S uwp= 3 3 94/ x)np; 321
i=123 i=1237=123
Here
7y =V 7Y, (3.22)

The operators ¢; and p; are the canonical coordinates and
momenta that satisfy

lg.p,]1=i6;, iu=123 (3.23)
and
d
i = i 324
b= (3.29)

In the following, ¢,(i = 1,2,3) are called the “quantum co-
ordinate” of the soliton. The sum rule (3.12) gives the com-
mutation relation

[r°e0+ Su.0a.2°0)+ 3 wwd. Joce, 1)

=i6(x — y). 3.25)
Now the Hilbert space is enlarged to the direct product
of the Fock space associated with {a(k),e,;i >3} and a re-
presentation for three sets of canonical variables (g;,p,;i
= 1,2,3). The dynamical map (2.1) should be replaced by
the following one:

¥(x) =¢7(x) + [¥°’™) + (Q3)¢/(¥)] + -,  (3.26)
where
Qi = Y m,9 (3.27)
J

The inclusion of new operators ; (> 3) and (g,,p;;i
= 1,2,3) is required from the canonical commutation
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relation
1//f(X) llff(y) 8@t —1t,) =1i5(x —y).

The simple boson-transformed ¥/ would be satisfactory if we
only require the Heisenberg equation to be satisfied. Howev-
er, the presence of the extended object induces the self-con-
sistent potential that influences the quantum states and cre-
ates the bound states of the ¢ °~quantum and the extended
objects. Then, the canonical relation, that may be interpret-
ed as a completeness relation, requires the inclusion of these
bound state modes. Indeed, the dynamical map (3.26) to-
gether with (3.25) gives (3.28), since the higher order normal
product terms represented by the dots in (3.26) should not
contribute to the left-hand side of (3.28) when the tree ap-
proximation is used.

Comparing (3.26) with (2.1), we see that the canonical
commutator (3.28) requires the following replacement in the
dynamical map (2.1):

J 5 987® Lo 1) + (Q- 3}/ ). (3.29)

(3.28)

d
)

It is shown later how the Heisenberg equation is satisfied by
the new ¢/ (x).

To calculate the @ °(y)@ °(z)-term in the dynamical
map (2.1), we again replace fby f + €gin (3.4). We then have

6
5f 0 4@

A @) - Fl6’ @]} f d' d*z g()g(e) ~>—
X ¢7(x)

\ 567(x) 687 ()
d d*zF ! ,
J yj ZHCOE ot g@)fz(a)m

iere
” 6F’ 4
F [ ¢f ] = __[¢_]_ .
567
Then (3.29) leads to the following replacement in the dyna-
mical map (2.1):

fd‘*y f 4z c(x:9,2)9 (P °(2):

— 4 [¢ 0 e f
uzfdyfdw (Do ()5f( > 5f()¢<)
N 1/2fd4y GE)F"[¢7(M):[X°(») + (Qd)g/ (1)),

3.32)

3.31)

where G (x,y) is the Green’s function defined by
{4 — F'[¢/0)]}G (xp) = 6(x — p). (3.33)

On the other hand, since Eq. (3.19) is translationally
invariant, it leads to

A0 - F'l¢’0)1}0.x°x)

=F"[¢/(x)13:¢ F(x)-x°(x). (3.34)
Similarly, (3.15) leads to
{1 @,0) — F'[¢/(x]}3,0,6/(x)
=F"[¢/(x)13,¢7(x)3,4 /(x), for =0. (3.35)
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These equations give

dix° = J- d*y Gx)F " (¢ (N0, (x°(»),  (3.36)

3,9,47(x) = fd“y G x))F"[¢7(1)]13,:67 (13,67 (»).

(3.37)
Thus (3.32) becomes
J d'y J.d 2 c(xp,2)@ °( V)@ °2):
172 (4% G GF* (7L )
+ 172(Q3)’¢7 (x) + (Qd)r°x) + -, (3.38)

where the dots stand for terms containing Q. Thus, the dyna-
mical map (2.1) is replaced by
P/ (x) = [1+(Qd) + 172(Q3)* + 17 (x)

+ (1 4+(Q3) + 1x°x)

Yy f d% G L )F" [87 (D]
4 e

Repeating similar arguments we can show that
1
v = 3@ X 876 + )]
el 1!

1 f d*y G G)F " [87 (D))

+ ]
=¢/(x+ Q)+ y°'(x+ Q,1)

+ 112 J dy G(x + QurF " [¢/ (M1

4 o (3.3}
Note that the quantum coordinate Q without time derivative
appears only through the form x + Q. This means that, as
soon as the creation of the soliton breaks the translational
symmetry, there appears the quantum coordinate that plays
the role of the Goldstone modes. In other words, the spatial
translation x — X + a is induced by the transformation:

This is the form of the rearrangement of the spacial transia-
tional symmetry. The expression (3.39) shows that the quan-
tum coordinate Q plays the role of the collective coordinate
introduced by Sakita ef al.°

We use the Schriodinger representation for the quantum
coordinate. Thus, the vacuum state with the soliton is denot-
ed by |0;E) that is the eigenstate of Q:

Ql0; &) =E£|0;§).
Similarly, a state of one y °-quantum is expressed by
[k; €) or |J; §) that satisfy

Qlkg) = §lkE). (3.42)

The eigenvalue § determines the position of the soliton.
When the size of the soliton (or the extended object) is so

large that the quantum fluctuation of the position becomes
negligibly small, the extended object behaves as a classical

(3.41)
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object, while the extended object behaves as a quantum me-
chanical object when the fluctuation of quantum coordinate
becomes as large as the size of the system.

Let us now ask how the higher order terms in (3.39) are
determined. This is formulated as follows. First, define

n!(x) = ¢’ (x) — ¢/ (%), (3.43)
and rewrite the Heisenberg equation as
4@ - F'l8/x)In/x) = F, [0/ ()], (3.44)
where
F, [0/ ()] = F{¢/(x)] = Fl¢/(x)] — F'[¢/(x) ] (x).
(3.45)

This leads to the integral equation

0! () = ¥°(x) + Q347 (x) + jd“y G (xp)F, [ ()],
(3.46)

where the Green’s function G (x,p) is defined in (3.33). Solv-
ing (3.46) by successive iteration, we can determine the high-
er order terms in the dynamical map (3.39).

4, THE QUANTUM COORDINATES. li. GENERAL
CONSIDERATION

In this section, we study the interaction between the @ °-
quantum and a static soliton without using any
approximation.

To do this we come back to Eq. (2.20) for u(x,k). Recall-
ing (1.8), we see that (2.20) is rewritten as the following inte-
gral equation:

eﬂ(x
u(x,k) = -
( (27)3/2

A @) j % VI (350K,
4.1

where the asymptotic condition is
kx

u(x,k) —

a7 for |x| — o.

Equation (2.20) admits also some solutions with dis-
crete energies:

A (B0 u,(x) = f 4%y V/(x,y;0)u(y). (4.2)

In order to study the orthogonality relations and complete-
ness, we consider the following eigenvalue equation:

A Q.EWwx) = J-d }y VI (x,y;0)(y). 4.3)

Here o i1s regarded as a parameter. This has a continuous
eigenvalue E, (o) and discrete ones E;(w). The eigenfunc-
tions are denoted by v, (X,w) and v,(x,w), respectively. The
continuous eigenfunction is obtained from the integral
equation

ikex

v, (X,0) = 22—#)—3—5

+4 @B [ 4 Vo, o)
(4.4)

Equation (4.4) can be regarded as a wave equation with a

nonlocal potential ¥ (x,y:w). Therefore, the functions

Matsumoto et al. 2092



v, (x,w) satisfy the orthogonality relations

J d’x v, (x,0),(x,0) = 8k — q). @4.5)
We can also normalize v,(X,w) as
J d’x v; (x,0),(x,0) =5, 4.6)
J. d’>x v; (x,0)v, (x,0) = 0. 4.7
The cort'lpleteness relation is
[ @hxomitar + 3 vxa) vl g0
= 8(x —y). 4.8)

It should be noted that the eigenvalues of Eq. (2.20), i.e.,
w, and @, cover all of the solutions of the equation E (@) = w.
Comparing (2.20) and (4.1) with (4.3) and (4.4), respective-
ly, we find that

(4.9)
(4.10)

u(x,k) = v, (x,0,):

u(x) =v,(x,0;), with o, =E(w,).

Then u(x,k) and u,(x) satisfy the orthogonality relation with
respect to the following metric tensor I

I'(0,0"%,y) = f d’k v, (@,x)v (@y)
+ 3 v@x) v; (@). @.11)

In other words, we have

f d>x J d’y u (X (0,,0,5%,Y)u(y,q) = 5k — q),

fd 3x Ja’ 3y u; ()M (w, ;%) (Y) =8, 4.12)
J- d>x fd 3y u‘(X,k)F (@,0;%,y)u,(y) =0.

We also have

5 (xy)= f Ihur R+ 3 0@y @13

= [ @k 005 Go0 + T v me) it
' 4.14)

Note that, if ¥/(x,y;w) is independent of @, & (x,y) reduces to
the 8-function. The w-dependence of ¥/ appears when the
loop diagrams are considered. Therefore the nonlocality of
8 (x,y) is due to the contribution from loop diagrams. For
convenience, we also introduce a function 4 /(x,y) defined
by

4/ xy) = f dk u(xlu' (v ke
+ 3w @u,(y)e Y, (4.15)
Among the discrete levels, there always exist certain
zero energy levels. First we recall that, the replacement

f(x) = f(x + a)induces the spatial translation x — x + ain
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any functional of f; i.e.,

079 +3(x) = 0/V(x + a), (4.16)

or in a differential form
4 mi)- = VO’ 4.17
[av& oS vr6) = v0/ 0. @17)

Operating d; ( = 1,2,3) on both sides of (2.5), we obtain
A (93,47 (x) =3I/ (x)

o, 8J7(x)
= | d¥%y =77
[av o {0))
_ 4 ., 0J7(x)
_defd “587@)
597 4
X 570) SO,
which reads as

A(3)3,47(x) = j d*y V(x9)3:87 (). 4.18)

We thus see that 3,6 /(x) (i = 1,2,3) are the zero energy solu-
tions of the eigenvalue equation (4.2). These are the transla-
tion modes.

Let us now define

v, = fd}x 3,67 (13,6 ¥). 4.19)
We can then write as
u;(x) = i 4 ‘5),jai¢f (i = 12,3), (4.20)

i=1
since these functions satisfy the eigenvalue equation (4.2)
and the orthonormalization condition (4.12) [see also (4.6)
and (4.10)]. When f(x) depends only on two components of
X, then there appear only two translation modes, while there
appears only one translation mode when f(x) depends only
on one component of x.

In the following, we assume that f(x) depends on three
components of x. The symbols u; with 7 > 3, denote the wave
functions of the bound states except the translation modes.

Having all of the orthonormalized eigenfunctions of
Eq. (4.1) and (4.2), we now introduce the boson field y° ac-
cording to (3.18). Thus, y° contains all the modes except the
translation modes. Obviously we have

A@°) = f d% V(). @21)

To construct the boson field associated with the transia-
tion modes, we introduce the three sets of canonical opera-
tors (g;,p,;; { = 1,2,3) which satisfy (3.23) and (3.24). Then,
the boson field of the translation field is given by = #,(x)g,

which is equal to (Q-3)¢ /(x) where the operator Q is defined
by (3.27) and (3.22).

The sum rule (4.14) gives the commutation relation:
[+ 3 uaito + 3w, o, 1)

=i YIS, —1,), (4.22)
which becomes (3.25) when the tree approximation is used.
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According to the consideration in the last section, all of
the modes including the bound states should participate in
the dynamical map ¥, Therefore, the dynamical map (2.1)
should be replaced by

P = /() + [zg(z-% )Xo(x) + (Q-a)¢f(x)] +o

(4.23)
Here Z [2[i(3/J¢ )x°(x)] means
) . d
2(i 2w = [ayzi(xwi )eo) @20
with
ZY a0 = [ 4%, xo)Z 4 00)
+ 3 v(x@)Z "vi(y.w) (4.25)
and Q is defined by
(4.26)

0 =Z Y nq
J

with Z,, being the renormalization factor.
The dynamical map (4.23) together with (4.22) gives

[, Zwo)se. 1)

— 8, —1)Z (,- - )Af(x,y) o “.27)
where
Z(0) =Z,(w) + i v,-(x)ZQv:(x) (4.28)

and the dots stand for the contributions due to the higher
order normal products.
When the loop diagrams are disregarded, we have

(4.29)

d
8t —t)Z(i
. —1,) (:at

x

)8 e — )

Therefore, the terms denoted by the dots in (4.27) are expect-
ed to compensate the difference between the left- and right-
hand sides of (4.29).

To calculate the @ °(¥)g °(z)-term in the dynamical map
(2.1), we take the second functional derivative of (2.5) with
respect to f. We then have

A@,) 52¢f(x)
TS (0f (@)

(o 897(€)
- J 4V @

8¢ )& S/ ,
+ [aa i & 7€) 297C)

5 @
(4.30

where V{(x;€,.£,) = 67 /(x)/6¢7(&,)847 (£;). On the oth-
er hand, when the Hilbert space is enlarged, the rule to in-
clude new freedom in the dynamical map is the following
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replacement:
o, 8870 72 AN
J a2 R etz (i g )
+ QY8 ().

Thus (2.30) together with (2.1) leads to

(4.31)

f dly J‘ d*z c(x;3.2)9 °()@ °(z):
-~ f dy d*z:0°0)e °@): VY (xp,2)

_)i 4 [ {y-
! f d% G (xy) Vi 16, 6r)

( 1% (i B_ZT )X°(§,) + QY4 ))

x(zsﬁ (f 2 )x"(sz) + QV¢f@2)):, 4.32)
&,

where G (x,p) is the Green’s function defined by

A @G (x) — f d% VI (x,2)G (29) = 5(x — ).
(4.33)

The inclusion of new operators should be made inside the
normal product symbol, since the inclusion of them should
not change the normalization factor of scattering states.

By use of the translational invariance of the theory, we
obtain from (4.21)

A@)9.°(x) = f d% V(x)°0)

+ J d% d*z V(.98 @Ox°0).
(4.34)
Similarly (4.18) leads to

A(0)3,9,67(x) = fd“y VI (x)3,8,6° )

+ f d*y d*z V(23,6 9)3,67(2).
(4.35)
These equations give
3X°) = f d%y d*€,d* &, G (o) Vi(ir bs)
3,87 EWE),
8090 = [dhd6,d't 6 VioE.£)

(4.36)

X347 (£))9,87(£,). (4.37)
Thus (4.32) becomes
J @y [ a' et 2y 9000 °0)
. %G VIZYYO + %(Q-V)W(x)
+@QV)YZ K+ -, (4.38)

where the integration symbol is omitted and the dots stand
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for terms containing Q. Thus the dynamical map is
¥ = [14 @)+ 2@V + /)
+ 1+ @QV) + ~1Z§°x)
+ 2 (a6 6o Vios &)

1/2 0@—1 )Z 172 0(§2) + (4'39)
Repeating similar arguments we can show [cf (3.39)] that
P () =¢"(x+ Q1)+ Z°(x + Q)

+ L [avow+am [aas

XV50:61:62)
AL 0(§ V4% 0@2) 4o {4.40)

Note that Q without time derivative appear only through
the combination x + Q. Therefore,the spacial translation
X — X + aisinduced by the Q- translation, i.e., Q — Q + a,
dynamical rearrangement of the spatial translational sym-
metry. Thus, Q is called the guantum coordinate. We use the
Schrodinger representation for the quantum coordinate, and
therefore, have relations such as (3.41) and (3.42). Thus the
soliton,d/(x + Q), behaves as a classical object or a quan-
tum mechanical object according to its size and the experi-
mental conditions.

A systematic method for determining the dynamical
map (4.40) is formulated as follows. Calculate first ¢ /(x) by
the simple boson transformation ¢ ° — ¢ ° + £. Second,
define

n’(x) = ¢/ (x) — ¢’ ().

Then, the Heisenberg equation leads to

fd YA @)W — ) — Viep)In/G) =F, [xn’]

(4.41)

(4.42)
where
F, [xn/1=F [¢/(x)] — F [/ (x)] — f AV (xp)n’ ).
(4.43)

Use of the Green’s function defined in (4.33) rewrites
the Heisenberg equation (4.42) in the following integral
form:

/() = Z °0) + (Q3)/(x) + f d*Yxp)F, Gin?).
(4.44)

Solving (4.44) by successive iteration, we can determine the
dynamical map of n/(x), and therefore, also of /().

5. SUMMARY

In this paper, we studied the extended objects (or soli-
tons) created by the condensation of a boson in a quantum
many-body system. The boson condensation was mathemat-
ically treated by the boson transformation. The soliton thus
created coexists and interacts with the quanta. It was shown
that the soliton creates a self-consistent potential that influ-
ences the dynamics of quanta. It is obvious that the position

2095 J. Math. Phys., Vol. 20, Nc. 10, October 1979

of the whole soliton system has no relevance because it de-
pends only on the choice of the origin of the coordinate. This
fact was manifested in our result that shows that the canoni-
cal commutation relation of the Heisenberg field naturally
introduces a set of quantum coordinates, ¢, (i = 1,2,3) and
the conjugate momenta p;. The translation of the position
(x; — x; + a;) is induced by the translation of ¢,, i.e.,

q; — g, + c; witha, = 7,c;, because x; and g; always appear
through the combination x; + 7,,¢,. When the quantum
fluctuation of ¢, is negligibly small, the soliton behaves as a
classical object, while it appears to be a quantum mechanical
object when the quantum fluctuation of ¢; becomes observ-
able. In this way, both the classical and quantum mechanical
objects are naturally created by the condensation of bosons.
Depending on the size of the object and experimental condi-
tions, the quantum fluctuation of ¢, becomes either observ-
able or unobservable.

We are particularly interested in extended objects of a
finite size. An object of this kind carries a self~-maintained
enclosed surface singularity, into which the object is con-
fined. In Ref. 8, we have presented a systematic formalism
for treatment of surface singularities that are associated with
the boson transformation function f(x). It may be worth-
while to point out that, for example, the crystals are not
confined to artificial boxes; their boundary surfaces are self-
consistently maintained.

It was shown in Ref. 1 that these kinds of singularities
(topological singularities) can be created only when the con-
densed bosons are massless. It is due to this reason that we
observe a variety of topological singularities (including the
enclosed surface boundary singularities) in many kinds of
ordered states; they appear through the condensation of the
Goldstone bosons which are massless.

When an object with a self-maintained boundary sur-
face has a large size (e.g., stars, crystals, etc.), it behaves as a
classical object under most of the experimental conditions.
The different averaged eigenvalues of q correspond to differ-
ent positions of the object. When an object has a very small
size and the quantum fluctuation of q becomes observable,
then the system may behave as a quantum object. Many mi-
cro domains that appear in a variety of ordered states in solid
state physics are objects of this kind (i.e., quantum solitons).
The large nucleus may be another example of this kind.
When we consider an object of extremely small size, we find
the MIT bag-type object. In Ref. 9, it was shown that a small
object with an enclosed surface singularity behaves as the
MIT bag. There, the quantum coordinate was neglected, and
therefore, the system behaved like a classical object. Consid-
erations in this paper suggest that a careful treatment re-
places x; by x; + 7,,¢;, and therefore that the bag behaves
like a quantum object.

Summarizing, we find that there always exists a quan-
tum coordinate q associated with a soliton. Depending on the
observability or unobservability of the quantum fluctuation
associated with q, the soliton behaves as a quantum soliton or
a classical soliton.

A merit of the boson theory for the soliton lies in the
fact that calculation of quantum effects in soliton dynamics
is straightforward. For example, the soliton field ¢ /(x
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+ Q)(Q: = 1,4,) contains the quantum effects due to the
loop diagrams that appear through the course of solving the
integral equation (1.8) by successive iterations. The quan-
tum effects of this kind are contained in the classical behav-
ior of solitons described by ¢/(x). The real quantum behav-
ior appears through the presence of the quantum coordinate
Q.

In this paper we considered a simple model, in which
the boson field ¢ ° does not carry any degree of freedom
associated with an internal symmetry. When ¢ ° has, for ex-
ample, isospin, the ¢/ (x + Q) is expected to carry not only
the quantum coordinate, but also a quantum isospin. This
will be a problem of future study.

Let us close this paper with a comment on the energy of
the soliton created by the boson condensation. Let H denote
the Hamiltonian of the Heisenberg field ¢. It has the form

H= fd3x h [x;¥], 5.D

where h [x;#], is the Hamiltonian density. The boson trans-
formed Hamiltonian His given by

H = J-d:‘xh [x2/1. 5.2)
When the tree approximation is used, we can prove
lim (0| H/|0) = Jdeh [x; 641 (5.3)
%#—0

The right-hand side is the classical Hamiltonian for the
Euler equation (1.13). A proof for (5.3) is the same as the
argument' used in derivation of the classical Euler equation
(1.13) from the Heisenberg equation (1.2).

When the tree approximation is not used, the soliton
energy is given by

(0|H’|0) = javx Ok [x71]0). (5.4)

1t is important to note here that the space integration should
be made only after the vacuum expectation value of boson
transformed Hamiltonian density is calculated.

As is well known, H is weakly equal to the free
Hamiltonian:

(alH |b) = (a|H,[p°}|b). (5.5
Here |a) and |b ) are vectors in the Fock space of physical

field @ ©, and H, [@ °] is the free Hamiltonian of g °. In (5.5),
{a|H |b) precisely means

@|H|b) = '(d3x (a|h {xsg}|b). (5.6)

Let us recall the relation (5.5) is based on the fact that @ ° is
Fourier transformable. Thus, when f(x) is also Fourier trans-
formable, we can generalize (5.5) as

(alH'|b) = {a|H,[@° +f1]b),
which gives the soliton energy

(0| H’|0) = (0|H, [ +£1]b). )
However, these relations are not true when f has a certain
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topological singularity which prohibits the Fourier transform
of f. It has been shown' that, unless the energy w, of the @ *-

. quantum vanishes at a certain nonvanishing value of mo-

mentum k, £ (x) for a static soliton always has a singularity
that prohibits the Fourier transform of /. It is an easy task to
show, by using the (1 + 1)-dimensional A¢ *— or sine-Gor-
don model with the tree approximation, that the soliton en-
ergy given by (5.3) is different from the one obtained from
(5.7).

The moral here is that when f(x) is singular, the soliton
energy should be calculated, not by (5.7), but by (5.4). How-
ever, (5.7) has been used in all of the past calculations of
soliton energies in the boson theory. When the domain of
singularity associated with f(x) is confined to a finite do-
main, the relation (5.7) is supposed to give a reasonably ap-
proximate result. Therefore, the calculation of the bag ener-
gy presented in Ref. 8 seems to be reliable. In application of
the boson theory to superconductivity, there is a good rea-
son’® to believe that the difference between (5.7) and (5.4),
which is called a nonlinear effect, is as small as (energy of
collective mode)?/(plasma energy)’. This is due to the gauge
invariance of the theory. On the other hand, the energy of
relativistic string was calculated in Ref. 11, where (5.4) was
used. The result contained a ultraviolet divergence. It is an
open question if this divergence disappears when (5.4) is
used.
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We consider a meron-antimeron pair located at a, b, € R, and show that the
spectrum of its stability operator is not bounded below [in precise mathematical terms:
The stability operator defined on C %(R*— {a,b}) has a self-adjoint extension, possibly
many, all of which are unbounded below]. We regularize a single meron located at the
origin by replacing it inside a sphere of radius R, and outside a sphere of radius R by
“half instantons,” and show that for R> R, the regularized configuration continues to
be unstable. For R, finite and R = «, we show that the spectrum of the stability
operator continues to extend to — . We employ a singular transformation to embed
R* into S*XR where the meron pair takes a simple form and its stability operator L
becomes I = — d*/dt*+ V, where T€R, and the potential ¥ can be diagonalized in
terms of the angular momenta, spin, and isospin of the vector field. The spectrum of L
is continuous and extends from — 2 to + o. We determine the number of (generalized)
zero eigenmodes of L, and calculate its spectrum explicitly.

I. INTRODUCTION

By a generally accepted philosophy, the phenomenon of
quark confinement in quantum chromodynamics (QCD) is
caused by the severe infrared singularities of non-Abelian
color gauge theories. Polyakov proposed' that the infrared
behavior of such theories might be governed by solutions of
the classical Euclidean field equations. Two particular solu-
tions of the Euclidean Yang-Mills equations have been dis-
covered: the instanton or pseudoparticle,? and the meron,’
which we study here.

From the physical point of view, the instanton yielded a
rich structure of the quantum vacuum,* and provided an
explanation of the famous U(1) problem.* From the math-
ematical point of view, it implied a deep connection between
the Yang-Mills (YM) equations and differential geometry,
in particular holomorphic vector bundles.” Much less is
known about merons. Callan, Dashen, and Gross have been
considered® a mechanism of confinement based on meron-
like configurations. Glimm and Jaffe have introduced’ poly-
merons on a line (see Ref. 10 for their mathematical exis-
tence) and studied confinement in a statistical system of
merons.'' Subsequently, they developed'? a droplet model
for the confinement phase transition. Here we study infini-
tesimal deformations of a meron pair, and show that the pair
is unstable in the sense that its stability operator has a nega-
tive spgctrum. (Warning: This notion of stability is different
from Liapunov’s notion of stability; furthermore, both no-
tions of stability are different from the stability in the sense of
Poincaré,"” i.e., the spatial components of the energy—mo-
mentum tensor are zero. The meron might be stable in the
sense of Liapunov.) In fact, we prove that the spectrum of the

“'Supported in part by The National Science Foundation, Grant PHY 76-
17191 and PHY-77-18762.
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stability operator is unbounded below, and that the meron
pair “falls” into two pure vacua, one of which is given by a
singular gauge transformation, and corresponds to (in Nam-
bu’s '** terminology) “black instantons.” Our analysis
shows that in the function space of all configurations, the
meron is a saddle point which is unstable at least within
configurations with spherical symmetry. We regularize a
single meron by replacing it inside a sphere of radius R, and
outside a sphere of radius R by “half instantons,” and show
that as long as R> R,, the regularized configuration contin-
ues to be unstable. For R, finiteand R = + «, we show that
the stability operator continues to be unbounded below. (See
Ref. 14 and Note added in proof at the end of the paper.)

We also prove that the meron-antimeron stability oper-
ator has exactly eight zero (generalized, i.e., not square inte-
grable) eigenmodes. The corresponding eight parameters are
interpreted as the positions of the two merons. This result
shows that a meron pair is a “‘rigid”’ dipole, i.e., one meron in
a meron pair, cannot rotate in the internal space (isospin
space) independently of the other meron. The number of
independent, zero (generalized) eigenvectors of the stability
operator is obtained by embedding R* into S * X R, via a sin-
gular transformation. That S° X R is the natural geometry
for merons, is indicated by the fact that one meron is invar-
iant (within gauge equivalence) under the subgroup
0(4) x O(1,1) of the Euclidean conformal group O(5,1). The
map R*—S8°XR is a two-parameter family of transforma-
tions. Merons located at points a = (a,,0), b = (b,,0), or
a =0, b = o, go into the same solution on S * X R, which in
terms of differential geometry, is the standard SU(2) spin
bundle over S°. We call it the meron bundle. The stability
operator .Z” of the meron bundle has a simple form, i.e.,

~d?/dr* + V, reR, the potential ¥ can be diagonalized in
terms of the angular momenta, spin, and isospin of the vector
field. Thus the spectrum of .¢°, which is continuous and

extends from — 2to + <o, can be calculated explicitly. Qur
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S ¥ X R representation of a meron pair and its stability opera-
tor, are suitable for defining appropriate stable approximate
meron configurations and determining their contributions
to the functional integral.

While the relevance of merons to physics has yet to be
determined (their stability makes merons ambivalent!), their
mathematical aspects seem to be interesting from the point
of view of both differential geometry and analysis. The sin-
gular transformation we employ in Sec. IV, to embed R* into
S < R, has been motivated by the manifestly conformal co-
variant formalism* of the Yang-Mills equations, and it
appears to be a special case of the well-known “blow-up” or
quadratic transformations in algebraic geometry.'* This
blow up process, performed in a manner that preserves the
flat conformal structure of the physical space, may be useful
in proving the existence of (or even constructing!) k>2
meron pair solutions of the YM equations. However, the
Riemannian structure of the blown up surface is not unique,
and its determination seems to be equivalent to proving the
existence of infinite energy (action), nonstable solutions of
nonlinear partial differential equations. Also, it should be
possible to formulate and prove an Atiyah—-Singer index
thearem for merons on these (noncompact) blow up sur-
faces. These problems deserve further investigation.

The organization of this paper is as follows: In Sec. II,
we establish the conformal properties of merons. In Sec. 111,
we show the instability of a single meron as well as of a
meron pair. We also study the instability properties of a reg-
ularized configuration. In Sec. IV, we embed R* into S° X R
via a singular transformation, and construct the meron bun-
dle over S°. In Sec. V, we study the stability operator . of
the meron bundle, calculate the number of independent,
zero (generalized) eigenvectors of .7, and determine its
spectrum explicitly. Finally, in the Appendix, we summarize
some technical calculations that are needed to go from our
meron bundle to the standard meron-antimeron pair solu-
tion on R*.

Il. CONFORMAL PROPERTIES OF MERONS

The pure Yang-Mills (YM) equations in four space—
time dimensions read

D El\:a F‘;u -+ [Au’ ;u] (21)

where D,, is the covariant derivative, and the field tensor F,,
(the curvature) is given in terms of the vector field 4,, (con-
nection) by (“‘structure equation” in the language of differ-
ential geometry)

F,.=0d,4.—0d.4,+[4,4,] (2.2)

For an SU(2) gauge group, we set 4, = (1/2/)4 ;o “,
F,.= (1/21)Fl”“0 Ay, = iTr(4,0%, F,“ iTr(F,,0%)

where 0, a = 1,2,3 are the Pauh matrices. Equations (2.1)
are associated with the action

SU)= fd X TrF,, F,, =} jd X F4 Fa,. (2.3)

(Throughout this paper, Greek indices UV KA s BY 00
run from 0 to 3, and 1 to 4, respectively. Latin indices a,b,
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Cyeenslyfsk,- Tun from 1 to 3. Repeated indices are always
summed over.) The finite action configurations fall into ho-
motopic classes labelled by the elements of 7, [SU(2)~Z,
which gives rise to the “topological charge,” or “Pontryagin
index”
k= J d‘x Q(x), (2.4a)

1 a *pa
32 2 F‘ltt F/Ll i
where °F, v = 3€ca Fy 1s the dual tensor. The integer & cor-
responds to the second Chern class.'®

0x) = —TrF V= (2.4b)

The massless Euclidean YM equations (for any simple
non-Abelian compact Lie group G as a gauge group, and
with any number of massless fermions and bosons) are invar-
iant under the action of the Euclidean conformal group
0(5,1), which contains rotations, translations, dilatations,
and special conformal transformations. They are also invar-
iant under the discrete transformations of reflections, and
inversion J:xﬂ—»x#/xz, In this section, we show the simple
but important fact, that the one meron solution is invariant
(within gauge equivalence) under the O(4) X O(1,1) sub-
group of the conformal group O(5,1). This subgroup is gen-
erated by rotations and dilatations. The meron is also invar-
iant under reflections and inversions.

The solutin of (2.1) which describes one meron at the
origin and one antimeron at infinity reads’

X,
(x) 7](1;4\ ’ (25)
x?

where 77,,,, is 't Hooft’s symbol.’ We refer to the appendix of
Ref. 5, for properties of 7,,,,, we will use throughout this
paper. The field tensor of (2.5) is

1 ,(x# XX,

FZ\ = - 7711;1\ + Navw =, + 77(1/[}\ X (26)

From this expression, one sees that the action (2.3) is logar-
ithmically divergent at x = 0 and x = . Indeed

+ o>
if dixL = 372f ar @.7)
2 x* 0 r

The topological change (2.4b) is Q (x) = 16(x).
Under a general transformation
X, X, = x,(x), (2.8)

the vector and tensor fields transform like 1- and 2-forms,
respectively, i.e.,

S(A meron) —_—

A (x)= —A, 2.9)
(%) o, (
Ix;, Ix; ax;,
F‘u\'('x) - a a ;c/l( ), (210)
*F/’“,(x) = " (xh), 2.11)
H v
where
dx,,
J(x'x) = det(——) (2.12)
ax
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is the Jacobian of x,,—x,,. If (2.8) is a conformal transforma-
tion, then
ax]. dx}

ox, 3x'u

(2.13)

=8 [/ (x"3x)[ .

For all elements of the conformal group J (x;x') > O [for the
proper Euclidean subgroupJ (x;x") = 1]. For reflections, and
inversion J < 0. Equation (2.13) together with (2.10) and
(2.11) quickly imply the conformal invariance of the action
(2.3) and the topological charge (2.4a). The latter changes
sign under reflections and inversion.

Under an infinitesimal rotation

X, =X, = X,y @y, = — @, &Y=x) (2.14)
the meron (2.5) transforms into
x\/ nﬂktwi( v + 170 \A)VAXK
A0 = s — v T Rt @.15)
X

X

We shall see that the last term in (2.15) can be compensated
for, by a global gauge transformation. Under a gauge trans-
formation geSU(2), the vector fields transform as follows,

4/ (x) = g'(x)4,(x)g(x) + 87(x)9,8(x) (2.16)
for an infinitesimal transformation

g~I + i0%"* 2.17)
Eq. (2.16) becomes

A (x)=A4,+iD,0=A4,+i{d 0+ [4,0]}. (2.18)

From (2.18), one can easily see that the last term in (2.15) is
compensated by performing an infinitesimal global gauge
transformation given by

ge= — Mg (2.19)

2

This proves single meron invariance under rotations. For
dilatations

X, = Ax,, (2.20)
Eq. (2.9) yields
400 = 49500y = @.21)
a x?

Xy
This together with the rotational invariance of the

meron, prove the SO(4) X O(1,1) meron invariance. One can
easily check the invariance of (2.5) under reflections and
inversion. Clearly, (2.5) is not invariant under translations
P#, and since the special conformal transformations %~ P
are equal to # PH / , the meron cannot be invariant under
special conformal transformations. It is also true (and this
can be deduced from the results of this paper) that the meron
is not invariant under any linear combinations of P,and ¥,

Remark 2.1: As we mentioned in the Introduction, the
O(4) X O(1,1)invariance of the meron indicates that S * X R is
the natural geometry for merons. This, we realize in Sec. IV.

Since the YM equations are conformally invariant, if
one applies a conformal transformation to (2.5), one obtains
again a solution of the YM equations. Thus the special con-
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formal transformation

x, —a,x*
X, = Y - S A (2.22)
1 — 2ax + a’x”
acting on (2.1) gives
x, —a.x’
AS(x)=1n,,,
W) = oy x(1 — 2a-x + a*x?)
2a,x,x,
= Navx (223)

x¥(1 — 2a-x + a*x?)’
which describes a meron at the origin and an antimeron at
x, = a,/a*. This form of a meron-antimeron pair is gauge
equivalent to the familiar form"

Xy — [0-X X,
Al‘(x) = IT %”a;uﬂﬂ)(_x—z -

(x— a)v>

(x —ay

(x —ajy + ig(x — a)

, (2.24)
|x — 4

X

which can be transformed,"” via a singular gauge transforma-
tion, into a meron-meron pair

49 ('xv + (X _a)v)
= Moy x? (x —a)/

(2.25)

Our meron bundle in Sec. I'V will be proven to be equivalent
to a meron-antimeron pair (2.25) at a = (a,,0),b = (b,,0), or
a=0b=w.

The field tensor of (2.25) is
F,(x)

a? (x,‘.xﬂ (x—a)(x—a),

= 7 T xX¥(x — a)’ x (x —a)}

_ xn’(x - a),u + (x - a)rxy)
x(x — a)’

XX,  x—a)x—a),
+ nayx( x* (X N a)4

_x—a), + G- a)xv> 226

x*(x — a)?

Thus

F(x) — o( L )

Ixl—e  \[x|*

(2.27)

Therefore, the action is finite at co, but logarithmically diver-
gent at x = 0 and x = a. The same is ture for the configura-
tions (2.23) and (2.24).

Remark 2.2: Since (2.5) is invariant under a seven-pa-
rameter subgroup of the 15-parameter conformal group, the
most general solution one can get from (2.5) by conformal
transformations is an eight-parameter solution. In Sec. V, we
prove that none of these parameters can be gauged away, and
that the most general two meron solutions has exactly eight-
parameters. This eliminates the possibility that one meron,
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in a meron pair, can have internal degrees of freedom inde-
penently of the other meron.

Ill. THE STABILITY OPERATOR ON R4

Let 4 |, be a particular solution of the YM equations
(2.1). We consider infinitesimal deformations about 4 o

Af—A +a), 3.1
The linearized YM equations read

D,u D,u av - D;t Dﬂa‘u - [F‘;n"a,u] = 0’ (3‘2)
where D, is the covariant derivative w.r.t. the solution 4,,,
ie.,

D,a,=d,a, +[4,4a,]. 3.3)

JlndY

The stability operator .#" = .%'(4 ) for the solution 4 ;, may
be deduced from (3.2),

(Lay=2L,.a,=(—D.DS

o
v Py

+ D, D, + adF, )a,.
3.49)

uy

Using the identity

[D,,D.] = adF,,, 3.5
£ may be rewritten as follows,

(#a),=(-D,DJ,, + D, D, +2adF, )a,

234

:(-Dﬁ‘DK(Sy\'-F 2Du D\'——DVD;L)G;L' (368')
Remark 3.1: The stability operator .% could be derived by
expanding the action (2.3) in a power series in a,,, and then
calcualting the second variation w.r.t. g, ata, = 0.

.Z"acts on the Hilbert space # defined by the inner
product

(ab) = %f dx Trazb,,. 3.7

Here a,, is the matrix Hermitian conjugate of @, . Whenever
the solution 4,(x} is locally square integrable, .%" = .7°(4 )
may be defined as a quadratic form on C § vectors by

@./a)= —(Dya,D,a,)+2D,a,D,a,

o

- (DvawD a )

uu

(3.8a)

= - (‘Dn‘a V’Dha v) + (Dx'av’D,u.a;t) + 2(av’ad1:;nﬂ,u)’

(3.8b)
where (3.8b) is valid whenever F,, is locally absolutely inte-
grable. The meron (2.5) is locally square integrable, and its
F,., (2.6), 15 locally absolutely integrable. Therefore, (3.8)
defines . (A4 ™) as a formally densely symmetric opera-
tor on the subset C 5 (R* — {0}) of #°. Similarly, the stabil-
ity operator for (2.26) [or (2.25)], and (2.24) are symmetric
operators defined on the dense domains C Z(R* — {0,a}),
and C F(R* — [0,q, /a*}), respectively.

We now study properties of .¥" under conformal trans-
formations. Let £2 be a conformal transformation

$1:x,—x;, = ({x),. 3.9)
Let @/ = a;, be the transformed field [see (2.10)). Then
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(af,a{l’) = %f d*x' Tra)(x)a/(x")

1
= 7J d*x |J (x';x)|"*Tra,(x)a,(x). (3.10)
Thus the operator
U )~ 3.11)

(U (2)a),(x) = |/ (x"sx)[ a2 (x) = |J (x"x)| % a,{(x)

i

(3.12)
1s unitary. The stability operator .#° (4 ) transforms like
U(2)LA)WQR) = |[J&x)["LA7) (3.13a)

= |J(xx)|22*LA4)2.  (3.13b)
In the second line we have used
LAY =02*S AWM 3.1

which can easily be derived from (3.8). For £2 in the Euclid-
ean group we have J (x';x) = 1. For dilatations (2.21), and
the special conformal transformation (2.23) we have

J(Ax;x) =44 (3.15)
Jx'x) = (1 — 2a-x + a*x?)™, (3.16)
respectively. Thus

U AL UAYUR)=A2£(4D, 3.17
UM2)LAYUR)=(1—2ax+ax).L4"). (3.18)

For the meron (2.5), we have in addition (4 1) = ¥ (4).
We shall use (3.17) and (3.18) below when we consider the
stability operator for meron pairs.

Theorem 3.1: The formal stability operators of a single
meron, defined on C F(R* — {0}), and of a meron pair de-
fined on C §*(R* — {0,a}), have numerical range R and self-
adjoint extensions all of which are unbounded below.

Proof: First we consider the single meron (2.5). As we
mentioned below (3.8), its stability operator .¥” is formally
symmetric on the dense set C i (R* — {0}). To prove that .7’
has self-adjoint extensions we use {a slight generalization of)
von Neumann’s theorem for real operators.' ' The map

Ca,—a,

1 a conjugation (i.e., antilinear, norm-preserving, and

C? =I)on 5 . Obviously Cleaves C & (R* — {0})invariant,
and commutes with .¥". By von Neumann’s theorem, the
deficiency indices of . are equal, and therefore . has self-
adjoint extensions. To prove that .7 has numerical range R,
and all its self-adjoint extensions are unbounded below, we
observe that the meron (2.5) may be written as follows

A¢ = —1,,0,]0g p(x), (3.19a)
polx) = %, r= x|, (3.19b)
and for vector fields of the form
AL = —1,,,0,log p(x), (320
the YM equations become
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(3.21)

or
(3.22)

where 4 is the four-dimensional Laplacian and C is an arbi-
trary constant. The meron (3.19) corresponds to
C= —1, (3.23)

Infinitesimal variations about p, = 1/7, give rise to the sta-
bility operator

4p = cp’,
—dp —p'=0.

3
L{p)= —4— = (3.249)
If we restrict .#"(p,) to sphericaly symmetric functions with

definite angular momentum / = 0,%, 1,;,..., then

2
d _ ii 4+ 1) _ i (3.25)
ar r dr r r

We will study the operator with /=0, i.e.,

L(p)= —

(3.26)

One easily sees that (3.26) and the original stability operator
have the same quadratic form (modulo an immaterial con-
stant of proportionality) on vectors with spherical symme-
try. Let ueC 5(0,0)CLy(R* — {0}) and # = r'v. Then
du 3 du 3 )

Llpyu)=| d* —_—r = =
W o) f xu( dar r o dr r’u

(3.27)
The equation
2
_dv _1dv 24 (3.28)
dr r dr r
is the Bessel equation with index n* = — 2,ie,n= z\/z

The two linearly independent solutions of (3.28) with nega-
tive A, are the modified Bessel functions with imaginary in-
dex, i.e.,

I -(\/mr),

N2

Ko: (V1A

Only K ;5 (\/ |4 | r) is square integrable at both = 0 and

r = oo . Thisimplis, by (3.27), that the numerical range of .&”
is R. The Bessel equation (3.28) can be reduced to a (time-

independent) Schrodinger equation by setting v = 2w (or
u=r"w)

(3.29a)
(3.29b)

9 1
— —— -  w=Aw 3.30
dar & r’ (3:30)
and
+ o 9
W, u)=f drw(——ﬂ——— )
O ar 4 e
(3.31)
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The one-dimensional Schrodinger operator — d */dr

— n(1/7) has been studied exensively in the literature®*
(and references given in Ref. 21). For <}, the operator hasa
unique self-adjoint extension (the Friedrichs extension) and
is positive. For 7 > 1, the results of Case® and Nelson,? show
that the origin is in the limit circle case, and the operator is
not form bounded below; its deficiency indices are (1,1) and
there is a one-parameter family of self-adjoint extensions,
parametrized by the real numbers and corresponding to the
boundary conditions w'(0) + aw(0) = 0. All these self-ad-
joint extensions are unbounded below and have discrete neg-
ative spectrum. Nelson®' has constructed an extension, with
a physically interesting dynamics, which is unbounded be-
low and has continuous spectrum. This extension is not self-
adjoint.

Remark 3.2: Let

T = logr, (3.32)
F= L togp(ry = r 74", (3.33)
dr
Then (3.23) becomes
d 2
5 A+ DS+ =0. (3.39)
-
The solutions f = 0 and f= — 2 correspond to pure gauges

(f= — 2isasingular gauge), whilef= — 1gives(2.5). The
meron stability operator coming from (3.34) is

. 2
74
dar’
acting on % = L,(R). One easily sees that /= — 1 is a sta-

ble solution of (3.34) in the sense of Liapunov, but % hasa
negative spectrum. Defining

T-% %
u—Tu = Ed? (c"w) (3.35)
one finds
L(p)y=e YT ZT (3.36)

Although (3.34) and (3.23) (with spherical symmetry) are
equivalent, .7'(4 ™°") and .#'(f™*"°") have different spec-
tra. This phenomenon can be traced to the singular nature of
the transformation (3.32). We will encounter a similar phe-
nomenon in Sec. V.

Remark 3.3: One can easily check that the four vectors

a 1 XXy
a,u(v) = Dapr ; - 27](1;17\‘ 7’ V= 031’2’3

(3.37)
belong to the null space of .#'(4 ™). These vectors are
obtained by differentiating the solution of a single meron
located at x = z, i.e.,

d df(x—2
aa(v) = — —A a(x;z) = — Naux —( )
# av g z=0 77! az»( (x—z)z z =10
(3.38)
They satisfy the “background” gauge
Xy
D,a;=d,a;, + €, —a, =0 (3.39)
X
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and they are not square integrable (thus the origin is part of
the continuum spectrum). In Sec. V, we shall prove that the
dimension of the null space (of generalized eigenvectors) of
., for a single meron, is exactly four.

We now consider the meron—antimeron pair described
by (2.24), and complete the proof of Theorem 3.1. Let {2 be
the conformal transformation (2.23), 4 ﬁ the vector field
(2.24), and .Z’(4 ) its stability operator. Let a,eC &

(R* — {0}), and A small enough so that (2 "'U (4 )a),,
(x)eC 5 (R — [0,a,/a*}) [recall U(A ) and U (£2) from
(3.12)]. From (3.13), and the fact that 4 . (2.5) is invariant
under dilatations, we have

@2V )2, L (AN UNA)a,) = A ™a,,.L(4)a,).

(3.40)
If we choose a,, so that (a,,-7'(4 )a,) <0, then the lhs of
(3.40) is also negative, and so 4 “is unstable. As A |0, the rhs
of (3.40) goes to — . To prove that .#(4 ) is form un-
bounded below it is enough to prove that

m||2 U (A)a|| = ||a|. (3.41)
AlL0

Using (3.12) we have
27U A)a,27'UMA)a)

=1 f d x| (@2 AxsAx) | Tr(U (@)U (A )a), (0)
(U(@2)U(A )a), (). (3.42)

From (3.16) one sees that

limJ (2 "Ax;Ax) = 1. (3.43)
410

This together with the unitarity of U (2 )U (1) easily imply
(3.41). The proof of existence of self-adjoint extensions for
#(4*)is the same as for .¥°(4 ). This completes the proof of
Theorem 3.1.

Remark 3.4: The meron—meron pair (2.26) corresponds
to the solution

_la (3.44)

p(mm)(x) —
x|x —aj

of (3.23). The corresponding stability operator is
3a?

L = A
x(x —a)?

(3.45)
This is obtained from (3.24) by a conformal transformation.
One could work directly with (3.45), and prove instability of
a meron pair.

Remark 3.5: The stability operator for a meron pair, has
eight zero-generalized eigenvectos obtained as in Remark
3.3.InSec. V, we prove that its null space (generalized eigen-
vectors!) is exactly eight-dimensional (se Remark 2.2).

We now regularize the single meron (2.5), and study
stability properties of the regularized configuration (similar
study would be carried through for a meron pair). Let
R, < R. We replace the single meron (2.5) by the
configuration

A(x) = —n,,.0,logp(r), (3.46a)
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1 <r<RO)
R ?; +
pir) = L Rer<r, (3.46b)
-
2
2R , R«r.
R4+ P

This amounts to replacing the meron by half-instantons in-
side a sphere of radius R, and outside a sphere of radius R.
The stability operators .#";  within deformations coming
from p(x) in (3.20), reads

, 1
L ror=—4—gr) pre (3.47)
where
12R 3
P 0<r<R,,
(R 0 + r2)2
g(n) = 3, R.<r<R, (3.48)
12R ¥
—_— <r
(R 2 + rZ)Z

Theorem 3.2: (a) Ly p is formally symmetric and
densely defined on C § (R*), and has a self-adjoint extension,
possibly many.

(2) For R> R, the numerical range of .¥", , contains
negative points.

(3 IfR = o and R,<C <« + oo, for afixed constant C,
then ¥y ="y is form unbounded below.

Proof: Thefirst part of the theorem is proven as in Theo-
rem 3.1. To prove part (2) we follow the procedure of Theo-
rem 3.1. Let ueC §(0, ) and u = r*"w. Then

(0,Lp ) = J dx u( e g(r)%)u

_ fo " dr w(_ % — [g(r)—g])w. (3.49)

One would attempt to solve the equation
d*w
dr
in the three regions of (3.48), and match the solutions at
r = R,, and r = R. However, the equation does not seem to
be explicitly soluable in the inner and outer regions. Thus we
settle for a weaker result. Let L be a constant (to be chosen
below), and w(r)aC & (0, ») function which is constant in
(Ro,R), zerofor r <R, — L and r > R 4 L, and monotone in
[Ro — L,R,JV[R,R + L] (e.g., linear and smoothed off at the
ends). Provided that R<R,, and L<R — R,, one can easily
check that the rhs of (3.49) is negative. This proves part (2).
To prove that (3), we note that it suffices to prove that the
operator

(3.50)

— [g() — 2w =Aw

Basilis Gidas 2102



d? - 3.1
LA 76 WA 3.51
o B~ 3.51)
0, O<r<R
g =1 <% (3.52)
3, Ri<«r
is from unbounded below. Now the equations
d*w 31
_ Z —wiw, 0<r<R, 3.53
dar + 4 rzw v < (3.53)
2
_dw 9w Re<r (3.54)

r 4 r

are soluble, and one could try to match their solutions (and
their derivatives). Instead, we proceed as follows. The two
linearly independent solutions of (3.54) (for negative 4) are

(\/mr), (3.55a)
SATID) (3.55b)

Only (3.55b) is square integrable at infinity. Let € > 0 be suf-
ficiently small, and let

1/2 _
r N2

r]/ZK

%)

§(NeC =(0,x), (3.56a)
0<g (n<l, (3.56b)
1 for r>Ry+¢,
ﬂﬂzh for r<R, (3.56¢)
Let
w(r) =r"K. s (\/mr)§(r), (3.57)
One easily sees that
d? . 3
(6 - £ - 17 - 21w} <o, (3.58)

1.e., (3.52) has negative numerical range. Since (3.52) is dila-
tation invariant, its numerical range extends to — «o; by
(3.17). This completes the proof of Theorem 3.2.

IV. EMBEDDING R4 INTO S°x R AND THE
MERON BUNDLE

In this section we embed R* into .S* X R, choose an ap-
propriate basis on the tangent and cotangent spaces, formu-
late YM equations on S ° X R, prove that the vector fields
transform according to the (1,0) spin representation of
SO(4), and determine the meron bundle.

Let

a = (a,,0), b= (b,0). “.1n
For a meron-antimeron pair at x = @ = (a,,0), and
x = b = (b,,0), we employ the transformation

x—al

T = 10 N 4.2
S .22)
x{b, —a
Z; = —‘(_O_—(L » = i’2’31 (42b)
x—alx—b]
—{x —a)x—b)
Z, = , 4.2
! x—al|x—b] (4.2¢)
and its inverse
bo + a, bo — d, sinhf
X, = -+ , 4.3
’ 2 2 coshr +z, (4-32)
2103 J. Math. Phys., Vol. 20, No. 10, October 1979

b,—a Z; ;
X = ——2 : , =123
2 coshr+z,
For a meron-antimeron pair at x = g and x = o, we employ

the transformation

(4.3b)

7 =log|x —al, (4.4a)
= (x —a)i , Q= 1,2,3, (4.4b)

|x —al
z,= Yo% (4.4¢)

x—al

and its inverse

Xog = dp + e TZ4, (4.5a)
x;=a;,+ ez, =123 (4.5b)

From either (4.2) or (4.4) we get
Z4+n5+25+z=1 (4.6)

The following correspondence between points is useful in
visualizing the map (4.2) [from now on, we will consider case
(4.2) only]. We assume a, < b:

x=o:>¢=logI|Z—°||, z;,=0, z,=1, (4.7a)
(1]
X = 00:>T:Oy Z,‘ -__Oy 2y = — 11 (47b)
7’((0090)) = — 0, T((bO;O)) = + 0, (470)
2,((x,,0)) =0, 4.7d)
1 for a,<x,<b,,
4= S Oyb 90 = { 4
7 = (xo0.00,0) —1 for x,<a, or x,<b, (4.7¢)
lim z,((x,,0)) = — 1, 4.7f)
Xo b/
or
Xg'ay
lim 24(()(?0,0)) = + 1- (4.7g)
xy->b
or
Xo—a,"

The map (4.2) is graphed in Fig. 1, where R*is represented by
a two-dimensional space.

Remark: The transformation (4.2) has been motivated
by the manifestly conformally covariant formulation of YM
equations.?>* It is also related to the quadratic (or “blow
up”’) transformations algebraic geometry."

We choose the following basis on the tangent space of
S*XR:

/a\o = _a—’ ’

ar
0; = 311p(2a05 — 20,) = Niop 2,05, i=123, (4.8b)

and the corresponding basis on the cotangent space:

(4.8a)

Wy = dT, (4.9a)

;= %niaﬁ(zadzﬁ —Zg dz,)

= niaﬂzadzﬁ) I= 192s3- (49b)
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FIG. 1.

Note that
[3.9,1=0, (4.10a)
[3,9)] = — 2€43y (4.10b)

The basis (4.8) is chosen so that the tangent space of s* (in
S * X R)isidentified, topologically, with the Lie algebra of the
first SU(2) component of the rotation group SO(4)

= SU(2) X SU(2). The rotations in the two invariant SU(2)
subgroups of SO(4) are conveniently defined by Ref. 5;

Li= —4i,plos= — 3iNiuia 9 (4.11a)
b= = 3iTplag= — ¥ Tuiudp (4.11b)
where
Los=2.95— 253, (4.12)
The basis (4.8) satisfies
8=2L}, j=123. (4.13)

The basis has been used previously in general relativity,* and
on a torus.*

We now define vector fields (connections) B, , and their
field tensors (curvatures) G,,,, over S* X R. They are related
to 4, and F,,, on R* by:

A,(x)dx, = B, (z,7)w,, 4.14)
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F,(x)dx,Ndx,= G, (2o, o, 4.15)
or more explicitly:
A,(x) = Biz,7) —x— + B(z,r)%nja,,M o (4.16)
i
F,uv(x) = Z 7') %ﬂja (V) g+ Gjo%njaﬁM af 5 a
+ Gij%ﬂiaﬂnjyéM a[gM %), (417)
I7) a
M@=z 78, %oy, (4.18)
dx, " ox,
~ ax#
By(z,7) = A,(X)30x,, = A,(x) Fa 4.19)
B(z,7) = 4,033, X, = A ()30,0N %, (4.20)
G z7)=F, ”V(x)gox#é\fxv
ax, 1
=F,[(x) —a—f —2'77jaBN @, 4.21)
- Fyv(x)ar‘xyajxv
- Fyv(x)tjiniaﬂnjy&NggNS;&)’ (4'22)
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(4.23)

The connections B,,, and its curvature G,,, are related by

(the “structure equations”)
o, = 80B 8,30 + [BoB)], (4.242)
G;= a,B] a,B + [B,B;] + 2By (4.24b)

In (4.24b), we have made use of the formula (Ref. 27, Chap.
III)

RX.Y)=[VoVy] — Vi) (4.25)

for the curvature in terms of covariant derivatives [remem-
ber that d; and J; satisfy (4.10b)].

The action associated with G,,, [and corresponding to
(2.3)] is given by

+ oo
S = %f dTJ d*z 8@z — 1)T1G,,,G
— o0 R

+ oo
_—f drf d'z8@ — )G5,G2, (4.26)

The Euler-Lagrange equations of (4.26) give the YM equa-
tions on S* X R

b G,O::?G,0 + [B,Gpl =0, (4.27a)
D6, — €46, =3,G,. + [B,,G,;] — €,G;=0. (4.27b)

We now study the transformation properties of B, un-
der SO(4), construct the spin of the vector fields, prove that
the O(4) invariant fields are gauge equivalent to

Bi(z,1)=0, B,=0 (4.28a)
or

Bi(z,7)=f(1)d!, B;= — if(r)h"'dh, (4.28b)

where f(7) is an arbitrary function of 7, and 4 = z, — io;z;.
Therefore, the O(4) X O(1,1) invariant fields are gauge
equivalent to

Bi(z,r) =0, (4.29a)

B{(z,7) = pb{,p = constant. (4.29b)
Let AcSO(4) (remember A 54, = 85,), and

2 =A,p2p (4.30a)

=7 (4.30b)
Then

B/(z 7w, =B (2 7w,

rrot d ! agf! .t
=BYZ,7) -d% dr + B{E@ ) SANAT.p

X (2,825 — 25d2,,), 4.3
where the matrix .S (A ) is defined by
NiapAarAps = (S (A )75 (4.32)
From (4.31) we get
B (’)a(sz) = B S(AZ,T), (4333)
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B [“(z,7) = B [(Az,)(S (A ), (4.33b)

We now determine the three-dimensional orthogonal repre-
sentation S (A ) (spin representation) of SO(4). Let

S(A) = DOt 4.34)
wherew,; = — wp,, and 2 zis to be determined. For infini-
tesimal A,

AQB = 5!13 + a)aﬁ, (4.35a)

Oop = — Oy (4.35b)
we have

SA)=1I+ é Y (4.36)

Inserting (4.35) and (4.36) into (4.32) we obtain, after some
algebra,

Niys + — 2 Do (Zap)iMivs = Nias + MiacsPay — Miyg Psp:
4.37)
This is satisfied if
(Cup)i= — €iMiap (4.38)

To find the Casimir operators of the representation, we pro-
ject 25 into the two SU(2) components of SO(4):

S = 3uap Zap (4.39a)

S92 = 4TMuap Zap (4.39)
or

SDy= — i€y (4.40a)

$3);=0. (4.40b)

From (4.36) we have

SAN;=6,+ €0, (4.41a)

Oy = 5 op Do (4.41b)
Summarizing: We have proven

SN,= —ie,; or S{BY= —ie,, 2 (4.42)

(§9;=0 or SBS=0, (4.43)

SA)=expiw,S), ©,=iNm0p@up (4.44)
Since

S1=2=11+1), §%=0, (4.45)

the vector fields transform according to the (s1,5.) = (1,0)
representation of SO(4).

Remark: s, = 0 could have been expected from the fact
that the second SU(2) component of SO(4) has been chosen
[see remarks below (4.10)] to be orthogonal to S (in .S * X R).

We now prove (4.28). Under gauge transformation
2eSU(2), we have

B, B, = g'Bg+ g“é’,,,g. (4.46)
For an infinitesimal global gauge transformation
g=1+1i6,0, (4.47)

(4.46) becomes
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B'“(z,7) = Biz,7) + ie " Biz1)0"

4

(4.48)

On the other hand, for an infinitesimal A as in (4.35), we
have from (4.33)

B(z,7) = Biz.7) + 0,425 B i(2,7), (4.49a)
B[“(e7) = BY@) + 02,08z 7)
o Emj%ﬂzm/j (‘)u[ﬁB _/‘d(zvr)~ (4.49b)

A careful study of (4.48) and (4.49) shows that they agree if
the vector fields satisfy (4.28) and

1

0= 71' Huaa = - %7]1111/3611/5 (1"

F4

(4.50)

If we further require O(4) < O(1,1) invariance of the fields,
we conclude that £(7) must be a constant. The field (4.29)
satisfies the YM equations (6.27) ifp = 0, — 1, — 2. For the
vector field (4.28) we have
Gi=Ls,

(4.51a)

i

Gy =f(f+e?. (4.51b)
The action (4.26) and the YM equations (4.29) become

s=r| ads (LY virven] @
o 2 \dr
A e g
o 6W(f+ D(f+2)=0. (4.53)
This has the solutions f =0, — 1, - 2, and
fry= 2 (4.54)
e +e
S=0and — 2are pure gauges, and (4.54) corresponds to the
instanton solution. /= - 1 is a half-gauge with
0=0, B{= 6% B, =3h"9;h, h=2z — oz,
(4.55a)
Gy=0, Gi= —e" (4.55b)

This is the standard SU(2) spin bundle” over S°. We call it
the meron bundle. In the appendix we show that it yields, via
(4.2), a meron—antimeron pair at a = (a,,0), b = (b,,0), and
via (4.4) a meron at x = ¢ and an antimeron at x = . We
also show that the pure gauge f = — 2 is given, on R*, by a
singular gauge transformation, and that it corresponds to
two instantons [or one instanton for (4.4)] with zero size.
The instanton (4.54) translated back to R* is in singular
gauge; the translation via the maps (4.2) or (4.4) leads to two
gauge equivalent forms.

V. THE STABILITY OPERATOR OF THE MERON
BUNDLE

In this section, we derive the stability operator of the
meron bundle, diagonalize it in terms of the angular mo-
menta, spin, and isospin of the vector fields, prove that the
dimension of its null space (a space of generalized eigenvec-
tors) is six, and calculate its spectrum explicitly.

The instability of the meron bundle (like that of the
meron on R?) could easily be sen from Eq. (4.53) [note that

21086 J. Math. Phys., Vol. 20, No. 10, October 1979

the solution f= — 1 of (4.53) is stable in the sense of ordi-
nary differential equation (Liapunov) but unstable in the
sense of the stability operator]. From the same equation (or
its double-well potential), one can also see that the meron
“decays” into two vacua: f= 0 and f = — 2. The stability
operator coming from (4.53) is (d */d7%) — 2. It has two zero
generalized eigenmods.

cos\/gr, sin\/zr. (5.1)

If the spin and isospin of the vector field are turned on (keep-
ing the angular momenta zero), it can be shown that the
multiplicity of each one of these eigenmodes is three. Thus,
together they give six zero-eigenmodes. We shall prove in
this section that these are the only zero eigenmodes, i.e., if we
turn on the angular momenta (as well as spin and isospin) no
zero eigenmodes occur for angular momenta different than
zero.

We now consider deformations of a bundle B,

B, —B,+b,. (5.2)
The linearized YM equations (4.27) read

D, Db, — D, Dib, ~ [Gb,] =0, (5.3)

DD b,—D,Dp, — (G

[ Toul| il i

b,| + d€, Db, +4b, =0  (5.4)
[compare with (3.2)]. Using the identities

(lf)\ﬂD" - b\ol/)\ﬂ)bﬂ = [G/z(hb,u]’ (5.5)
(DD, — DD )b, = (G, b, ) + 2, Db, (5.6)
[compare with (3.5)] and imposing the “background” gauge

D, b,=db, + [B,.b,] =0. (5.7)

Eqgs. (5.3) and (5.4) become

D,D b, —2[G, b, =0, (5.8)
D,D.b,—2[G,,b,] — 2€,;Dib; + 4b, = 0. (5.9)
For the meron bundle (4.55), we get
- —a—}bﬁ—-é\/é\ib}',—26"i"’.5jb8+2/){',:0, (5.10)

g 9
5‘2 be— 386026 FhP — 2, 0,
+4ee, bE 4 6b0 =0 (5.11)
and the background gauge
I b8 b et =0, (5.12)

-
We now “‘diagonalize™ these equations in terms of angular
momenta, spin, and isospin. First, we list some properties of
angular momenta, spin, and isospin operators. From (4.11),
we get

Ll; = L% = - %/a\/é\j = = }z[aaan - z(,'(z,;c?,ﬁ” + ])]?

(5.13a)

(LLLI]=iS,exl} p=12 (5.13b)
From (4.42) and (4.43) we have

Sibl= —ie, b}, Sb) =0, (5.14a)
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§2=2, S$2=0. (5.14b)

The isospin T is a three-dimensional orthogonal representa-
tion of the isospin group SU(2),a nd is given (like the spin) by

T% ¢ =ie®b (5.152)

T2 =2=1(+ 1) (5.15b)
From (5.13)—(5.15), we get

T.Lb¢= — 16 3,b°, (5.162)

T-S.b¢ = ™€, b5, (5.16b)

L-Sb¢= 4,3 bi. (5.16¢)

Then (5.10) and (5.11) become

A A 2
_ Db gz( _ %2— 4212 4 2L 4 T — 2)bg —0,
(5.17)

2
( _ % 42024 2L + S + Ty — 2)1;;z —~0. (518
=
From (5.17) one sees that — Byﬁy is a strictly positive oper-
ator. Therefore, (5.17) implies b $=0. Thus, (5.18) is the
only nontrivial deformation equation; it gives rise to the

meron bundle stability operator

2
¥ % F2L2 4+ 2L+ S +TF =2 (519
T
The gauge condition (5.12) takes the form
RLb ¢ + eabfbj’-’ =0. (5.20)

The stability operator (5.19) commutes with L3, the total
angular momenta J, = L, + S, + T, L,, and S,( = 0) (and
therefore withJ, = L, + S, + T =L, + T). Eigenvectors of
7 can be labelled by the quantum numbers

1=05120 s 3= —L—1+1,.], (5.21)

and of course, by s, = 1,5, =0, £ = 1 (isospin), s3 = 0.

The spectrum of . extends from — 2to + « [com-
pare with the stability operator obtained from (4.53)]. The
lowest point, — 2, correspondsto L, =0, S, = — T. For
each set of quantum numbers there is a branch of the spec-
trum starting from some point in [ — 2, + o ]. For each
point in the branch there are two linearly independent eigen-
vectors of (5.19). For each eigenvector, the multiplicity of
the point is (2j, + 1)(2j, + 1). Thus each point (or better
each branch of the spectrum) has total multiplicity

22, + D@ + ). (5.22)

We shall now show that there is only one branch of the spec-
trum which contains the origin—the one with/ =0, j, = 0,
j,=t=1Forl=0(e,L =L,=0),
) d?
K== 428+ Ty -2
dr?
We decompose the reducible representation $, @ T'= 19 1
into its irreducible components by the well known process

el =00l192. (5.24)

Thus the possible values of (S, + T)*are0, 2, and 6. Obvious-
ly only the branch with (S, + T)* = 0 contains the origin.

(5.23)
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The multiplicity of this branchis 2(0 + 1)(2-1 4+ 1) = 6. The
six linearly indepenent eigenvectors corresponding to the
origin are

be= c;’elymcos\/Zr, m= — 10,1, (5.25a)

bi=cte,,, Sin\/;?, m= — 10,1, (5.25b)

here ¢? are constant [i.e., (z,7) independent] vector fields to
be chosen so that the gauge condition is satisfied, and e, ,,,
are the basis vectors of the three-dimensional orthogonal re-
presentation of SU(2) (isospin representation). The back-
ground gauge (5.20) is satisfied by (5.25) if ¢/ = ¢’. With this
property, (5.25) are gauge equivalent to

be =68, cosV2r, m=10,1, (5.26a)
b?=o%, sinV2r, m= —10,1 (5.26b)
For / =1, we have
L1®SI®T=%®1®1

=§® {08 1e2]

~elede el (527)

The smallest value of j, is 4, and the corresponding operator,

— (d¥/dr?) + 1, isstrictly positive. The same is true for /> 1.
Thus we have proven that the null space (a space of general-
ized eigenvectors) of the stability operator of the meron bun-
dle has dimension equal to six, and the corresponding eigen-
vectors ae given by (5.26). Therefore, the manifold of meron
bundle solutions is six-dimensional, i.e., the most general
meron bundle solution has six parameters. Since the trans-
formation (4.2) is a two-parameter family of transforma-
tions, the most general meron-antimeron pair solution at fin-
ite points of R?, is an eight-parameter solution.

For each value / of the angular momenta, and each
value

Ay=1-21—- 1L+ 1,1+2, j({)>0,
the spectrum is given by

A=k 4+20+ D)+ 25D+ 1) -2, keR.

Some of the corresponding eigenvectors will satisfy the
gauge condition (5.20), while others will not. Analyzing the
transformation properties of /¢ = i2L}b ¢ + b ? (via
purely group theoretic arguments), one should be able to
isolate the eigenvectors that satisfy (5.20). We do not pause
to carry out this analysis here.

(5.28)

Note added in proof: After the main results of this paper
had been completed, we learned (and subsequently re-
ceived,' that Professor D.N. Williams has proven (by a dif-
ferent method) the unboundedness below of the stability op-
erator of R¢, and has studied regularized meron
configurations (different from ours). We thank Professor
Williams for communicating his results to us, and for send-
ing Ref. 14 to us.
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APPENDIX

In this Appendix we summarize the technical formulas
which one needs to go from fields on s° X R to fields on R*.
The basic formula for vector fields is (4.16). For fields of the
form (4.28), it takes the form

AX) = F(D37aeM &3

=fOISM Y + M)+ S5ME + ME))

+8ME + M) (A1)

or

A;L(x) f(T) . UaznaaﬁM “

= - —f D[oME) + M) + o (MK + MED)
+ oM + M) (A2a)
- 3f(ng'd,8 (A2b)

where g is a singular gauge transformation. For the transfor-
mation (4.2) we get:

a a
M@=z, _ 5% <0, kI=123, (A3a)
Ix, Ix,
) a Jz,
M) =z, 821 *21i
X, ox,
_ (b — ao)z(xkélj — X (Skj) ’ (A3b)
Ix —aljx —b
MO =z 9z —z,,(—?ﬁ
ox, Ox,
_ x, (2%, — ao — bo)(bo — ay) ’ (A30)
|x —al’lx —b|
M) =z, 9z, —z ﬁ
8xj Ix;
_ o= a)l(x—apx—b)|8y, A0

|x —altlx — b
Then (A2) gives
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ao (2x, — a, — byo-X

b

Alx) =f (7')1 , (Ada)

_ , b, — a,
A4;(x) = f(7)i ——_m( —i(x —a)(x —b)o;

|x
by, — a,
+ €y X 07 +X;0X ], (A4b)
2(x) = (xo — ap) — ioX (X, — b)) + ioX , (Adc)
|x — a| |x — b
g(x) = (x, — ay) + io-x (xo — b,) — izX (Add)
x—a| x—b]
For f= — 1, we obtain the standard form of a meron-anti-

meron pair [compare with (2.25) or Ref. 17). For f= — 2,
we obtain the pure gauge g”'d,, g which is singular at x = a
and x = b; formally it has a local charge density

6(x —a)—6(x —b). For
- e 7 _ 5 x—56)
SO e T T ey by
(AS)

we obtain the instanton at x = a with size 1, in a singular
gauge. For the map (4.4), we get

MY =0, (A6a)
X8, —xP
Mp="2 " (A6b)
|x —al®
X,
MO =, (A6e)
Ix —al’
(xo — a0)b
M@= — ——= (A6d)
o —af
Then formulas (A1) and (A2) give
u (x —a),
A “(X) _f(T)na;u ( — )2 ’ (A7a)
a,) — ioX
glr) = Ko=) —ioX
[x —aj
; (xo — a,) + ioX
g'x)= —————. (A7b)
x—
For f= — 1, we obtain the single meron solution at x = a
[compare with (2.5)]. For
e” 7 2
N= 22— = - — (A8)
/0 e +e T 1+ (x — a)?
we obtain the instanton solution
x —a),
An =2y, o ] (A9)
P+ (x—ay (x—a)
which is gauge equivalent to the standard form
(x—a),
AS=2m,, ——— (A10)
n = a7 ay

This is also gauge equivalent to the instanton solution one
obtains from (A3).
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We study the behavior of singular gauge field configurations under gauge transformations and we
determine the relation between noninteger topological charge and the possibility of displacing

singularities.

1. INTRODUCTION

Since the introduction of the first instanton solution,’
many important physical effects have been attributed to its
existence.>™*

At present, big efforts are being made in order to estab-
lish a theory of strong interactions based in quantum chro-
modynamics with a correct account of instanton effects.’

However, if only instanton contributions are consid-
ered in nonperturbative computations, important problems
remain unsolved, namely those related to quark confine-
ment. For this reason it has been stressed that other singular
configurations may play a fundamental role.

More recently there have been other suggestions em-
phasizing the relevance of configurations with noninteger
topological charge in the quantization of non-Abelian
theories.”™

As it was stressed by Witten® these fractional charge
configurations maintain the principal characteristics of the
instanton picture: existence of an infinite number of degener-
ate vacua, possibility of resolution of the U(1) problem. At
the same time, however, they may overcome its difficulties,
in particular, those which arise from the conflict between the
boundary condition of pure gauge field at infinity (which
leads to instantons) and quark confinement.

Motivated by these remarks, we study in this paper the
possible singularities of gauge fields in order to understand
their behavior under gauge transformations. Then we will be
able to establish our principal results stressing the relation
between noninteger topological charge and the possibility of
displacing gauge field singularities.

In Sec. II we discuss some interesting Abelian and non-
Abelian examples which illuminate our results and which
are established in Sec. III.

Il. ABELIAN AND NON-ABELIAN EXAMPLES

We shall discuss in this section some examples of gauge
field configurations having peculiar properties: both in the
Abelian and in the non-Abelian cases they present singulari-
ties that one cannot displace by gauge transformations. An-
other characteristic of the configurations is that their “local”
topological charge—to be defined below—is noninteger.

The first example, an Abelian one, resembles to the c-

“Financially supported by CIC Buenos Aires, Argentina.
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instantons introduced by Nielsen and Schroer in the context
of the Schwinger model.”* In the non-Abelian case the con-
figuration we discuss is singular and it behaves at the singu-
larity not as a pure gauge but as an “almost pure gauge”." It
has nonzero but noninteger local topological charge and, as
we will see in Sec. III, this fact is closely related to the gauge
invariance of the singularities.

A. The Abelian case

Let us consider an Abelian gauge theory with gauge
group U(1) in (Euclidean) two-dimensional space. We shall
study a configuration of the form

Z‘, 8,(0)€,, (( ::))2 @.1)

with
gi(x)miw O(|x| 3, 2.2)
g(x¥) = 1+ (x, —a) (2.3)

Because of conditions (2.2) and (2.3), 4 ) is singular at
the points @, (a) €R?) and well-behaved at infinity.

We shall now compute the topological charge of 4 |/
from the expression

1 1
AV = —-f €., F*dx= —j €, 04" d*x.
q[ #] 47 RZ# 2 RZ”
(2.4)
Since 4 ) is C* (excepting at points x,, = g,,), we can

apply Stokes’ theorem and write expression (2.5) in the form

gl4;] =

lim ——1—

R

AN dx+ — lim — A N dxt,

Sk # IZX €—0 27T #
2.5)

where Sy, is a circle of radius R and S, are small circles of

radius ¢, surrounding each singularity. Then,
ql4] =

Now, near the smgularltles, AN n behaves like a pure
gauge:

z lim L g, d@'=N. 2.6)

A €0 2

x, —a )
AN~d, tan~" (——2——12), X, ~a,. )
X1 — @y
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Hence, the singularity can be displaced by a suitable gauge
transformation. For example, for the N = 1 case, itisevident
that the configuration

x, —da
A, =4Y=1_9g tan“(—z———?—) 2.8
Iz Iz 2 x, — a ( )
gauge—transformed of 4 j}' = ! has the singularity removed to

infinity, since we can write 4 /, in the form
(x, —a))

142’
(x”q - an)

A;t = [gl (x) - 1] epv (2‘9)
regularatx, =a,.

For general N one applies a chain of gauge transforma-
tions of the type (2.8), finally obtaining a regular configura-
tion of the form

' & . (‘xv _alv)
4i= 2 @ -1le, L (2.10)
Of course
ql4,]1=q[4)]1=N. @.11)

One can recognize in this procedure the method devel-
oped by Giambiagi and Rothe'? to displace the singularities
of 't Hooft’s multi-instanton solution.'* Of course, since our
example is Abelian, the prescription in this case is evident.

However, if instead of configuration (2.1) we consider a
gauge field of the form

¢ n &G —dl)

4 g e “ € i;] g‘(X) (x; - ai,)z o
with g, defined as in Eqs. (2.2) and (2.3), and we try to dis-
place the singularities as we did before, then we are faced
with a problem. The singular gauge transformation that we
must perform is of the form

N i a4
A5 =45 - 33, [Ctan"(xz “f)].

= x —d}

2.12)

2.13)

For simplicity, let us consider the case N = 1, af, = (0. Wesee
that the singular gauge transformation corresponds to the
U(1) element

g =exp(iCh), 6 =tan"'(x,/x,) (2.14)

which is multivalued whenever C£Z. If one excludes this
kind of transformations, it is not possible to gauge away the
singularities as we did before.

The topological charge of this configuration is

gl4]=CN 2.15)
which in general is noninteger. Gauge fields similar to those
given by Eq. (2.12) were already studied by Nielsen and
Schroer in the context of the Schwinger model.* These au-
thors found that configurations with ¢ = 4, the c-instantons,
saturate certain functional integrals which show confine-
ment in the Schwinger model.

More recently Witten® discussed field theories with
noninteger topological charge in the context of the quark
confinement problem. In fact, the first model he studied®
corresponds to the Lagrangian density (in two-dimensions)

£ = —4F, F* + D, p*D*p —M?*|¢ |? (2.16)
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with

¢=¢, +id, (2-17)
and

D,=d,—iA,. (2.18)
Finite action requires |4 | ,,_, = 0and

A, = d,a 2.19)

[%]—o0
These conditions allow for configurations of the kind (2.12).
Itisonly when — M ?|¢ |*is replaced by a symmetry break-
ing potential

Vig)= —A(¢|*—a) (2.20)
that the topological charge must be integer since condition
(2.19) is replaced by:

|¢1*° = &, D¢ = 0,

[%] >0

@2.21)

|x]— o0
thus forbidding C£Z, since the contrary is only possible for
multivalued ¢.

B. The non-Abelian case

In analogy with the Abelian case, we will try to gauge
away singularities of a particular gauge field configuration
A [, for the non-Abelian case, with gauge group SU(2) in
(Euclidean) four-dimensional space.

LetA [, be
N

AS = Z Cf g ‘8# g 2.22)

i=1
with
= AYx, f = 1—y¥Ay (2.23)
x>0 y,z—*O

y,', =x# - aL’ H = 192;3)4;
i . E'fi

g =Y —I— (224)
Yy

The configuration is singular at points a/,€R®,
i=1,2,..,N. For C = 1, expression (2.22) corresponds to ’t
Hooft’s multi-instanton solution'® and since at points a;,

A;Cf' ~ & ]ap &is

x—»a'

(2.25)

these singularities can be gauged away, as it was shown by
Giambiagi and Rothe.*

Now, if C#1, the problem is completely different: 4 § is
no more a pure gauge at the singularities and we will see that
it is not possible to gauge away them as it was done in the
instanton case.

For simplicity let us consider the case N = 1, a;, = 0.If
the singularity was gauge movable, there must exist a gauge
transformation % such that

A5 =h“A,’f“h+h“3ph (2.26)
and
Ff;v =h ~'F¢h, 2.27)

reg C
whereOA . is the gauge transformed of 4 ;;, regular at
x, =0.
17
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Now,

4iC(1 - O
Fﬁv ]x-l_:,o—T——( vp p XVO',LP +xa )
(2.28)
(Here, 0; = {504, 0,4 = {0;.) It is easy to see now that

te(F 5, F Cv) is singular for C+40,1 at x = 0. But since

tr(F o F,) = to(F8F I8 (2.29)
we have the 1.h.s. singular (excepting for C540,1) and the
r.h.s. regular. Then, Eq. (2.27) cannot be satisifed. That is
there is no gauge transformation which makes 4 ¢ regular at
x = 0 for C540,1.

We can compute the topological charge of 4 § from the
expression

g= Eﬁtr,[d x F (2.30)
we will use the relation™

d,K#*=1trF, *F,, 2.31)
with

K, =4€,,51r(G4,0,4, +14,454,) (2.32)
which for regular configurations allows us to write

g= 35177—'21}13:0 c,Rd3x K, n, (2.33)

where o, is a surface enclosing a sphere of radius R and n* is
its outward normal. Of course if 4,, is not regular inside o,
expression (2.33) is no longer true. One has to surround each
singularity with a small sphere and proceed in analogy with
what was done in the Abelian case [see Eq. (2.5)].

It is easy to see that near the singularities

Ky = e,uaB‘yzcz(2C/3 - 1) tr(gi‘ ' agigi_ laBgigi7 laygi)
thus giving

ql45]=C*3-20) E lim —— Py
i=1€0

Xf €popy 8 10, 8,87 '0,8,87 10, 8,n" d>x.
' (2.34)

(There is no contribution of the integral on o since K#—0
sufficiently fast for R— o0 .) Then

q[AC]—czo—z«:)—— S  dg,

1—-1

(2.35)

where dg is the invariant volume on the group. Finally, we
have

g[4¢]=C*3 — 20)N. (2.36)

In general g is noninteger for C¢Z. In particular, for C =}
and N = | we obtain g = 1. This case is in fact related to the
meron*® since:

AR = 1gr '3, g,. (2.37)

Of course, expression (2.37) is singular both at the origin and
at infinity and then formula (2.34) gives in this case the “lo-
cal” charge at the origin since it does not take into account
the contribution at infinity.
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Finally, we want to point out that the action of configu-
rations of the type (2.22) is infinite. This is due to the fact
that the (gauge invariant) singularities of 4 ;; render the ac-
tion density not locally integrable for C = 0,1. In fact, Mar-
ino and Swieca'® have already considered a large class of
configurations carrying noninteger topological charge and
they proved that they have necessarily infinite action.

From the examples discussed above we see that singu-
larities and noninteger topological charges are closely relat-
ed. In the next section we will try to understand more deeply
the nature of the relation since, as it has been suggested, these
types of configurations may play a central role in the con-
finement mechanism.

lIl. GAUGE FIELD SINGULARITIES

In this section we shall clarify the peculiar characteris-
tics of the examples discussed before. To this end we will
establish a classification of gauge field singularities which
will allow us to understand their behavior under gauge
transformations.

We then discuss some topological properties of singular
gauge configurations and stress the relation between nonin-
teger topological charges and the possibility of displacing an
isolate singularity by a gauge transformation.

We will consider a gauge field 4,, on R" with gauge
group G [For the cases of interest we will take G = U(1) and
SU(2).]

We will say that 4, is regular at x = x,, if itis C* ina
neighborhood of x,. We can consider that A, is defined on
S" ' with an eventual singularity at the point at infinity. In
general 4, canalso present singularities on R". We will call §
the set of all possible singularities of 4,,.

The behavior of 4, near its singularities determines
whether or not it defines a connection on a principal fibre
bundle P (S ",G ) with base manifold S ". We recall that in the
framework of the fibre bundle theory, a gauge transforma-
tion corresponds to a change of trivialization of P(S",G)."

We will distinguish two possible types of singularities of
A, at x,e8"™

(i) Gauge-movable (GM ) singularities: Those singulari-
ties which allow the definition of a connection on a principal
fibre bundle P (S ",G ). These type of singularities are pro-
duced by the particular trivialization in which one is consid-
ering the connection. Then, they can be removed by a gauge
transformation.

(i) Gauge-invariant (GI ) singularities: Those singulari-
ties which prevent the definition of a connection on a princi-
pal fibre bundle P (S ",G ) from A4,,. That is, the singularities
that are not evitable by a gauge transformation.

If one is faced with a GM singularity of 4, at x,, one
canobtainan 4 ;,, gauge-transformed of 4,,, regular at x,, by
a suitable singular gauge transformation. An example of this
kind is the *t Hooft multi-instanton configuration®’ {given by
expression (2.22) with C = 1] with singularities at §

= {a;,,i = 1,2,...,N }. Infact, in Ref. 12 itis given the explic-

it gauge transformation, singular at points of S, which sends
all the singularities to infinity, thus giving a multi-instanton
configuration regular on R".
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In the fibre bundle language, this corresponds to pass-
ing from a trivialization defined on §" — S to another one
definedon §" — {0}

Of course this procedure is also applicable to the Abe-
lian example defined by Eq. (2.1), since it also presents a GM
singularity.

On the other hand, if the singularity is gauge-invariant,
it cannot be removed by a change of trivialization. To dis-
place such a singularity it will be necessary to make another
kind of transformation associated with other possible invar-
iances of the field theory. An example of this kind is provided
by the meron configuration'® [Eq. (2.38)] which is singular
both at the origin and at infinity. The singularities can be
displaced only by a conformal transformation to two distinct
points #=~v. In general this kind of transformations prevent
the displacement of two singularities to the same point.

The Abelian configuration (2.12) and the non-Abelian
one, [Eq. (2.22) with C£Z also present GI singularities.

Itis well known that a principal fibre bundle P (S *,G ) is
topologically characterized by an element of I7, _ ,(G)*®
which, for the case of interest is /7, (U(1)) = I, (SU(2))~Z.

Then, if the gauge field configuration 4, defines a con-
nection on a principal fibre bundle P(S",G), we can com-
pute its topological characterization from the expression

q= f g, 3.1
where the topological density & is given by

Z = %;Fyve”vdzx, n=2, G=U(Q), 3.2)

D = al; t(F,,F.;""®), n=4, G=SU(Q).

3.3)

Even for 4, with Gl singularities [that is, not defining a
principal fibre bundle P (S ",G )] the quantity given by ex-
pression (3.1) can be considered as a topological invariant
associated to 4,,, since its value does not change when 4, is
locally deformed. Of course, this quantity does not corre-
spond in general to the topological characterization of a fibre
bundle P(S",G).

If 4, has a singularity at x = x, (x, ), applying
Stokes’ theorem one obtains

g = lim K, (G4

€0 X — Xo| =€

where
K=K, dx, n=2
1 3.5
K, = _Z—;A”’ G =U(1);
K=Kun"d3x, n=4, G=SU(Q2),
1
Ky = gﬁ pvio [Av (F/la —gAiAa) ] . (3'6)

We can interpretate expression (3.4) saying that the to-
pological charge g is concentrated at x = x,,. It is then natu-
ral to consider the r.h.s. of Eq. (3.4) as giving the local topo-
logical charge of A, at x,. (Of course this concept is not
gauge invariant. For instance at a GM singularity the local
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charge can be displaced from x, to another point by a singu-
lar gauge transformation.)

If 4, has several singularities, g will be given by the sum
of all local topological charges.

We will now establish the following proposition.

Proposition: Let x, be an isolated singularity of 4,,. If
the local topological charge

g =lim K 3.7
«—0 l x — x| =€

is noninteger (¢¢Z ), then x,, is a gauge-invariant singularity.
(If x, = 0, see Ref. 19))

Demonstration: Suppose that x, is a GM singularity of
A, and let us call ¥ a gauge transformation, regular on
% — {x,} such that the gauge-transformed field 4 ;, is regu-
lar at x,,. (Here % is a neighborhood of x,, not containing
any other singularity of 4,,.)

Let us take a function f, smooth f: §"—R with

f=l1 on %,
=0 on a neighborhood of all other, (3.8)
singularities of 4, on §"
Then
A, =14, (3.9)

defines a configuration with a singularity at x = x,. The lo-
cal charge of }i; is of course equal to that of 4, . This gauge
field 4, defines a connection on the principal fibre bundle
P(S",G) constructed from the transition function ¥. This
means that the local charge of 4,,, Eq. (3.7), coincides with
the topological charge of P(S",G ). But this charge must be
an integer, in contradiction with the proposition’s hypoth-
esis. Then, if the local charge of 4,, atx,, is not an integer, the
singularity is gauge invariant, Q.E.D.

In the examples of configurations with noninteger topo-
logical charges [Egs. (2.11) and (2.22)], we have seen that it
was not possible to find a gauge transformation in order to
displace the singularities. The preceding proposition gener-
alizes this result giving a geometrical interpretation of this
fact.

We can apply the proposition to the configuration dis-
cussed by Marino and Swieca,'¢ already mentioned in Sec. I1,
which has a noninteger local topological charge (at o).
Then, the singularity originated by the ill definiteness of 4,,
at the point at infinity is not gauge removable.

Finally, we want to comment on the relation between
our results and a discussion given by Crewther in Refs. 7 and
8. In Sec. 2 of Ref. 7 there are examples [related to those of
Ref. 16] of configurations which cannot be compactified. In
the context of our discussion, this corresponds to configura-
tions which do not define a connection on a principal fibre
bundle with base S ".

Then, from our results we see that the configurations
that are important from the point of view of Ref. 8 must have
GI singularities.
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We present the commutation and anticommutation relations, satisfied by the generators of the
graded general linear, special linear and orthosymplectic Lie algebras, in canonical two-index
matrix form. Tensor operators are constructed in the enveloping algebra, including powers of the
matrix of generators. Traces of the latter are shown to yield a sequence of Casimir invariants. The
transformation properties of vector operators under these algebras are also exhibited. The
eigenvalues of the quadratic Casimir invariants are given for the irreducible representations of
ggl(m|n), gsl(m |n), and osp(m|n) in terms of the highest-weight vector. In such
representations, characteristic polynomial identities of order (m + n), satisfied by the matrix of
generators, are obtained in factorized form. These are used in each case to determine the number

of independent Casimir invariants of the trace form.

1. INTRODUCTION AND SUMMARY OF RESULTS

The concepts of Fermi—-Bose supersymmetry, or
“supersymmetry,” has provided deep new insights in theo-
retical particle physics, both in the context of dual theories!
and space—time symmetries.>* So far, there has been a failure
to provide realistic physical models,* although the supergra-
vity models are promising candidates.” However, apart from
applications to models of elementary particles, the same
types of structures also arise naturally in other physical set-
tings, for example in the mechanics of classical systems and
their quantization,® and therefore form an important study
in their own right.

Space-time supersymmetry and its analogs are formal-
ly described as graded Lie algebras.” In such an algebra,
there is a grading homomorphism which maps each element,
X, into an element (X') belonging to the group Z, of integers
under addition modulo 2. The conditions for a graded Lie
algebra are that the algebra product be graded
antisymmetrical,

XY]= — (- D¥rx], ¢y
and a graded derivation,
XYzl ={xylzj+ (- H*1rixzi. )

Mathematical investigations of graded Lie algebras
have been vigorously pursued recently by Kac,® Rittenberg
and collaborators,’ Backhouse,'° and others. It has been
found that the sequences of the general linear, special linear,
and orthosymplectic graded Lie algebras, denoted here by
ggl(m | n), gsl(m | n), and osp(m | n), respectively, share
many features in common with the sequences of classical Lie
algebras gl(n), sl(n), o(n), and sp(n). Moreover, the space-
time conformal and Poincaré supersymmetry algebras are
precisely gsl(4 | 1), and a contraction of osp(1 | 4), respec-
tively. A complete classification of all simple graded Lie al-
gebras has now been obtained, and some aspect of the repre-
sentation theory treated.*® For example, a partial-wave
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expansion has been developed"' for products of unitary irre-
ducible representations of Poincaré supersymmetry, in the
massive case. Meanwhile generalizations such as Z -graded
algebras,'? and trilinear supersymmetry algebras,'*'* have
been considered.

The present paper is concerned with the construction
and evaluation of the Casimir invariants of some of the clas-
sical graded Lie algebras. A long-established precedent ex-
ists from studies of the classical Lie algebras. Racah,' gener-
alizing the quadratic operation of Casimir,* first
constructed invariants C, of arbitrary order in the gener-
ators, and considered the problem of determining a complete
set of independent invariants for a semisimple Lie algebra.
He gave a solution in the form of certain determinantal in-
variants'’; these were also considered, for U(n), by Bieden-
harn and Louck." Independent of the existence of invariant
operators is the question of the generalization, to # X # ma-
trices over an arbitrary associative algebra, of the Cayley—
Hamilton identity. Lehrer-Ilamed'? showed that a system of
n X n identities does indeed exist. The physical relevance of
this was highlighted in connection with symmetry breaking
in SU(3).2* In fact, the coefficients occurring in these char-
acteristic identities, for Lie algebras, are more closely related
to the Casimir invariants C,, rather than the determinantal
invariants. General hierarchies of characteristic identities
were established for gl(n), sl(n), o(n), and sp(n) by Bracken
and Green,” Green,” and others.?** In parallel with these
developments, there has been much work on the problem of
determining the eigenvalues of the higher-order Casimir
invariants,®

In the present work, we consruct the Casimir invariants
C, for the graded Lie algebras ggl(m|n), gsl(m|n) (m=£n),
and osp(m|n) (n even). The eigenvalues of C, are given ex-
plicitly, for those irreducible representations possessing a
highest-weight vector. We also determine in each case the
number of independent invariants C,. Our work relies on

© 1978 American Institute of Physics 2115



establishing characteristic polynomial identities satisfied by
the generators of the respective graded Lie algebras, acting
in such irreducible representations. This is done by an exten-
sion of the methods of Bracken and Green.* Recently Back-
house’! has also considered the computation of the invar-
iants of the graded Lie algebras, but along different lines, and
without the use of characteristic identities.

Central to our technique is the use of the canonical two-
index Gel’fand—Okubo form of the generators. These are
thus denoted generically as a matrix X pAB=1,..m+1.
The graded algebra product is realized by specified commu-
tation and anticommutation relations amongst the gener-
ators. In order to handle these defining relations in a uniform
way, we develop the index notation consistently with the
grading homomorphism. In fact, the latter is applied in the
first instance to the index set itself. Thus there are “even”
indices a,b, = 1,2,...,m, and “odd” indices a,3-- = 1,2,...,n
on which the grading homomorphism takes the value 0 and
1, respectively. The generators themselves are then graded
such that

X1)=GE=(A) + (B)), &)

with addition modulo 2. Obviously X ¢,, X "‘,3 are even, while
X %5, X, are odd. Moreover, the function

(Z . g)z((A )+ BN-(C) + (D)) )

is always even, save when (§) and (§) are both odd: It obvi-
ously signals the existence of commutation or antiacommu-
tation relations for the generators X 4, and X €. It is conve-
nient, for each of the functions,

/4 C E
B - D
$)=

=(A) + (B) + +(C) + =),
to associate a parity factor,

[S1=(-D®, (5)
while some of the formulas simplify using the grading de-
fined by

($)=Q1+©S). (6)
In the sequel, the index calculus will prove an invaluable tool
in establishing general results without resorting to a tedious
separation into even and odd cases.

The main results of the paper are as follows. We formu-
late the defining relations of the generators X *p,
A,B = 1,...,m + n, with the help of the index calculus. For
gsl(m|n) (m=£n) the generators are projected from the
ggl(m|n) generators by means of a certain trace condition.
For osp(m|n) this is effected through the introduction of a
graded-symmetrical metric tensor G ;5. In each case it is
shown that the matrix powers

(/?O)AB — 5AB’
(XY'y=X",(B], 0]
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&P =X [CURN,
with a summation convention applied on the index C, with
sign [C], are tensor operators of the enveloping algebra,
transforming like X 4. The transformation properties of a
vector operator V < (that is, a tensor operator belonging to
the defining representation) under the X #, are also identi-
fied. The graded traces of the matrix powers,

C, ="', [41], ®)
are the required Casimir invariants.

A set of generators, numbering m + n for ggl(m|n),
m + n — 1 for gsl(m|n) (m4n), and [m/2] + n/2 for
osp(m|n) (n even, where [m/2] is integral, and (m — 1)/2
<[m/2]<m/2), can be identified as simultaneously diagona-
lizable, and serve to define weight vectors in irreducible re-
presentations. In those cases where a highest weight vector
exists, the eigenvalue of C, is calculated; higher-order invar-
iants could also be evaluated directly, in principle. Bracken
and Green® have shown how, for each of gl(n), sl(n), o(n),
and sp(n) (n even), a vector operator may be decomposed
into a sum of raising and lowering operators, and thus have
obtained characteristic polynomial identities. These results
are here transferred to the graded Lie algebras under study,
and characteristic polynomial identities are obtained in the
factorized form

H&-mD [ &—n D=0, ©)

a=1 a=1
Involving coefficients of /4, =5&"; depending upon the
highest-weight labels, and the matrix X, = X, [B 1, rath-
er than X *; itself. The identities (9) show directly that the
number of independent invariants C, is, in general, (m + n)
for ggl(m|n), and (m + n — 1) for gsl(m|n) (ms4n). For
osp(m|n), there are further conditions related to the symme-
try of the various matrix powers, leading to results such as

C,=im—n-2)C, (10)
and the number of invariants is, in general, ([m/2] + n/2).

In Secs. 2, 3, and 4 below, the program outlined above is
carried out for ggl(m|n), gsl(m|n) (m=~n), and osp(m|n) (n
even), respectively. Some concluding remarks are made in
Sec. 5, and the specific examples of gsl(2|1), osp(1]2), and
osp(1]4) are discussed.

2. GRADED GENERAL LINEAR ALGEBRA ggi(m/n)

The graded general linear algebra ggl(m|n) is generated
by (m + n)* matrices in block form,

E, 001)
X=( . (an
0 E,

where E,, E, are square matrices of dimensions m X m and
n X n, respectively, and Oy, , 0, are m X n, n X m matrices,
respectively. The grading is defined by

0 if 0y =0, =0,
= 12
@) [1 if E,=E, =0, (12)

and the set of matrices made into a graded Lie algebra by
defining the bracket product in terms of the ordinary matrix
product defined by
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[XY]=XY — (— )®Dyx. 13)
A suitable set of generators for ggl(m|n) are the
(m + n) * matrices
@)’ =86, AB=1..m+n (19
which satisfy the product rule
e'pe€, =8¢, (15)

The commutation and anticommutation relations of the e,
may now be written out explicitly, using (13) and (15). De-
fining “‘even” and “odd” indices

ab=1,..m af=1,.n, (16)
it is easily verified that

[eab €] =8%¢e; — 6%¢,,

[e%.e5] = 8% €%,

[e%s.e"s) = — 8ye,,

[eab €’ ] =0,

{e°s:e% } =0, amn

(%1674} =875 &%y + 8°4€7,

[ep€"s ] =675 €%,

[eaﬂ’e‘}’c ] — 7B eac,

[eaﬁ!eyﬁ ] — 6yﬂea5 _ 5066713’
where [ , ] stands for commutator, and { , } for anticom-
mutator. These relations are therefore the defining relations
for the generators, E*;, of ggl(m|n) in any representation.
Using the index calculus of (3)~(6), (17) may be rewritten in
the unified form
[E45,8%,] 4.¢

=5CBEAD -— [B .D]5ADECB'

-Gsl
(18)

It follows immediately that if ¥ €, is a tensor operator
transforming under the E “;; in the same way as E €, (that s,
in the adjoint representation), then the trace ¥ €. is an in-
variant operator which commutes with the £, (since
[4-61= + 1, for any C). Furthermore, if W<, is a second
adjoint operator, then the graded product

XCD = VCE (E] WED (19)
also transforms in the adjoint representation.
Thus we can define the matrix powers
(ENp = 6%,
(20)

(E Y =EGIENE "), p=01l,
all of which transform in the adjoint representation, such
that the traces

C, =& "%IC] @1
are Casimir invariants.

(17) indicates that ggl(m|n) is associated with an under-
lying Lie algebra gl(m) X gl(n), generated by the E °, and
E g, respectively. The odd generators E °; and E ©, trans-
form as the m X 7 and /7 X n representations, respectively.
We can speak of the weights of gl(m) X gl(n) as the weights of
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ggl(m|n) itself. We take the (m + n) generators (no summa-
tion on a,a):

E“,
as the Cartan subalgebra. A vector has weight (u|v)
= (1> flyseees B | V1sV2sesv, ) if it is a simultaneous eigen-
vector of the E %, , E “, with eigenvalues 4, v,,. Connections
between the subsets (1), (v) are provided by the odd gener-
ators E°,, E*,, which take weights (u,| v,) into (z, + 1|
v, — 1) and vice versa. An ordering for the weights (x|v)
may be introduced in terms of the ordering of the subsets ( 1)
and (v), such that

(ev)>(p'v) if(uw)>(u)
or (u)= () and (v)> ().
Consider now those representations of ggl(m|n) pro-
cessing a highest-weight vector. (For simple graded Lie alge-
bras, it has been established®” that any irreducible represen-
tation may be labelled by its highest-weight vector.) We can
immediately compute the eigenvalues of

Cl = Eaa + Eaa’
CZZEHbEba—EaﬁEﬁa+EabEba_EaﬁEﬁa’ (24)
acting on this vector, by rearranging terms so that it is either

annihilated by, or an eigenvector of, the various contribu-
tions. The results are

a=1.m, E%,6 a=1,.,n 22)

a?

23)

:ua+ i Var

a=1

U, +m—n+1-—2a (25)

= >
a=1
C= 3
a=1
— ﬁ: v, +m+n+1-2a).
a=1
The defining relations (17), (18) also identify the trans-

formation property of a vector operator ¥ “under the E“ ; to
be

[E4,VC =5, V1. (26)

]

-5l
V € provides, in particular, vector operators ¥, ¥'7 trans-
forming under gl(m) X gl(n) as m X 1, 1 X n respectively.
Bracken and Green* have shown that a vector operator for
gl(m) may always be broken into a sum of m terms, each of
which changes one of the highest-weight labels by 1, and
commutes with the remaining labels. The same is therefore
true of ¥ <, and we may write

a=1

a =1

[ Mo V(Cl;)] - = éabV(CI;)’ (27)
VoV (5] = = 8V (py
It therefore follows from (25) that
[CHVE] - =Qu+m—n—2a)8,VE,
»¥ (@ 47 (@ (28)

[CoV ). = — Qv+ m+n—2a)8°,V{,

On the other hand, by direct computation using (21) and
(26),
[Co,VE]  =2EC,JAYWVA—(m—n)d V4, (29)
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and this is true also of ¥, V(... Thus
(E 4] —(p,+m—n— a)‘SCA)Vf'a) =0,
(ELAI+ G+ n+a)8 DV E, =0.
Since this is true for any vector operator ¥ €, with compo-

nents V'3, V(‘f,,, we have, as a matrix equation?

ImI (E—(po +m—n—a))

a=1

(30)

X[ B+, +n+a) =0, 31

a=1
where

(E)AB = EAB [B].

(31) is the desired characteristic polynomial identity, for
ggl(m|n), of order (m + n).

It can now be seen how many independent invariants
ggl(m|n) of the trace form exist. It is known from the work
on U(n) * that at most (m + n) independent invariants can
be constructed for gl(m) X gl(n); hence there should be at
least this number for ggl(m|n). However, from (31), any
trace suchas C,, |, | may be rewritten in terms of lower
order traces. We thus conclude that, for ggl(m|n), m + n
independent invariant operators C, exist.

3.GRADED SPECIAL LINEAR ALGEBRA gsl(m|n) (ms<n)

The (m + n) %1 generators of gsl(m|n) may be intro-
duced by defining (for m=£n)

1

A AB = EAB - 5AB [BI(E Cc)- (32)
For m = n, the algebra of gsi(m|n) is not simple, and gives
rise to further so-called classical simple graded Lie algebras
as subalgebras,’ which are beyond the scope of this paper. It
can be verified that the 4 4, defined by (32) satisfy
A C
A0 51 =55 = [T lsta % )
B D
that is, the same relations as the E 4.
It follows that the eigenvalue of C,, (25), and the poly-
nomial identity, (31), have the same form as for ggl(m|n).
Now, however, there is no linear invariant, since

1

A4 =E*, - 5[4 EC:) =0.

Hence the highest-weight labels are restricted by the
condition

S ot S va=0. (34)

a=1 a=1
Therefore, for gsl(m|n) there are at most (m + n — 1) inde-
pendent invariants of trace form.

Finally, it is possible to express the traces of the powers
of 4, in terms of E. Writing the traces as (A7), (EP), we
have for example

A2 = (B - —L—(Ey

and so on.
gsl(m|n) has associated with it an underlying Lie alge-
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bra sl(m) X sl(n) X gl(1). This may be seen by writing

Aab____ ab_i6abZ=Eab_i5abEccv
m m

qa a 1 o a
A%y =A%+ —8WZ=E%—8%E, (9
n

Z=A" = — 4o — _ nE®, + mE®, .
m—n
Obviously the 4 °,, 4 %, Z generate sl(m), sl(n), gl(1) re-
spectively, while the 4 %, and 4 ¢, transform under sl(m)
Xsl(n) X gl(1) as (m X @), and (m X n) _,, respectively.
The invariants C, for gsl(m|n) may be expressed in
terms of 4, 4°,,4%,,4°,, and Z. For example, we have
C,=AA" —~A" A%, +4°,4°,
m-—n
mn
with similar expressions for C;, C,, etc.

— A, AP, — Z? (36)

4. GRADED ORTHOSYMPLECTIC ALGEBRA osp(m|n) (n
EVEN)

The generators of osp(m |n) are defined in terms of the
E“, through the introduction of a graded-symmetrical,
block-diagonal, metric tensor,

G =[4B]Gy, = — [ZE 1Gp4- (37

Thus G,, = G,,, G,y =G,, =0,and G, = — Gg,. The
3((m + 2)? — (m — 1)) generators

245 =04 cE CB + [/IE 1GscE CA (38)
which are graded-antisymmetrical, that is,
S =[4B12,, 39

orZ,, = —3,, 20 =20n, 2op = 2p,, satisfy the com-
mutation and anticommutation relations

[‘SAB’ZCD] 4 C1 GCBZAD + [‘Z'E]GCAZBD
’[B'D] _
=~ A
+ [C‘ D"]GDBf:CA
-- =B
+ [4-B ][C- D—]GDAZCB, (40)

which are the defining relations of osp(m|n). In particular,
the X, generate o(m), the & _; generate sp(n), and the 2,
transform as (m X n) under the underlying Lie algebra of
o(m) X sp(n).

In order to construct invariants it is necessary to intro-
duce the inverse metric tensor G %, satisfying

GACGCB = 5AB (41)
and which is therefore also block diagonal and graded sym-
metrical, as is G, [cf. (37)]. Also, n must be even, in order
for the metric G,; of sp(n) to have an inverse.

It is straightforward to verify from (40) and the index
calculus (3) - (6), that if ¥, and W, are tensor operators,
transforming under 2, in the same way as 2, then the
operator

Xep=Ver (E]G EFWFD 42)

also transforms like X' ~,. Moreover, the trace
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XCr=G%FXg (43)
of any such tensor operator is an invariant operator, which

commutes with the 2.
Thus we may again introduce matrix powers

$o
z cp = GCD,

~ N 44)
(&9 I)Cz) =2lE ]GEF(ZP)FD! »=01,.
all of which transform like 3, and with traces
= (TP (C] =GFEE?)[C] (45)

which are Casimir invariants.

The weights of the underlying Lie algebra,
o{m) X sp(n), may be regarded as weights of the algebra
osp(m|n) itself, following the treatment of weights for
ggl{m|n) and gsl(m|r). Specifically, we take the metric ten-

sor to be
0 1
( { O)’ m even,
G,=4/0 1 (46)
1 0 m odd,
[
G, =G, =0,

0 1
G"”I(ﬂl o)’

and the Cartan subalgebra to be the set of generators (in
terms of £y = G3,)

X (m/2], 2%, a=1,.,n/2, 47)

where[m/2] is the largest whole number less than or equal to
m/2. A vector thus has weight (2]v) = (£, .00y 2 1]

V1 ,es¥,2) if it is @ simultaneous eigenvector of the £ ¢,, 3 %,
with eigenvalues i, v,,. An ordering for the weights (u]v)
may be introduced as in (23). Connections between the sub-
sets (1), (v) are provided by the odd generators X °,, X “, . It
is convenient to introduce the restricted index sets

a_’IZ"“ = 1,..~,[’ﬂ/2], a= q_'{" [m/z])"')
lei,"‘ =1,.,0/2, T=a+ n/2,-. (48)

and so on. Then the ¢ (X ?,) are raising (lowering) opera-
torsfor X ¢,, while the X “; (2 °, ) are raising (lowering) oper-
ators for 3% _. Finally, the X ¢, have the opposite shifting
properties to 3'°,.

Irreducible representations of osp(/m |n) may be labelled
by their highest-weight vector.®* It is now a straightforward
matter to compute the eigenvalues of the lowest C, actingon
this vector, by rearranging terms so that it is either annihilat-
ed by, or an eigenvector of, the various contributions. In fact
C, is now zero, since

Cl = GABZBA =
while the results for
C,=3° 3", —Xe, 38 4 38 2 —z"Bzﬁa
(49)

a=1,..,

a?’

— [A-BVPG*3,, = —C,,

are as follows:
{m/2)
C [ Zﬂa(/‘l’a-'l_m—n—'za)
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n/2
— 2 Va(vrz + 1+ 2 — Za)l, m even,
a =1
[m/2]
szz{ S up,+m—n—2a)
a=1
n/2
- 2 V(z(v(z +n+ 1 — za)}; m Odd (50)
@ =1

The defining relations (40) also identify the transforma-
tion property of a vector operator ¥ < under the 2, , to be

[ZAB’VC] [,4 C] = §C5VA + [4_5 ]5CA Ve (51)
g

where V.= GV~

In particular, V © has components V, ¥ 7 transforming under
o(m)X sp(n) as m X 1, 1 X n respectively. Bracken and
Green® have shown that a vector operator for o(m) or sp(n)
may always be resolved into a sum of m or » terms, each of
which changes one of the highest-weight labels by + 1, and
commutes with the remaining labels [and for o(m), if m is
odd, there is an additional component which commutes with -
all the labels]. Thus we may write, for m odd,

[m/2)
= Y (Ven +Vi)+ Z Vi + V) + Vo
(52)

a=1
with the same expression, omitting V(Co,, for m even, and
[,u’a, (a )] = +5ab V(b tys
[Va' (a-' 3 ]- = +08. V(/i ty
It therefore follows from (50) that, for example,

[C2’ 1)]*2(+2/ua-—1+(m_n_2a))y(a I
(54)

on the other hand, by direct computation using (45) and
(50),

[Cz,VC] = 2(22(:5 [E]—(m—n— 1)5CE)VE (55)
p(ov Ve

(53

and this is true also of the components V<
Thus usmg)?c =JIIE],

(E—40m —m) + DF(p, + Hm—m) —a),VE | =0,

@*)? {a?}

with similar equations for V(a +y» V- Since these equations
are true for arbitrary vector operators ¥ <, we have as a ma-
trix equation®**

“ﬁz] (5 = 30m —n) + 12 = (1, + 40m — n) — a)?)

a=1

< { (&= 40m —n)y -

a=1

=0, (m even), (56)
E—3m—n—1)'T[ (&= 30m—m+ 1)

a=1

+40m—m —a)) ] (&= 10m - n)y

a=1

(v, +in+1-0a)?

- (/'La

~ (o + i+ - @) =0
(m odd).
Equations (56) are the desired characteristic polynomial
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identity, for osp(rm|n), of order (m + n).

The question can now be settled of the number of inde-
pendent invariants of osp(|n) which exist, of the trace
form. For the underlying Lie algebra o(m) X sp(r), at most
[m/2] + n independent invariants can be consructed, and
hence there should be at least this number for osp(m|#). Just
as in the o(m) and sp(n) cases, the linear invariant G 23,
vanishes for osp(m|n) because the metric and the matrix of
generators have opposite (graded) symmetry properties. The
generalization of this result for osp(m|n), again as is true of
the o(m) and sp(#) cases, is the observation that the pth ma-
trix power (2'?) . is itself symmetric or antisymmetric, de-
pending upon p, up to lower-order terms. It is straightfor-
ward to verify that

3,p=14B13,,
EhB] .
= —[AB1E? ~ [AB(m —n—-2)2)y, (4],
(57)
and, in general,
2+ 0B = [ABU(— 1757+ + PPE))p, 4],
(58)
where P?(Z2) is a polynomial function of Z, of order p, de-
fined recursively by (57) and
Pp(f)BA = - (f'Pp_ ])SA
— (= 1PE?)pm—n— 14 (= 1))
ot
4 (m—n—DPP D)y,
(59)

Thus, for example, (f Mga is graded-symmetrical, up to low-
er-order terms, and evaluation of (58) and (59) lead to

C, =im—n—-2)C,. (60)
Therefore the odd Casimir invanants C,, C;, Cs,«- are not
independent, for osp(m|n), but are related directly to the
even invariants C,, C,, Cq,..., just as in the o(r) and sp(n)
cases. Moreover, the existence of the polynomial identity
(56) of order (m -+ ) shows that any higher-order (even)
invariantssuchas C,,, , , . > C,, 4 » . 2, may be related to
lower ones. Therefore, there are at most [m/2] + n/2 inde-
pendent Casimir invariants for osp(m|n), namely C,, C,,

C() sreey CZ[m/l] +n

5. EXAMPLES AND DISCUSSION

As an illustration of the techniques we have developed
in the foregoing, it is useful to examine some specific cases of
low-dimensional graded Lie algebras of the classical series.

For example the algebra of gsl(2|1) has four even gener-
ators [cf. (35)] 4 %,, a,b = 1,2; Z, and four odd generators
A“,, A, Adopting the notation

A;=3r)rA%, ij=123,
dnst=47,
(61
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Q. =4,

Qa___Aal’

where the 7; are the 2 X 2 Pauli matrices, the defining rela-
tions (33) become

[4;,4;] = i€ Ay,
[Ai’Qa ] = - %(Ti)abe’
[4,0°]1 =140"(7),"

[A,-,Z =0, (62)
[Z’Qa] = - Qa’
[Z’Q_a] = + Q_a,

{Q.0°) = (47)," — 46, Z,
and the quadratic Casimir operator (36) gives

3C, =4” —31Z* + Q0 — 00). (63)

Now irreducible representations of gsi(2|1) may be la-
belled by their highest weights® { u,,u,| v, } withpu, +pu,

+ v, = 0. Theeigenvalue of C,, given by (25), is most easily
written in terms of

I=3(p, —p,)
and leads to

16, =0+ -+~ (65)
For gsl(2|1) there is of course an additional cubic Casimir
operator C,, given by (21).

Formulas (62)-(65) may be checked against results giv-
en in studies of gsi(2|1) in the literature.” There is an obvious
extension to gsl(n|1) involving the Cartesian basis 4,,
i=1,..,n% — 1forsl(n), and n X n matrices A, i = L,...,

n? — 1, similar to that considered by Dondi and Sohnius.*

The graded orthosymplectic algebra osp(1|2) has three
even generators 2,5 = g, @ = 1,2 and two odd generators
2, = 2, - The metric (46} is

1
G= ( 0 1). (66)
~1 0

Again adopting the Cartesian basis
Ji= —4Z 5(7.€)p,, =123
2op =JA(€D)ups 1))
Zie=2m =S

where the 7, are again 2 X 2 Pauli matrices, and €, is the
symplectic part of the metric G, the defining relations (40)
become

[Ji’Jj] = ffiijk,
[7:8.1= — $(7:)apSp (68)
{SarSg} =Ji(€7))ap
and the quadratic Casimir (49) gives
—3C, =J* — 5,€6,55;5. (69)

Irreducible representations of osp(1|2) may be labelled
by their highest weights® [0|v]. The eigenvalue of — 3C, 3
given by (50), is most easily written in terms of / = 4v, and is

v= —4u, +1)=+3v, (64)
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—4C, =4+ ). (70
Again, formulas (68)—(70) may be checked against results
given in the literature.’

The algebra osp(1|4) is the algebra of the graded de
Sitter group, and is related by contraction to the algebra of
Poincaré supersymmetry. The algebra is [cf. (40)]

(MopM, 5] =Ms+ C,u Mgs + CspM,,, + C5 Mg,
[Map Uyl = CypUs + CruUp 1)
{UnUpl =M,y

Mg=M;, C

" af=1,.,4
The isomorphism with the graded so(3,2) algebra is estab-
lished by identifying C,, ; with the charge conjugation matrix
of the Dirac spinor representation, and expanding Mz in
terms of the symmetric matrices, (y,C ).z and (0,,,C) s
Maﬁ = - (7/)/C )aﬁM‘u - %(U,u,vc )aﬁMﬂv’
u,v=0123 (72)
It is found that the M #¥ generate an algebra of O(3,1), with
the M* an additional vector such that

(M*M¥] = —iM™, (73)

= — CBa’

thus enlarging the algebra to o(3,2) with the identification
M* = M*"* and 5X 5 metric with signature (+, —, —,
—, + ). The remaining commutation relations are

[M*,U,] = — 40", Up,

74
[MAU,] = — (), U,
If one defines
$.= = U,
R
PH = __L M, (75)
R 2
M"Y = M*,

and rewrites the algebra (71) in terms of the barred gener-
ators, the limit R— o0 Enay_be taken consistently with the
barred generators S, P¥, J** tending to smooth limits S,
P&, JH, leaving the graded algebra

[J[AV"IpO‘] = i(”pv Jya - 7’py Jva —Mov J,up + 770;; va)’

[J/I.V’Pp] = i(nvp Py - 17,u,p Pv)’

[Jyv’sa] = %(a.pv)aﬁsﬁ’

[Pva] =0,
[P;L’Sa] = 0’

{Sa’SB} = - (7/,uc)aBP#’
which is, indeed, the space-time Poincaré supersymmetry
algebra.

The contraction procedure, (75), may now be applied to
the (appropriately rescaled) quadratic and quartic Casimir
operators, C, and C,, defined by (46). Explicitly, it is found
that

Cz = — 4M#M# - ZM“VMFV + ZUaUa’ (77)
so that

(76)
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1

R4

Ci= lim — C,=P*P,, (78)

while a similar calculation yields

C;=(P"P)K"K,),
where

Kr = e‘[.vaa}>v'lpa + %Si(y,u - P;Lp B 1)‘;/S‘S
is the usual generalized Pauli-Lubanski vector, whose
square provides the additional Casimir invariant for Poin-
caré supersymmetry.*

These results illustrate that the quadratic and quartic
Casimir in variants of osp(1|4), as defined by (45), do indeed
contract in the required manner to the familiar invariants of
Poincaré supersymmetry. Other examples could be studied;
for example, according to our analysis, the space-time Con-
formal supersymmetry algebra,’! which is a real form of
gsl(4|1), should have four Casimir invariants, given by (21).
The quadratic and cubic invariants have been given®’; how-
ever with the techniques of the present paper on hand, the
labour of explicitly constructing higher invariants is re-
moved, and moreover it is clear that just two further inde-
pendent Casimir, C, and C,, can be constructed.

The work presented here emphasizes that the sequences
ggl(m|n), gsi(m|n) (m+n), osp(m|n) (n even) of graded Lie
algebras are amenable to many of the techniques which have
been developed for ordinary Lie algebras. Presumably many
of these techniques also carry over to the remaining se-
quences of simple graded Lie algebras®®; the exceptional al-
gebras are likely to require individual attention. In any case,
it is evident that, with the use of the index calculus (3) to (6),
and the results obtained here, a complete tensor calculus can
be developed for ggl(m|n), gsl(m|n), in7n), and osp(m|n)
(n even), with eventual applications, for example, to meth-
ods of computing the eigenvalues of the higher-order Casi-
mir invariants.” Further work along these lines is in ‘
progress.

Despite the similarities, however, between the graded

Lie algebras and ordinary Lie algebras, many of the theo-
rems applicable to the latter do not carry over. For example,
as is evident from (25) and (50), the Killing form is, in gener-
al, no longer positive definite, even for the simple graded Lie
algebras. Consequently the Casimir invariants are, in gener-
al, insufficient to specify the irreducible representations. In
fact, Schur’s lemma itself is no longer always valid; other
complications arise in the representation theory.® Neverthe-
less, the simplicity of the results here presented should be
sufficient reason to regard the subject as interesting, both in
its own right and for physical applications, and to merit fur-
ther investigation.

ACKNOWLEDGMENT

P.D.J. wishes to thank P.H. Dondi for discussions and
constructive criticism of this work.

*Note added in proof: The graded Lie algebras are also known in the litera-
ture’ as “Lie superalgebras.”

1J. Scherk, Rev. Mod. Phys. 47, 123 (1975).
:J. Wess and B. Zumino, Nuc. Phys. B 70, 39 (1974).

P.D. Jarvis and H.S. Green 2121



’A. Salam and J. Strathdee, Nucl. Phys. B 76, 477 (1974).

“P. Fayet and S. Ferrara, Phys. Rep. C 32, 69 (1977).

*J. Wess, “Supersymmetry-Supergravity,” Proceedings of 8th GIFT Semi-
nar on Theoretical Physics, to appear in Springer Tracts in Modern
Physics.

‘B. Kostant, “Graded Manifolds, graded Lie theory and prequantization,”
in Lecture Notes in Mathematics, 570, edited by A. Dold and B. Eckmann,
§70 (Springer-Verlag Berlin, 1977).

’L. Corwin, Y. Ne’eman, and S. Sternberg, Rev. Mod. Phys. 47, 573 (1975).

'V.G. Kac, Commun. Math. Phys. 53, 31 (1977).

V. Rittenberg, “A Guide to Lie Superalgebras,” in Lecture Notes in Physics
79, edited by P. Kramer and A. Rieckers (Springer-Verlag Berlin, 1978).

N. B. Backhouse, J. Math. Phys. 18, 339 (1977).

'P.D. Jarvis, J. Math. Phys. 18, 551 (1977).

V. Rittenberg and D. Wyler, “Sequences of Generalized Lie Algebras and
Superalgebras,” Rockefeller University Report C00-2232B-152 (1978),
and references therein.

BP.D. Jarvis, Australian J. Phys. 31, 461 (1978).

“N. Dragon, “Generalized Symmetry Algebras,” talk at Liblice Confer-
ence, 1978.

»G. Racah, “Group Theory and Spectroscopy,” Princeton Institute for
Advanced Study Lectures (1951); reprinted in Springer Tracts in Modern
Physics 37, 28 (1965).

2122 J. Math. Phys., Vol. 20, No. 10, October 1979

“H.B.G. Casimir, Proc. Roy. Acad. Amsterdam 34, 844 (1931).

G. Racah, Rend. Lincei 8, 108 (1950).

'*L.C. Biedenharn and J.D. Louck, Commun. Math. Phys. 8, 89 (1968).

Y. Lehrer-Ilamed, Buil. Res. Counc. Israel 5A, 197 (1956).

“M. Gell-Mann, Phys. Rev. 128, 1067 (1962).

8. Okubo, Prog. Theor. Phys. (Kyoto) 27, 949 (1962).

2J. Ginibre, J. Math. Phys. 4, 720 (1963).

2Y. Lehrer-Ilamed and H. Goldberg, J. Math. Phys. 4, 501 (1963).

#A.J. Bracken and H.S. Green, J. Math. Phys. 12, 2099 (1971).

»H.S. Green, J. Math. Phys. 12, 2107 (1971).

#J.D. Louck and L.C. Biedenharn, J. Math. Phys. 11, 2368 (1970).

8. Okubo, J. Math. Phys. 16, 528 (1975).

#M.A. Rashid and C.D. Nwachuku, J. Math. Phys. 17, 1611 (1976).

#8. Okubo, J. Math. Phys. 18, 2382 (1977).

*R.C. King, “Eigenvalues of Generalized Casimir Invariants of Semi-Sim-
ple Lie Groups,” University of Southampton Report, Mathematical Stud-
ies No. 18 (Decamber 1978), and references therein.

IN. Backhouse, J. Phys. 12, 21 (1979).

2P.H. Dondi and M. Schnius, Nucl. Phys. B 81, 317 (1974).

»M. Sohnius, Ph.D. Thesis, University of Karlsruhe (1976).

P.D. Jarvis and H.S. Green 2122



A note on Sommerfeld’s diffraction problem
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A direct transform technique is found to be most suitable for attacking two-dimensional
diffraction problems. As a first example of the application of the technique, the well-
known Sommerfeld problem is reconsidered and the solution of the problem of
diffraction, by a half-plane, of a cylindrical pulse is made use of in deducing the
solution of the problem of diffraction of a plane wave by a soft half-plane.

INTRODUCTION

Various methods of attacking the problem of diffrac-
tion by a half-plane (the well known Sommerfeld problem)
have been proposed by several authors.! (The details of the
references in this direction are cited in the books of Jones!
and Noble.?) Though the Wiener-Hopf technique is believed
to be the most suitable one for two-dimensional diffraction
problems, the method has got its own limitations, particular-
ly when one wishes to attack problems under mixed bound-
ary conditions.** The purpose of the present note is to high-
light the technique of Turner,’ involving the direct
application of two kinds of integral transforms, Laplace and
Lebedev—-Kontorovich, in succession, to the initial and
boundary value problem of the diffraction of a cylindrical
pulse by a soft half-plane. It is shown here that the solution
obtained by Turner’ can be utilized successfully, to derive
the solution of the problem of diffraction of a plane time-
harmonic wave by a similar half-plane. It turns out that the
total field under consideration can be represented in the
form of an infinite series, involving Bessel functions of the
first kind. The series could be summed in a closed form by
making use of an integral representation of the Bessel func-
tion. The final form of the solution then involves the error
function complement as is well known.!

1. TURNER’S PROBLEM AND ITS SOLUTION

In this section, we briefly present the method of Turner,
for the sake of making this note self-contained.

We wish to determine the scalar potential ¢ (r,6,¢)
satisfying

Vg LI _rl_ 8(r — r)8(8 — 88 — 09, (1)

¢ at?

subject to the boundary condition

$=0 @
on € = 0 and 27; and the initial conditions

J

¢=0 and a—‘f =0 3)
att=0". Weset

R=1[r+r5—2rrcos(8@ —6)]"* “4)
and

R, = [x* + 3 — 2xr, cos6, ]~ )
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We apply a Laplace transform in ¢ to Eq. (1) and write
(denoting the Laplace transform of by @) P =@ " + U,
where @ ‘"' = (1/2m)K( pR /c). The resulting partial differ-
ential equation after a suitable change of dependent variable
is solved by the application of the Lebedev-Kontorovich
transform. After performing the Lebedev-Kontorovich and
Laplace inversion transforms in succession, we obtain (see
Turner?):

$=0"+4"+4, O)
w_ 1 HE=R/o 6
¢ 4r (12— R*/cHV ©)
¢(r)= __L H(t—Rl/C) (6b)

4 (12— Ry

242
$0= ¢ __ % pn(if_rzo_lc_t_> sin(z + )0
217\/rr0 n=0 2rro
Xsin(n + )6y, |r—ro| <ct<r+r,
=0; otherwise, (6c)
ere

R, =[P+ ry— 2rrycos(6 + 6,)]"2,

and P, (x) is the Legendre polynomial of order # and H (x) is
the Heaviside step function.

2. THE TIME HARMONIC PROBLEM

In this section we present a method of deducing the
solution for the time harmonic problem from that of the
solution of pulse diffraction [Eq. (6)]. Replacing tby ¢’ — ¢, ¢’
being the new time variable, we obtain from Eq. (1)

1 &
vig— LY L 80— 605 — 1),
¢t ar”? T
where i denotes ¢ (r,6,¢" — t). Multiplying this equation by
e ~ ' and integrating with respect to ¢’ from ¢ to infinity,
after using the conditions
Yv(ros —t)=0

and
Hor —1)=0 at t'=1,
at

we readily observe that the function yA7,6,t ) satisfies the par-
tial differential equation

V' + kD= — %S(r — r)8(6 — B)e — 10
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and the boundary conditions
=0 on6=0and?27, ®

where
&(r,ﬁ,t) = f lﬁe — it gyt

and k = w/c, the wavenumber, w being the frequency. Equa-
tion (7) is precisely the equation governing the time harmon-
ic case.

In the above deductions we have made use of the follow-
ing property of Dirac’s delta function

|7 re—eranar = s

Applying the above procedure to Eq. (6), we obtain

em)tlzl

= 3 K, 1o0kr Y, (ke ) sin(n + 1)8
n=aq

xsin(# + 3)6, — 74L Ko(ikR ) + KolikR) 1. (9)
T

This can also be formally checked by noting that the above
procedure leads to the Laplace transform field [Eq. (2), p. 68,
Turner?], the transform parameter being iw.

We thus observe that the solution of the time harmonic
line-source problem is given by Eq. (9).

From now on, we set 7, =r, and »_ = r. Finally, to
obtain the scattered field in the case of plane wave incidence,
we let 7, tend to infinity after multiplying Eq. (9) by
(8wkro)iexplitkr, — w/4)] and replacing 6, by @, — 7,
where 0 < @, < 7. Thus, we obtain, the total field 1, due to the
incident plane wave

exp{ — i[k* cos(6 — @o) + wt ]

as given by

= 3 exp|itn + DI, o en)lcostn + 9O - g
n=0
+ 7) — cos{n + 16 + @, — m)] — Yexp[ — tkr
X cos(@ — @ao)] + explikr cos(8 + @o)1}. (10)

3. SUMMATION OF THE SERIES

In this section, we present the details of the summation
of the infinite series obtained in the last section. We are re-
quired to sum the series

§'= 2n,$::0exp[f(n 1) —”5] T+ v (kP) cos(n + D

(11
It is sufficient to consider
S@)= Y expliln + D@ 1 J, 112 (). (12)
n=D0
Then, (11) can be expressed as
T T
§'=8S{— a) S(————a). 13
(2 +al+ S (13)
We have®
v /2
J(x) = —;Z_&j cos(x cosa) sin“*a da
Valw+1)
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for Rev> — 1. Hence on substituting in (12) and inter-
changing the orders of summation and integration, we
obtain

/2

S(p)= —2—__— J cos(x cosa) sina da
Vg o

S explitn + g ) @A sin"a (g
n=0 n!
2

TV

X explixe'¥sin’alda.

) /2
ev’? J cos(x cosa) sina
(6]

On putting ¥ = cosa,
2x . ,
Sp)= \/-— explig /2 4 4xe'* ]
T
1
xJ cosxuexp| — Lxe“uldu. (15)
G

The latter integral can easily be expressed in terms of the
error function complement. We write

1 o o
f e " P¥cosxu du = f e~ Pcosxu du — f e~ Pcosxu du
(4 Q 1

where 8 = 1xe'.
The first integral can be easily evaluated (see Gradsh-
teyn and Ryzhik,® p. 480). Hence

1
J e " P¥cosxu du
0
=3V /8 exp(— x*/48)

-
— .[ e P¥cosxu du
1

= %\/:/B_exp( — x2/4ﬂ)[1 - %[erfc( \/E- - 2\1;5 )

+erfc(\/F+ 2 \‘;E)H (16)

where

erfc(x) = 2777 f exp( — t)dt.

X

Thus, from {15), we obtain
S (@) = exp(ix sing ){(1 — %{erfc[\/xﬂ (e9/ — je 077y ]

+erte[Vix/2(e2 4 ie=#)1}).
Making use of Eq. (13), we finally obtain,

S’ =exp( — tkreost ) [1 — erfc(e"”/“\/m sing /2) ],
(17)

where { =7 — a.

The above procedure of summing up the series was sug-
gested by the referee and the authors gratefully acknowledge
the suggestion. However, for more general values of the or-
der of the Bessel function appearing in Eq. (11) (which we
would come across while considering the problem of mixed
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boundary conditions, i.e., ¢ prescribed on 6 = 0 and d¢ /36
prescribed on 8 = 27), an approach similar to that of Khre-
bet’ is more useful.

Using the summation formula (17), we immediately ob-
tain from Eq. (10),

e = Lerfc [e™*V 2kr sin(8 + @o)/2 lexp[ — ikr cos(8

+ 0] — serfe[e™*N 2kr sin(6 — po)/2]
Xexp[ — ikr cos(6 — @o)],

which agrees with the well known solution given in Jones.’
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Analysis of the dispersion function for anisotropic longitudinal plasma waves?
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An analysis of the zeros of the dispersion function for longitudinal plasma waves is made. In
particular, the plasma equilibrium distribution function is assumed to have two relative maxima
and is not necessarily an even function. The results of this analysis are used to obtain the
Wiener—Hopf factorization of the dispersion function. A brief analysis of the coupled nonlinear
integral equations for the Wiener—Hopf factors is also presented.

I. INTRODUCTION

The solution of boundary value problems (fixed fre-
quency waves) as described by the linearized Vlasov equa-
tion requires the Wiener—Hopf factorization of the plasma
dispersion function A.!? For the longitudinal modes which
we consider in the present paper, the relevant Vlasov-Max-
well set of equations (in the absence of magnetic fields) can
be taken to be

% % | C &, +EFu=0, (1a)
at az m
‘Z—f = —dmne J 58(z,5,t) ds. (1b)

Here, u represents the longitudinal electron velocity, F'is the
equilibrium distribution function, g is the deviation of the
distribution function from equilibrium, £ is the applied
electric field (z component), E is the z component of the self-
consistent electric field, and n, is the plasma density. We
might note that in the previous analyses, Refs. 1 and 2, it has
been customary to use Gauss’ Law, instead of Ampere’s Law
[Eq. (1b)]. After Fourier-transforming in the time variable,
this leads to a set of two coupled equations for £, and
E, (f, (z,u) = = _e“*'g(z,u,t) dt). Since itis much easier to
work with a one-component equation, we choose to begin
our analysis with Ampere’s Law.

Thus, after the aforementioned Fourier transforma-
tion, the equation we study is

e F'(u)

EA ’ (23')
u

A + iwKf = — -
odz iom

with the unbounded linearized operator K defined by

KN)(zu) = %f(z,u) + 0? % fw sf(z,5)ds (2b)

(we will henceforth not explicitly exhibit the dependence of f
on the frequency w). Here, 0* = w,%/0?, where 0,*
= 4mn,e*/m is the plasma frequency.

The dispersion function associated with the eigenvalues
of K is found to be

.Q(p)=1+02jm —wd&
cw l—sp

“Supported in part by the National Science Foundation Grant Number
ENG75-15882.
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and is related to the dispersion function A of Refs. 1 and 2 by
A(p)=2(1/p)

A =1—cp | E9y 3)
—» §— ,D

In subsequent papers currently in preparation, we consider
the uniqueness of solutions to Eq. (2a) and construct explicit
solutions. In the present paper we study A.

For the case that F'is isotropic, it is well known'* that A
has no zeros if o* < 1; K then has no eigenvalues, and the
plasma waves are dissipative. However, we are interested in
anisotropic plasmas, for example, the “bump on tail” or
“two stream” equilibria,’ for which eigenvalues may indeed
exist.

In Sec. II we discuss the zeros of A. In Sec. I1I we pre-
sent the Wiener—Hopf factorization of A by analytic func-
tions X and Y. In Sec. IV we obtain the coupled nonlinear
integral equations for these functions and discuss their solu-
tions. Our analysis is then in generalization of the isotropic
case considered, for example, in Ref. 3.

Il. ZEROS OF A

The zeros of the plasma dispersion function for fixed
k (0, = o, (k)) have been studied extensively (cf., for exam-
ple, Ref. 3, Chap. 7). Since our interest is in plasma wave
boundary value problems rather than the stability of solu-
tions to the initial value problem, we need k,(w), i.e., the
zeros for fixed frequency w. In this section we sketch the
procedure we have used for locating the half-plane in which
these zeros can occur and quote the results for “bump on
tail” and “two stream” equilibrium distributions. Our pro-
cedures can easily be generalized to more complicated equi-
librium distributions if desired.

We observe that the zeros occur in complex conjugate
pairs. Thus it is sufficient to consider only the zeros in the
upper-half plane and on the real axis. We shall use the argu-
ment principle to determine the number and location (left or
right half-plane) of these zeros. We adopt the terminology
“complex zeros” to mean a zero with nonvanishing imagi-
nary part.

Theorem 1: For any “single bumped” distribution F, A
has no zeros for 0@ < 1. (We do not consider the singular case
o* = 1 which represents zeros of A at «.)

This result is well known.'? and in any event can be seen
trivially from the appropriate Nyquist diagram for A.
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Suppose F has two bumps. We distinguish three cases
for convenience.

Case 1: “Bump on left tail”’; F (u) is an ordinary Max-
wellian with a bump for # <0.

Case 2: “Bump on right tail”’; F (1) is an ordinary Max-
wellian with a bump for u > 0.

Case 3: “Two stream”; F (u) has one peak for u <0, and
one for u > 0.

In each case F’ will vanish at three finite points. We call
them u, <u, <u, (for Case 1, u, <0; for Case 2, u, >0; for
Case 3 u, <0 < u,). Mathematically these three cases could
be treated as one, but the above division helps clarify the
physics. We need the following results;

Lemma 1: For u>0, ImA (ju) <0 in Case 1 and
ImA (iu) > 0 in Case 2.

Proof: From Eq. (3),

F (s)

" ds. @)

For Case 1 the only contnbutlon to the integral comes from
the perturbing bump, call it F,. Decompose F | into its even
and odd parts, F |, and F | . Thenonly F;, contributes to the
integral in Eq. (4) Fi, w111 vanish at two points, + y,y>0.
Furthermore, F, (u) <0 for |u| <y and F{,(u)> O for |u|

> y. It is easily seen that the contribution to the integral in
Eq. (4) is negative, since if we add

—ud?
y2 + u2
to Eq. (4), we obtain

ImA (iv) = 0 J

0=

Fi{,(s)ds

A Plane

Aleo) = 1— ¢ 2

FIG. la. Nyquist diagram for Case 1, conditions la.
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A Plane
APo) = 1— 02
Alug) A0) =1
pd \
A(u1) Alu,)
FIG. 1b. Nyquist diagram for Case 1, condition 1b.
£ _s2 F’
ImA (iv) = u3a2f 7 —Fi ) ds, %)
- W+ + 0D

thus completing the proof of the Lemma for Case 1. Case 2 is
analogous.

We now let M = A (ug)A (u,)A (u,). We then have

Theorem 2:

.1-0%>0:

(a) M > 0; then for Case 1, 2 and 3, A has no zeros;

(b) M <0, then, for Case 1, A has two zeros in the left
half-plane; for Case 2, A has two zeros in the right half-
plane; for Case 3, A has two zeros.

2.1—-0%<0:

(a) M > O; for Case 1, A has two zeros in the right half-
plane; for Case 2, A has two zeros in the left half-plane; for
Case 3, A has two zeros;

(b) M <0, for Cases 1 and 2, A has two zeros in both left
and right half-planes; for Case 3, A has either no zeros or
four zeros.

Proof: We draw the Nyquist diagram for A (u) as « pro-
ceeds from — oo to + oo just above the real axis and closes
in a semicircular arc in the upper half plane (along the semi-
circular arch, A ~ 1 — o> = const, so that portion of the
contour makes no change in the argument of A ). From Eq.

3,

AT = hm A (u + ie)

l—ou f SE'S) go+ ic?u?F ' (u). 6)
- S—U

We show in Figs. 1a and 1b a Nyquist diagram corre-
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A Plane

Aloo) = 1 — g2

A
(o) A(0) = 1

Afuy) Aluy)

FIG. 2. Nyquist diagram for Case 1, condition 1b, mapping second quad-
rant only.

sponding to the situations stated in the theorem for Case 1.
Note that from Eq. (6), the contour in the A plane crosses the
real axis at + oo, U, U,, Uy, and O and since A is analytic in
the upper half-plane, we must insure that the bounded com-
ponent of the A plane is to the left as one traverses the con-
tour (otherwise the diagram obtained represents a function
that has a pole in the upper half-plane). A brief perusal of
these figures verifies the assertions of the theorem for Case 1
insofar as the number of zeros is concerned. To prove that
the zeros are located in the stated half-plane, consider
Lemma 1 and follow the curve in the A plane as u advances
from — o« to0above the real axis, and from 0 to « upward
along the imaginary axis.

Using Lemma | we can draw the contour as in Fig. 2,
showing that the root does indeed occur in the left half-
plane, which completes the proof of the theorem.

The other possibilities for Case 1 are treated in an analo-

TABLE I. Zeros of A for perturbed Maxwellian. R(L)HP = right (left)
half-plane.

Case 1 Case 2
1.1—-0*<0
ayM>0 none none
byM <0 2 in LHP 2 in RHP
2.1—-0*>0
a)M>0 2 in RHP 2 in LHP
by M <0 2 in RHP, 2 in LHP 2in RHP, 2 in LHP
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TABLE II. Zeros of A for Case 3.

L1-¢>0

AM>0 none

bYyM <0 2 zeros

2.1 -0t <0

aAyM>0 2 zeros

byM <0 none or 4 zeros

gous fashion. In the same way, Cases 2 and 3 can be ana-
lyzed. The results are summarized in Tables I and II. We
note that real zeros can occur, but only at »,, 4, or u,,
where ImA vanishes, or at « in the special case o° = 1.

lil. FACTORIZATION OF A

For anisotropic plasmas, the factorization of Refs. 1
and 2 is not applicable to the equilibrium distribution func-
tions we consider. We require

A(p)=X(pY(—p) Q)
with X and Y analytic for Rep < 0. Furthermore, if we let v,
and v, represent the zeros of A in the right and left half-
planes respectively, then we also require

X(v,)=0 for Rev, >0,

Y(—v,)=0 for Rev, <0.

If A has no zeros, then the following functions are im-
mediately seen to factor A:

X,(p) = (1 — 2 exp[ —2—;;[ In (j—g) S‘i—sp],(Sa)

Yo(p)=(1— )"

woo - [ m(G==0):% ]

(8b)
To include the zeros of A, X,, and Y, must be modified
X, (p)=(p—v.)p—¥)X(p) (%a)
Y/ (—p=(p—v)p—v) Yo (—p) (%2)

X, and Y, arestill not adequate since A (p)—1 — o as
p— o and the product X, (p)Y, (-- p) diverges as p"(n = 2
or 4). Thus, X, and Y, must be modified to

X(p)=X,(p)/p°, (10a)

Y(—p)=Y,(—p)p" (10b)
where €, (€, ) is either 2 or 0 depending on whether A does or
does not have a zero in the right (left) half-plane.

To verify that X and Y have no pole at p = 0, we must
determine the behavior of X;(0) and Y,(0). Since p ~0, the
largest contribution in Eq. (8) comes from s~ 0, so that we
cut off the range of integration at, say, a > 0. Then a simple
calculation shows for p—0

X,(p)~ (p——_ a)g’(w” ~p o, (11a)
P

Yo(p)~ (p + a) — 6,00/ _ pgz(o)/”’ (11b)
P
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TABLE 111 Values of ,(0) and 6,(0).

Case 1 Case 2
1.L1—¢>0 6.0) 8.0
(0) =0 1(0) =0
Ay M>0 6,(0) =0 6,00)=0
80) =0 60y = — 27
&) M <0 0,(0) = 27 6:(0) =0
2.1—-02<0 s , 0,0
(0} = — 27 {(0)=0
) M>0 0,(0) = 0 0,(0) = 27
6(0) = — 27 6,(0) = — 27
b)M <0 6,0) = 27 0,00) = 27
where
8,(s) = 1/2In[A * (/A ~ ()], 5>0, (11c)
0,(s) = 1/2In{A *(—s)/A4 ~(-9], s>0, (11d)

We observe that

6,(0)=4,,., argAd *
=44, argAd " + A4, , .., argA,
where the second equality follows from Lemma 1. Similarly,

6,(0)=A4,_ 0 argd *
= A( — «,0) argA M + A(O, + i) argA,

where again we have used Lemma 1. Clearly, if the root
occurs in the left half-plane, 6, (0) = 0 and 6,(0) = 27,
whereas if there is a root in the right half-plane, 6, (0)
= — 27 and 6, (0) = 0. The results are summarized in Ta-
ble II1. Comparing these results with our definition of €, and
€,, we have

e = —6,0)/7, (12a)

€, = 6,(0)/, (12b)
We see, incidentally, that the existence of a zero of A in the
right or left half-plane induces a double zero in X, or ¥,
respectively, so that the notation in Eq. (9) is appropriate.

The result, Eq. (12), directly implies the following
theorem.

Theorem 3: The functions X and Y defined by Egs. (8),
(9), and (10) constitute a Wiener—Hopf factorization of A
given by Eq. (7) and

X (p)~const asp—0.

Y(p)~const asp—0.

Withoutlossof generality, wemayset X (0) = ¥ (0) = 1.

IV. COUPLED NONLINEAR INTEGRAL EQUATIONS

For computational purposes, the explicit representa-
tion of X and Y obtained in the previous section may not be
so convenient as the iterative solution of coupled integral
equations. These may easily be determined from Cauchy’s
theorem. In particular, from Eq. (7)

1

X*"(w)—X W= Y=
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XA T'w)—A @), u>0, (132)

[Y(~w)]* = [Y(=w)]~

i
=——[A*Tw)—-A @)},
) (A4 * W (u)
Using Eq. (6) and the behavior of X and Y at infinity,
Cauchy’s theorem yields

u <0. (13b)

X(p=0-"- | m%%ds, (142)
Y(—p)=(—0)" - _w;%;g%ds’ (14b)

These equations can be solved iteratively for the values
of X ( p) and Y ( — p). A more convenient iteration scheme is
defined by taking the limit as p—0 in Egs. (14). Then

I1=(1-0)"*— Jw sa?F'(s)/Y ( — s) ds, (15a)
¢}
1=01-0"H"*—- f) so°F'(s)/X (s) ds, (15b)
and rewriting Eq. (14) as
N “ sF'(s)
X(—p)=1 +pa’2L S TETs ds,  (16a)
Y(—p=1—po [ —£L=9) (16b)

o X(—)s+p)

If we make the following change of dependent variable,

U (p)=X " '(—ppd’F'(—p), (17a)

U,(p)= —Y (= ppd’F'(p), (17b)
then Eqs. (14) reduce to the bilinear matrix equation

U=F+ AUU), (18)
where
U=[U,,1,] (19a)
F(p) =po’[F'(—p), — F'(p)], (19b)
A(U,V)(p)
[~ [ np0:0 sf’:p RCAT s‘fp .
(19¢)

The convergence of the iteration scheme to Eq. (18) has
been studied previously.* If we define a Banach space with

Ul = max [ 0,6 ds
i=12Jg

then it is shown by fixed point arguments that Eq. (18) has a
unique solution in the ball

S={U:{|U~F|[ <4},

subject to the condition ||F|| < 4, and that an iteration
scheme converges if the initial guess is chosen in § (note that
if UeS, then ||U]| < 1).

We now show that the solutions to Eq. (18) lying in S'is
the “physical” solution. We observe that U, and U, obey

- " U (s P
U1<p)—F1(p)[1+fO 094

—t
ds| ,

(20a)
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U,(p) = Fy(p) [1 -[Tvo £ ds]”, (20b)

Consider Case 1 for situation 1b of Table I. Then Y has
zeros in the right half-plane which implies that U, has poles
in the left half-plane. Thus U, must be analytic in the right
half-plane and U, analyticin C\[ — «,0]. Since we are deal-
ing with nonlinear integral equations which may have more
than one solution, we must prove the following,

Theorem 4: For Case 1,1 — 02> 0and M <0, the solu-
tion to Eq. (18), [U;,U, ], in theball S, is analytic in the right
half-plane.

Proof: Writing p = ax + if, we have

2 2 172
p a1 B
Py (a+s)2+ﬁz] <1l forO0<s< o
and a > 0;

thus

ds < 1.

U, () —L—ds <J w,,z(snt p
p+s 0 pts

The result follows from Eq. (20).

To get a feeling for the range of parameters for which an
iteration scheme corresponding to Eq. (18) converges, we
have computed ||F|| for a bump on tail distribution consid-
ered in Ref. 3 and given explicitly by

Fey=0a —ﬂ)(z kT, )1/2 CXP(_ 2’12;2)

m 172 V0)2
+B(27rkT2) exp [— —-—————] Q1

A straightforward integration yields
mV. 2\12 mV.2\\2
wise [s-som (5] + 0 ()
IFll<o” | — 38E; 25\
(22)

2kT,
where E, is the error function defined in Ref. 5. A more
convenient, if less exact, bound is

N VZ 172
||F||<al[ +2,3(2 kT) ] (23)

We conclude that, for certain values of &%, 3, V;, and
T,, an iteration scheme converges if the initial guess is cho-
sen in S. For values outside this range, it is necessary to
evaluate X and Y from the explicit definitions. We now de-
velop these definitions into a form more useful for computa-
tion by a procedure similar to one used in Ref. 2, p. 130.
From Egs. (8), (9), and (10) we have

X(p=(p—-v.)(p— 17)p—“(1 __02)1/2
Xexp [ J‘ 9(5) ds ] (24a)
Y(_p)—'(P_VI)(P—V,)p_Ez(l A2
xexp [ f £ “ (24b)
— oo s_..

where
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O(s) =argd *(s) =tan"! [——-————-‘ o’ F(s) ,

A(s)
A)y=4[A () +4 )]
It is useful to write in Eq. (24)
f B(S) ds = f: 065) d% In(s — p) ds, 26)

and, mtegratmg by parts, we have

f 96) ds—e, In( — p)—fw%gln(s—p)ds,

(25a)

(25b)

(27a)
f s9£s) ds=¢€, In(—p) — Jﬂ — In(s — p) ds.
’ Q7b)

Here we have used Eq. (12) and the fact that 8 («0 ) = 0. Cal-
culating d6 /ds from Eq. (25a) and using (24) and (27), we
obtain after some algebra

X(p)=(p—v)p—¥)1—-0)"
A (| A9 | s —
Xexp[ - J; Im [A =0 ] In(s — p) a’s](,28 |
a
Y(—p)=(p—v)(p—¥)1-0o)"

R

We have proved that the Eq. (18) has a solution in the
ball§ = {V: ||V — F|| < 4if ||F|| < 4}, which we now assume.

V. DISCUSSION

For computational purposes, we investigated the coup-
led nonlinear integral equation for X and Y in Sec. IV and
found that, under certain restrictive conditions on the equi-
librium distribution function, we could prove that an iter-
ation scheme for the solution does converge. It might be
possible to remove some of these conditions using other ana-
lytical techniques although thus far we have not been able to
do so.

In Sec. III we found the Wiener—Hopf factorization of
A, which is necessary in solving the half range problem using
the Larsen and Habetler technique,’ as well as using tech-
niques developed in Ref. 2. That is the problem we are cur-
rently pursuing.
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Electrostatic Vlasov turbulence in a bounded spatial region is considered. An iterative
approximation method with a proof of convergence is constructed. The method is nonlinear and

applicable to strong turbulence.

I. INTRODUCTION

Consider the one-dimensional Vlasov-Maxwell system
of equations,

aF aF JF

oz — —E(x,7)— =0, 1

ar +v8x ) d M
9E _ 1 _fw dv F{xp,7)=1—n(x7), )
adx —

9E _ fw dv vF (x,0,7) = u(x,7), 3)
or —»

for the electron distribution function, F (x,v,7), and the elec-
tric field E (x,7), with a stationary and uniform ion back-
ground. Assume the existence of a solution of this system of
equations for — 1<x<1 (x is dimensionless, and measured
in units of an arbitrary length scale L), — 0 <v < o, and
7> 0. Then a method for constructing approximations to
this solution can be developed as follows:

The Fourier-Fourier transform method' can be used to
transform Eqs. (1)—(3) into an infinite system of first order
hyperbolic partial differential equations. This system has
been studied before.’ One further aspect of this system will be
considered here; it is that on truncating the infinite system,
the resulting finite system is of a standard form which has
been used to produce constructive proofs of the existence of
solutions to a wide class of such systems.? Here, the existence
of a solution to the finite system will be assumed. The meth-
ods used for proofs of existence will be applied, nevertheless,
to produce approximations to the exact solution of the finite
system. The existence of the finite system solution and the
issue of how well it approximates the solution of the infinite
system will be addressed elsewhere.

Il. THE FOURIER-FOURIER TRANSFORM

Let

fxur) = N _i e"'"”"%fjwdv el =M (wT) (4)
and o

e(x,7) = i em™€,. (1),
in which o

1 N ,
fm (V,T) = TJ‘ dxe—lmvx dv Piadd o (X,U,T) (5)
—1

— oo

2131 J. Math. Phys. 20(10), October 1979

and
1! :
€,(T) = —i—f dx e ""E (x,7),
-1

thenf= Fand € = Efor — 1 <x < 1, and on the boundaries
f(£Ly,n=4FQuv7)+ F(— lLyv,n]and e( + 1,7)
= 4[E (1,7) + E(— 1,7)]. Both fand € are periodic in x with
period two.
From Egs. (1)-(3),

. Y . =
-(;_—-}-m; +z7rvn12w6,,fm_,,—Jm, ©)
imwe,, =8,,0—f,,(0,7) + (— )™+ (1 —£,(0,7)),
)
and
‘ff’" - L ®
T T ov ly—o

in which J,, = (— 1)"J,, and

JO(V’T) = Li [F(]'!v’T) ‘F( - I)V’T)],
27 dv

where
F(+1lv7r) =f dv é™F ( + 1,u,7).

Equations (7) and (8) are redundant when m=£0, and Eq. (7)
yields no information when m = 0. In the following Eg. (7)
will be used to determine the ¢,, () when m5£0, and Eq. (8)
will be used to determine &, (7).

It will be assumed in the following that f,, = 0 for
m > M, where M is arbitrarily large but finite. Since it is
expected that those modes which have wavelengths compa-
rable or shorter than the Debye length in the plasma will be
strongly damped,’ there is perhaps some a priori justification
for the truncation.

In Appendix A it is argued that the solution of Egs. (1)-
(3) is determined by a choice of F (x,v,0) on the initial plane
(—1<x<], — w << 0,7 =0),0f 4 (v,7) = F(— 1,v,7)
— F(1,v,7) in terms of F on the boundaries
(x= £ 1, — o <V < 0,7>0),and of €, (0). That argument
does not depend on the assumption of a neutral plasma
(space averaged). In the following a neutral plasma will be
assumed and then it will be shown that the choice of the
equivalent quantities, f,, (v,0), J, (v,7), and €, (0) uniquely
determines the solution of the truncated Egs. (6)—(8).
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lil. THE NEUTRAL PLASMA

The space-averaged electron density is f; (0,7). The re-
striction to a neutral plasma is affected by setting £, (0,7)
= 1. This restriction is consistent with Eq. (6) only for a
limited class of J; (v,7). From Eq. (6),

af,(0,7)
ar

where Su(r) = u( — 1,7) — u(1,7). In the following it will be
assumed that J;, (0,7) = 0 and £, (0,7,) = £, (0,0) = 1.

Fyfe and Montgomery® have noted that €, () cannot be
chosen freely. They have produced an exact solution for
€, (1) and 4 (7) [the space average of u(x,7)] from their mod-
el of the one-dimensional Vlasov-Maxwell plasma. Their re-
sults apply to the periodic plasma [4 (v,7) = 0). A generaliza-
tion to the nonperiodic neutral plasma being considered here
is possible.

From Eq. (8) [or Eq. (3)],

=Jy(0,7) = L8u(r),

de 1| _,
dr T dv |y
= L f50,)
T
= Up, ®
and from Eq. (6) [or Eq. (1)],
i df6(0,7)
_ 1 90n + €(T) = J5(0,7)
T ar
or
d
o | ¢, = 18P, (10)
dr

where 6P (1) =P(— 1,7) — P(l,7) and
P(x,1) :J dv v*F (x,0,1).

(Notice that since for the neutral plasma u( — 1,7) = u(1,7),
SP is actually just the difference in electron plasma tempera-
ture at the boundaries.) An exact solution of Egs. (9) and
(10) is available; it is

(GO(T)) (EO(O)cosr + uO(O)sinT)

ug(7) - 11,(0)cosT — €,(0)sinT

1 (" sin(fr—-/l))
+ 7L dA 8P (A )(cos(r-—/l) . an

The result of Fyfe and Montgomery is regained when
SP=0.

Notice that it is possible to obtain large €, (7) and u, (7)
due to an approximately linear growth of the integral in Eq.
(11) with increasing 7, if P (7) contains harmonic oscilia-
tions with period one (the inverse plasma frequency). It is
not possible for €, () to be constant in time unless 8P is also
constant, €, (0) = 46P and u, (0) = 0. Under these condi-
tions u, (7) = uy (0) = 0. Since €, (7) is a measure of the po-
tential difference on the boundaries, it should be noted that
the preceding statements concerning €, (7) also apply to that
potential difference. All of the above, and any other conse-
quences of Eq. (11), apply exactly for the neutral plasma no
matter what else is occuring in the plasma.
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IV. BASIC INTEGRAL EQUATION

Given the solution for ¢,(7) and u, (7), a major reduc-
tion in the complexity of Eqgs. (6)—(8) can be made by intro-
ducing a new dependent variable through

I (1) =K,,.(V,r)exp{ —ir| dA [v—m(r~4)]
(]

Xeo(/l)].
Then
K _ § (-I—)K 0K, _, =0
ar v = \p /™
(12)
where

o,(wr)y=J, (V,T)CXp{i?T dAlv—m(r—A)le(A) 4,
0

and the prime on the summation symbol indicates that the
n = O term is omitted. Since €, (7) can be considered a known
function of time, a solution of Eq. (12) for K, is equivalent to
a solution of Eqs. (6}~(8) for f,, . Notice that in the special
case of a periodic plasma (J,, = 0) Eq. (12) becomes inde-
pendent of €, (7). Thus, a single solution of Eq. (12), which
will be shown to be determined solely by K, (v,0), is equiv-
alent to the entire class of solutions for £,, which contains all
possible choices of &, (0).
Using the method of characteristics,” Eq. (12) can be

integrated once to obtain

K, (vvv) =K, (v—mr0) +fdiam(v—m(7'—/l Y, A)
0

M 1 T
o3 (_)fduv—m(r—/l)]
n= —M n 0
XK, (0,A)K,,_,(v—m(r—21),4). (13)

Equation (13) will play a central role in the following devel-
opment of approximations to X, .

V. THE APPROXIMATION METHOD

The result which will be obtained in this section can be
simply stated as follows:

A sequence of functions K, (v,7;a) will be introduced
with

K, (vwv0) =K, (v—m70)

+J‘Td/l o,(v—m(r—=24),4A). (19
0

Since F (x,v,0) will be assumed given, X,,, (v,0) can be consid-
ered a known function of v which is uniquely related to the
initial F; o, can be determined from 4 (v,7). The other mem-
bers of the sequence are to be related to each other through

K,(a+1l) K, (a+1)
+m -V
ar dv
M 1
X 2’ (—)K"(O,T;G)Km_n(a) =Oms (15)
n= —M n
or

K, (vva+1)=K,(v,;0)
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v=M(T-T)

Ve-M(T- T) 0

-MT 0 MT

FIG. 1. The domain O on the (v,7) plane.

M 1 T
+ 5 (—-)fd}.[v—.m(r—/l)]
n= —M n o]
XK, (0, A;a)K,, _ (v—m(r—A4),Aa) (16)

It will be shown that lim,___X, (v,r;a) = K,,(v,7), i.e,, it
will be shown that the sequence of approximations must con-
verge to the exact solution. This convergence will not depend
on the presence of a small parameter for expansion purposes
and will apply for any finite value of M. Thus, this approxi-
mation method applies to strong turbulence with any finite
number of wave modes no matter how large. Notice that the
character of the method is to place any member of the se-
quence in quadrature [through Eq. (16)]; it does not produce
equations which must be solved.

A. Preliminaries to proof of convergence

To facilitate the proof of convergence the K, will be
assumed as vector components of a (2M + 1)-dimensional
vector function, K (v,7) = (K _ ,,(v),K _ 5., (¥,7)

K s (v,7)). Equation (16) can be considered as an integral
transformation which relates members of the sequence
through K (@ + 1) = TK (a).

The proof of convergence will be given on the closed
domain, O, pictured in Fig. 1. An examination of Eq. (16)
will show that knowledge of K (&) on O is necessary and
sufficient to determine K (@ + 1) on O. The domain O is cen-
tered on the line v = 0 since on that line all of the quantities
of physical interest (the various moments of F as well as the
Fourier components of the electric field) can be found. The
time 7'is any finite time of interest; the solution will be ob-
tained for all 0 <7< T.

A further subdivision of O is necessary. Imagine the
strips on the (v,7) plane defined by 8 < 7<(* + 1)6 where
r=0,1,2,- and § > 0 is to be determined. Then, let 0,5 be
the intersection of the rth strip with O. The transformation 7
will be shown to be a contraction® on each of the 0,5, and
then the results for the stationary element of 7 on each strip
will be pieced together to yield Eq. (16).

The following definition of a norm will be used. Let
1K |lo= on d%:gn O)(max{]K_ m BT | [ K (v7) | ).
At each point (v,7) the absolute values of all of the K, (v,7)
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are to be taken, and then the maximum of these chosen.
Then, the supremum, on O, of the resulting function is to be
found. The vector X and the domain O have been used here
for illustrative purposes. Other vectors and domains will ap-
pear, but in each case, the symbol || ||, has the analogous
meaning.

In Appendix B it is shown that in the limit M = oo,
IK ||o = 1. In the following it will be assumed that [|X ||
exists for finite M. This is not actually a new assumption; on
O, it is totally equivalent to the earlier assumption of the
existence of a solution to the truncated system. It will also be
assumed that the boundary conditions are chosen so that
lollo exists. The number N = 2(||K ||, + |loflo T) will be
used.

B. Convergence on a narrow strip
Equation (13) can be used to show that
K,(vv)=K,(v—m(r—rb),rs)

+er/{a'm(v—m(r—/l),/1)
r5

$ (D)@ tv-me-an
v 2 ()] #eome-
XK, (0,A)K,, _,(v—m(r—A1),4) 17
for any 7>r6. The proof that on O,;,

K (vyv)=K,(v—m(r—r8)rd)
+ jfdll og,(v—m(r—A1),1)
ré

+lim S (i)frdl[v—m(r—i)]
a—»w , 0 Ay n 8
XK, (0, ;a)K,, _,(v—m(r—A4),Aa) (I18)

will now be given with X, (v,7;0) determined by Eq. (14).
The symbol T, will be used for the integral transformation
in Eq. (17) on O,5. The proof is in three parts.

1. Part one

Let V' (v,7)beany 2M - 1)-dimensional vector field on
0,5 with its norm bounded such that ||V'||, <N. Define
V'=T,V.Then, ||V’|,,<N for §small enough, but finite.
Proof:

V.r)=K, (v—m(r—rs),r)
+Jd/10m(v—m(7'—/i ) A)
rd

M 1 4
+ 2' (—) dAi[lv—m(r—A4)]
n= - M n ré
XV, (0,A)V, _,(v—m(r—1),4).
Therefore

VD<K llo + 8llollo + SN2 [MT + 1M8]

M
XZ'

n= —M

1
n

This result holds for any m and any point, (v,7). Thus,
I¥llo,<N for & small enough.

Discussion: The significance of this part of the prooflies
in the fact that any initial vector field which is normed as
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above can be chosen. Then, the transformation 7’5 can be
applied an arbitrary number of times and the result will be a
vector field with the same bound on its norm as the initial
vector field. Notice that K (v,7;0), as defined by Eq. (14), isa
suitable initial vector field.

2. Part two

Let ¥ (v,7) and W (v,7) be any (2M + 1)-dimensional
vector fields on O, such that both || V||, <N and
|Wllo,<N.Define V' =T, ¥ and W' = T,s W. Then,
V' —Wlo, <3|V — W], for 6 small enough.

Proof:
|Vin(vr) — Wi (v, |
M 1 T
< ); fdzl[v—m(r—/l)[

n= —M 8

Va0, AV, _ v —m(r—4),4)
— W, (0, AW, _ (v—m(r—A),1)]

<5([MT+ Wa]w":ﬁ_'h{ ) % ’)”V— Wllo,.

Thus, | V' — W'|o <4V — W ||o, if 6 is small enough.

Discussion: This part of the proof shows that 7,5 is a
contraction. When T, is applied to the difference of two
normed vector fields, the resulting difference is reduced. In
view of part 1. of this proof, T',; can be applied an arbitrary
number of times to a pair of suitably chosen initial vector
fields with the difference between the resulting vector fields
reduced each time. In the following, this basic property will
be used to find the stationary element of 7.

3. Part three

Let K, (v,7;0) be defined by Eq. (14). Define
K, (vra)=TsK, (v,;r;a — 1)on O,;. Then, K,,(v,7)

=lim, K (vra)onuO,;.

Proof:

|Ko (%750 | < [IKlo + llollo T = 3N
Therefore, ||K (0)||,, <3N < N. From part 1. then,
|K (@)||o, <N for all a. Now, in the result of part 2. of this
proof, let K (@) = Vand K(f) = W. Then,

IK (@) — K (B)lo,<3|K(a—1) —K(B—1)|o,
Supposea = . Then, ||K (@) — K (B)||o, = Oforalla. Sup-
pose, @ > 3> 1. Then, | K (@) — K B)|o, <4’ K (@ — B)

— K (0)]|o,, <4N (1/2)”. Thus, [[K (@) — K (B)]|o,—0 as
(@.B8)— . Similarly ||K (@) — K (B)||o,—0 as (@,8)—
when S> a>1. Thus, K (a) is a Cauchy sequence’ on O,5.
K (@) converges uniformly to X * on O,; where
K*=lim, K(@=1lim, T ,K(@d—-1)=TsK*
Since K * = 7, K * it is a stationary element of 7, ;. But, it is
easy to see that the stationary element of T is unique.

Suppose there are two stationary elements, K * and L *.
Then, K* -L*=T7,K* — T, L* and

HK* —L *Ho,h = ||T,5K* - T,,SL *”o,a

<Ak * ~ L ¥,
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Thus, |[K* —L*||, =0.

Since K (v,7) is a stationary element of T,5 on O,¢, it is
the stationary element given by X (v,7) = lim,,_, _ K (v,7;a).
Thus, Eq. (18) follows.

C. Convergence at large

The proof of convergence on a narrow strip given in the
preceding section will be used here to construct a proof of
convergence at large (on the domain O'). It willbe shown that
onOlim, . K, (v,r;a) =K, (v,7) where K, (v,7;0) is given
by Eq. (14) and K, (v,7;a) is given by Eq. (16). An inductive
argument will be given which assumes Eq. (18)on 0,5 as a
starting point.

Proof: Notice from Eq. (18) that when r = 0,

K, (vwvr)=K,(v—mr0) +Jdﬂ.am(v——m('r—/l ), A)
0

+lim 3 (%)Idi [v—m(r—4)]
XrR = — M 0

XK, (0, 4;a)K,, ,(v—m(r—A4),Aa) (19)

for 0 < 7<6. (It will be assumed that the values of v under
consideration here are always on O.) Assume that for some
value of 7,

K, (vrb) =K, (v—mré0)

S
—+—J dio,(v—m(r6—A1),1)
0

M 1 5
+ lim 2’ (——)J di[v—m(r§—A4)]
a-+ro0 2 M n (¢]
XK, (0, ;2)K,,_,(v—m(rs§—1), ).

(20)
Notice from Eq. (19) that Eq. (20) is true when r = 1. By the
induction hypothesis [Eq. (20)],

K, (v—m(r~rb),r8)

ré
=K, (v—mr,0) +J dio,(v—m(r—21),4)
0

M 1 rd
+ lim Y (—)I dilv—-m(r—A1)]
Ao 5= _ M n (")

xK, (0, L,a)K,,_,(v—m(r—1), Aa). 21
Equation (21) can be substituted into Eq. (18) to obtain,
K, (vr)=

K, (v—m70) +de1 og,(v—m(r—21),4)
0

+ lim i' (l)J. di[v—m(r—4)]
a—w 5 S M n (¢

XK, (0, ;a)K,,_,(v—m(r—2), L) (22)
on O, i.e., for rd < 7<(r + 1)6. In particular, Eq. (22)is true
for 7 = (r + 1)8. Thus, if Eq. (20) is true for any value of 7, it
is true for all larger values of r. Since Eq. (20) is true for
r = 1, it is true for all values of r and Eq. (22) is true every-
where on O.

Discussion: Equation (22) is the primary result of this
paper. From Eq. (22) a sequence of functions can be comput-
ed with the understanding that the sequence will converge to
the truncated Fourier series expansion of the Vlasov plasma
distribution function.
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VI. CONVERGING SEQUENCES FOR THE KINETIC AND
FIELD ENERGIES

In Appendix B it is shown that in the limit M = «, K ;,
andK " (K !, = JK,,/dv, etc.)canbe uniformly bounded on
O. In the following it will be assumed that ||[K ‘||, and ||K " ||o
exist for finite M. In this case essentially the same procedure
as the one given above can be carried out to prove,

K, (vyr)=K, (v—mr,0) +fdla$,,(v—m(7——d ), A)
¢+

vim $ (D ak, 040
a—>® po — M n 0
XK, _(v—m(r—21),A4a)

+ lim g:' (L)J:d/i{v—m(r—/i)]

@GR g M n
XK, (0,A;a)K ., _(v—m(r—21),Aa)
(23)

and

Kz(vr)=K7 (v—mr0) +fdz1cr{,’,(v—m(r——zl),zl)
(4}

r2im $ (L) @k, 040
a—wo M NN /Jo
XK. _(v—m(r—A4),4a)

wiim $ (D) [ayome 1)
A0 g M 0

XK, (0, Aa)K" _ (v—m(r—2A4),La)

(24)
as long as the boundary conditions are chosen so that ||o’||,
and ||o” ||, exist.

Equations (23) and (24) show that the sequences of
functions which are obtained by differentiating the
K (v,7;a) converge to the respective derivatives of K, (v,7).
Thus, K/, (o) and X | (@) can be expected to approximate
the exact derivatives. The derivatives, with respect to v, play
an important role in the application of this theory. At v =0,
K, and its derivatives are related to the coefficients in Four-
ier series expansions of the moments of the distribution func-
tion. For example,

n(x,r) = i S (0,7)e™™

m= — w0

and
i o .
ulx,7) = — — m (0,7)e™™,
e
in which f,, and /7, can be computed fromK,, and K ;, (see

Appendix B).
From Egs. (23) and (24) it can be shown that,

KiOma)=K{(0,0) + f dA og(0,4)
0

(ni)z[ix,, ©0) |

— K, (0 — 1))?). 25)

This equation bears on energy conservation in the plasma.
Using

Y

n= — M
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Q(x,7) = Jw dv v’F (x,v,7)

and P, (7) for the space average of P(x,7), Eq. (25) can be
rewritten in terms of more familiar notation as

Po(T;a)—_-
Iy o, (1) ,
ro+eo+(L) $ (1) koo
n= —M

T
oo+ (2). 5, (imonao]
(26)

k2 = — M

+Ljd,wg(,1),
2Jo

where8Q (A1) = Q(— 1,4) — @ (1,4). Theathiteratetothe
space averaged kinetic energy density is given by P, (7;a).
The contributions to P, (r;x) on the right side of Eq. (26) are
as follows: The first line in Eq. (26) gives the total energy in
the plasma at 7 = 0. P, (0) is the initial kinetic energy, € (0)
is the initial electric field energy in the space averaged part of
the field, and the sum on this line represents the field energy
in E '(x,0) averaged over space. The second line of Eq. (26)
gives the negative of the total field energy at any time. The
sum in the second line is the space average of the field energy
in the turbulent part [E '(x,7)] of the electric field, as given by
the (@ — l)thiterate. The last line of Eq. (26) gives the accu-
mulated net transfer of energy into — 1 <x < 1. Thus, ener-
gy is conserved at each iteration. Furthermore, sequences of
approximations for the kinetic and electric field energies in
the plasma can be computed from Eq. (26). From Eq. (23)
and (24) it can be seen that these sequences must converge to,
respectively, the kinetic energy in the truncated distribution
function and the corresponding turbulent electric field
energy.

Vil. CONCLUSION

A one-dimensional electrostatic Vlasov-Mazxwell plas-
ma model has been considered in a bounded spatial region.
Consideration has been limited to a plasma with uniform
and stationary ion background and with zero space-aver-
aged charge. An iterative method has been constructed for
computing a sequence of approximations to the probability
distribution function for the initial-boundary value problem.

The probability function has been Fourier transformed
in its velocity variable, and Fourier series expanded in its
spatial variable. The Fourier series expansion has been trun-
cated at an arbitrarily large but finite value. It has been as-
sumed that a solution exists to the finite system of partial
differential equations which govern the truncated expansion
of the distribution function. Under this assumption it has
been shown that the sequence of approximations mentioned
in the preceding paragraph must converge to the exact solu-
tion of the truncated system. Convergence does not depend
on the presence of a small expansion parameter for expan-
sion purposes. The degree to which the solution of the trun-
cated system approximates the solution of the infinite system
has not been considered, but in view of the arbitrarily large
number of Fourier modes that is allowed, a good approxima-
tion is anticipated in many applications.
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The issue of the rate at which convergence occurs is
under investigation at present. In those situations where
convergence is rapid enough to make this iterative method
useful, it can be viewed as an approximation technique for
Vlasov turbulence which is nonlinear and applicable to
strong turbulence in a bounded region of space.
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APPENDIX A

Consider the one-dimensional Vlaxov-Maxwell system
of Egs. (1)—(3). Assume the existence of a solution to this
system of equations on the domain D, defined by — 1 <x
<1, — 0w <V < 0, and 7> 0. Then, what combination of
initial and boundary conditions of Fand E uniquely, consis-
tently, and conveniently determines that solution?

Given the existenCe of £ (x,7), the method of character-
istics can be used to solve Eq. (1).* The solution is
F (x(5),0(5),7(5)) = F (x(0),0(0),7(0)) where x(s), v(s), and 7(s)
are the solutions of the system,

dx(s)

ds

dv(s)

ds
dr(s)
ds

subject to x(0), ¥(0), and 7(0) for initial conditions. In typical
applications of this type of solution the point {(x(0),v(0),7(0))
is known. Then, Fis known everywhere along the character-
istic line given by x(s), v(s), and 7(s) for s>>0. The complete

solution depends on filling all (x,v,7) of interest with charac-
teristic lines which are connected to boundaries where

F (x(0),0(0),7(0)) is known. But this typical approach is self-

=v(s),

— E (x(5),7(5)),

{

=1,

BOUNDARY
{(X=—1)

/ \ | _BOUNDARY
" (x=1)

o +i
INITIAL PLANE (T =0)

(™ —
~——
x

FIG. 2. A schematic representation of all possible characteristic curves on
the domain D.
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(=1,V,, Tp)

-1,V T, (V7

- 0 +1
(Xg: Vg . 0)

FIG. 3. A possible construction of F(x,v,7) using F(x,»,0) and 4 (v,7).

contradictory for the initial-boundary value problem being
considered here.

Figure 2 contains schematic representations of projec-
tions onto the plane v = 0, of various types of possible char-
acteristic lines. Progression along the characteristic lines,
with s increasing, is indicated by arrows. The dashed lines
indicate characteristics which enter D on the initial plane
(— 1<x<], — o <v < o, T = 0)oron either of the bound-
aries (x = + 1, — @ <V < «, 7> 0) and then remain
trapped in D. These are the only characteristics that can be
treated as outlined in the preceding paragraph. All other
characteristic lines (solid lines) enter D and then exi?, with s
increasing. The solution of Eq. (1) gives F = constant along
each of these characteristic lines. Thus, F must have a single
value at every pair of entry and exit points. The initial and
boundary values for F are not independent and cannot be
chosen arbitrarily.

There is no unique method for choosing the initial-
boundary values for F such that the possible contradictions
discussed above are avoided. The method used here has been
chosen for both mathematical and observational conve-
nience. In Fig. 3 it is demonstrated that the solution at an
arbitrary point (x,v,7), is determined by specifying F (x,v,0)
on the initial plane, and 4 (v,7) = F(— 1Lv,7) — F(Lv,7) in
terms of F on the boundaries. The solid lines indicate possi-
ble characteristic lines along which F = const. The dashed
lines connect exit and entry points at which the value of ¥
must be related through the use of 4 (v,7). In the example
presented in Fig. 3, F (x,v,7) = F (x40,,0) + 4 (v;,7})

— 4 (v5,7,). Given the existence of E (x,7), this choice of
F (x,v,0) and 4 (v,7) uniquely determines F (x,v,7) through
Eq. (1). The type of contradictions discussed above are
avoided because 4 (v,7) always relates Fon an exiting charac-
teristic line to F on an entering characteristic line.

The 4 method for specifying the boundary data allows
for the expression of the data in terms of the measurable
moments of the distribution function on the boundaries (e.g.,
the difference in density, current, temperature, etc.,) where
others do not. [Mathematically, it is acceptable to specify F
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on the boundaries for incoming velocities only. It is also pos-
sible to express the boundary conditions in terms of the ratio,
F(x = 1)/F(x = — 1).Neitheroftheseboundary conditions
can be expressed in terms of the moments on the distribution
function on the boundaries.] Notice that the well studied
“periodic plasma” in which 4 (v,7) = Oisaspecial case of the
4 method. More generally, the A method plays a natural role
in the Fourier series expansion analysis of the nonperiodic
plasma. A choice of F (x,v,0) and 4 (v,7) leads to a unique set
of F,, (v,0)and J,, (v,7). Thus, the A method has been chosen
as the basis for this study of the initial-boundary value prob-
lem for the Vlasov—Maxwell plasma.

Now, assume F (x,v,7) is known. Then, what additional
initial-boundary data must be specified to determine E (x,7)
from Eqgs. (2) and (3)?

If E (x,7) is separated into its space average €, (7) plus an
x-dependent part through E (x,7) = €,(7) + E '(x,7), then
Eq. (2) determines E '(x,7) only. From Eq. (2),

E'(x7)y=F (1) + x(1 — no(7))

— fx 1dx' [n(x',7) — ny(7)], (A1)
where ny(7) is tI:e space average of n{x,r), and
Folr) = %J-l ldx xn(x,7). (A2)
From Eq. (3), )
%0 i, a3

where u (7) is the space average of u(x,7). Notice if F is
known, then E (x,7)is given by Eq. (A1) with no freedom for
choosing boundary or initial conditions. Further, given F,
u, (7) can be calculated and then €, (7) can be calculated
from Eq. (A3) if €, (0) is specified. Thus, only €, (0) need be
specified to determine E (x,7) given F.

By combining the argument given above for determin-
ing F given E and for determining E given F, it seems plausi-
ble that specifications of F (x,v,0), 4 (v,7) and €, (0) uniquely
determines a solution of Egs. (1)~(3). This is not a proof for
the existence, or the uniqueness of that solution; it is at best, a
plausibility argument.

APPENDIX B

The Fourier series expansion of F has been truncated in
Sec. II, and the resulting truncated version of Egs. (6)~(8)
has been solved in principle in Sec. VI, not for F, but for

M . bl .
Sfxp,r) = 2 e’"””‘%f dve="™f (v,7). (B1)
m= —M — o
The f,, (v,7) is the solution of the truncated equations
which are still related to f(x,v,7) in the usual manner:
1

1 : = :
S 1) = > dx e m™ dv e™f (x,0,7). (B2)

—1 —
The degree to which fapproximates F has not been investi-
gated in this paper. However, since the theory developed in
this paper applies to a truncation for arbitrarily large M it
has been assumed that this approximation can be made as
good as necessary. In particular, it has been assumed that for
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some finite M, ||K ||, ||K’||lo, and ||K "||o exist. The condi-
tions under which this assumption is valid are under
investigation,

The goal of this appendix is to prove that || K ||, = 1and
both ||K'||5, and ||K "], exist when M = c. For this pur-
pose it is convenient to introduce

é(r) = f i €A ). (B3)
(V]

In the following it will be assumed that the boundary condi-
tions are chosen such that when the solution of Eq. (11) is

substituted into Eq. (B3), the resulting ¢ () can be uniformly
bounded on the interval, 0 < 7< 7. From the definition of the
K

K| = [ £ ] (B4)
Ko | <7l ] [ fu] + [fo]: (B5)
and
|Ko| <@\ fo| +27l8 | | fr] + |FL]. (BO)

Iff,.,f, and £ can be uniformly bounded on O, then the
goal of this appendix will have been achieved.
From Eq. (B2),

1 00
Ifon ()| <3 f dxf dv F (x0,7) = f, (0,7),
-1 —

but in Sec. III, it was shown that £, (0,7) = 1. Thus
[fm 7| <land |[K |l = 1.
By differentiating Eq. (B2) is can be shown that

1 2 1 1 o
(— ) mvr)| < —f dx f dv v’F (x,0,7)
T 2J) ., —

= - (i)z (’)'(0)7.),
s

where f(0,7)<0. But, — (1/7)°f¢(0,7)is actually the kinet-
ic energy in the plasma. The equation which governs conser-
vation of energy can be obtained from Egs. (6)—(8) and
written,

1y LYy
_ (_) 50 = — (;) 300 + & (0)

) (e

2 —
1\ M 1 \2
-[so+ (7). 5, (5)
[O(T)+ w ,,:2;1\4 n
Xlﬂ(o,r)|2]+ %degm)
0

where 6Q (4 ) is the net rate at which energy is entering the
region in x of interest (see Sec. VII). Thus,

1 2 ] 2
(—) nnr) < — (—) 2(0,0) + € (0)
T w

(). 2 () woor
m) = \n m
+—1-fd/15Q(/1).

2 Jbo

The first line of the right side of this equation represents the
total initial energy in the plasma. If this initial energy is cho-
sen bounded, and if the rate at which energy is allowed to
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enter, Q (7), is assumed uniformly bounded on 0<7< 7,
than |7, (v,7)| is uniformly bounded on O.

Given the uniform bounds of f, (0,7) and £ 5 (0,7) which
have been obtained above, it is possible to prove a uniform
bound on f,. From Eq. (B2)

[f 7 (vi7) |
1 ©

< % dxf dv |v|F (x,,7)
—1 — o

1 —1 1 o
= %J dx [J dv + dv+f dv] |v|F (x,0,7)
—1 — -1 1
r 1 -1 1 o
<7J‘ dx[ dvv2+f dv+f dvvz]F(x,v,T)
—1 — —1 1

< - %f{;(o,f) + £, (0,7).
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Thus, /', is uniformly bounded on O, as well as £, and f7,,,
and from Egs. (B5) and (B6) ||[K’||, and |[K ||, must exist.
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The penetration of the field in the edge of a type I superconducting slab, placed in a uniform
magnetic field, perpendicular to its plane, is analyzed by means of a suited complex potential,
derived from general methods used in Dirichlet’s type problems. The way of taking into account
the singularities of the field distribution at the ends of the edge structure in the intermediate state,
and the boundary conditions are discussed. A computational method is described for calculating
the potential and flux profiles along the edges and thereby, the thermodynamic potential of the
system. The first stage magnetization law together with the equilibrium dimensions of the edge
structure and the previously defined migration threshold are deduced from the theory.

I. INTRODUCTION

In a foregoing publication,' we have discussed theoreti-
cally the existence of a metastable mechanism for explaining
the usually observed two-stages flux penetration in the mag-
netization process of a type I superconducting sample of
somewhat arbitrary shape.

The main feature of this mechanism lies in the existence
of a thermodynamic threshold value H, of the applied field
H,, from which the presence of domains in the bulk of the
sample is stable. However, because of the fluxoid theorem,
flux penetration can only occur when a migration threshold
H,, > H, is reached.

Thus, when H, > H,, the magnetic behavior of the sam-
ple is completely governed by the metastable mechanism, as
if a sort of “magnetic barrier” existed. The above mentioned
two-stage penetration corresponds to values of H, lower or
higher than H,,

(i) 0< H, < H,,: penetration in the edges, which be-
comes metastable when H, > H,.

(i) H,, < H, < H,: migration in the bulk. H,, is the criti-
cal field of the superconducting material.

The interest for research in the domain structure of type
I superconductors has been revived in the recent years, in
connection with the development of powerful observation
techniques.”” The migration of the flux tubes from the sam-
ple edges is well confirmed by experiment, together with the
irreversible character of the magnetization curve and strong
shape effects.>*™'2 Attempts have been made, on the other
hand, to derive the surface energy parameter from the obser-
vation of the domain network," or to explain dimensional
effects on the critical field."

The purpose of the present paper is to work out the
thermodynamic and electromagnetic theory of the metasta-
ble first stage, in a slab of rectangular cross section placed in
a uniform field H;, perpendicular to a face (Fig. 1), and
assumed of infinite length so that the problem can be re-
duced to a two-dimensional one. As in Ref. 1 the fine struc-
ture of the intermediate state will be averaged out into a
phase of continuously varying composition, which is valid if
the sample is large enough. In addition the surface energy of
the normal-diamagnetic walls will be ignored. The surface
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energy parameter 4 together with the external dimensions of
the sample, determine the equilibrium spacing of the domain
structure but is, in turn, negligible in the overall equilibrium
of the sample, as far as A is much smaller than the spacing.'®

The second magnetization stage which can be treated in
a rather different way will be studied in the next paper.

Il. COMPLEX POTENTIAL FOR THE PENETRATION IN
THE EDGES

In Fig. 1(a) a half-section of the slab in the u(x,z) plane
is represented. In order to avoid a magnitude larger than H.,
the field penetrates into the edges up to a depth 57 (and 7'5").
The edges volume 567, 7'6’5' are in the intermediate state
and the remaining volume 257, 75’2’ is in a perfect diamag-
netic state.

The calculation of the magnetic moment at equilibirum
requires the knowledge of the field distribution inside and
outside the sample. This is a very difficult problem in gener-
al. It can be appreciably simplified by taking into account the
available information about the internal equilibrium. In the
intermediate state, the field at equilibrium is of constant
magnitude as long as the number of domains is large enough,
as this has been shown by different authors.!¢'” This constant
value, moreover, turns out to be the critical field H_, except
for very small corrections due to dimensional effects.!”
Strictly speaking a field of constant magnitude is not neces-
sarily uniform but merely straight lines of force. This results
in a “fanlike” structure, as shown in Fig. 1(a), matched to
the external field distribution by a shallow perturbed sheet,
below the free surfaces 56 and 67, in which the orientation of
the domain walls changes, branching may occur, etc. Since
the internal discrete structure will be smoothed out into a
continuous one, this perturbed sheet will be ignored in the
following.

Finally, on account of the above mentioned informa-
tion about the equilibrium in the intermediate state, the
problem is now reduced to the determination of an external
field distribution obeying the following boundary
conditions:

_, (a) Thefield at large distance is equal to the applied field
H,(0,H,).
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FIG. 1. (a) Half cross-section of the slab in the u(x,z) plane, with fanlike
domain structure in the edges, due to field penetration. (b) Conformal re-
presentation of the outside of the sample in the u(x,z) plane, into the upper

& (&,n) plane.

(b) The normal component of the field along 25, 77,
5'2' is zero.

(c) the scalar potential along 56 and 67 is matched to the
internal potential distribution resulting from the fanlike
structure regarded as continuous.

(d) The magnetic flux is conserved throughout the edge
so that the flux reaches its maximum value at the vertex 6 (or
6).

As to the internal equilibrium, the problem is reduced
to show that the constant magnitude of the field in the fan-
like structure is equal to H, .

Asin Refs. 1,15 the two-dimensional external field dis-
tribution will be represented by the complex potential

Wx.2) = ¢ (x,2) + id (x,2)/ o, M)
¢ (x,z) is the scalar potential, 4 (x,z) the vector potential. We
will choose ¢ = O along the Ox and A = O along the constant
flux line 1256707'6'5'2'1". i(x,2) is an analytic function of
the complex variable u = x + iz.

The complex field H is derived from the complex
potential

—H*=dy/du= — H, +iH,. 2

To begin with, we will conformally transform the
u(x,z)-plane into a & (§,77)-plane so as to change the contour
1'2'5'6'T'w76521 into the real £ £ axis (Fig. 1(b)). This is
achieved by the Schwarz—Christoffel’s formula

2 2

d_“=_i13(§ —k )w. 3)
d¢ 21

The chosen square root is real and positive if { is real and

larger than 1. The part of the half-plane x > 0 outside the

sample section is transformed into the upper half-plane
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1> 0. Notations are indicated on Fig. 1(b). &, can be taken
equalto 1, & = k, etc. k, B are determined by the transverse
dimensions a, / of the slab

i 2 __Lk2\112
i:Bf (5 k ) dé = B(E,. — k*F,.) = BG,.,
k

2 1-£2

I k2 g2\12 . .
—_Z_ZBJ; ( 1-¢7 ) dé = B(E, — k"F,) = BG,,
hence

B=a/2G,. =1/2G,, l/a=G,/G,., 4

k'=(1—k»%F, =F(#@/2,k),E, = E(7/2,k)denote the
complete elliptic integrals of the first, second kind, and of
modulus £.

We are now left with the simpler problem of seeking the
complex potential (&) = (& + in) obeying the above
boundary condition a, at large distance, and 54 on the £ '€
axis.

Asis well known from Dirichlet’s theorem, an analytic
function is defined uniquely, in a connected domain, by the
limiting values of the real (or imaginary) part on the contour
of that domain. The present problem, however, is more
involved.

Since 125707'5'2'1, in the u-plane, is an equiflux line,
A (&) is known, and has been taken equated to 0 on the con-
tour of the diamagnetic matter 1'5', 7'7, 51 (Fig. 1(b)). In-
stead, along the edges contour, 5'6'7' and 765, we only know
conditions connecting the scalar potential ¢ (§ ) with the vec-
tor potential 4 (£).

We will first assume that the scalar potential, or the
vector potential, is known along 5’6’7’ and 765, and formu-
late the subsequent solutions for the complex potential. In
case where the vector potential is known, we are concerned
with the following problem:

(i) The field at large distance is uniform and equal to
(0,H,) in the u-plane.

(i) 4 (£) = O along 1'S’, T'w7, 51 (Fig. 1(b)).

(iii) 4 (¢ ) isequal to any given continuous and even func-
tion along 5’7’ and 75 (Fig. 1(b)).

(5'7)4E)=A4_ (&),
(754@)=4, E)=4_(-9&)
The solution is given by

WO =4 ) +idC o
1 (J'-'A(s“)dg' +J‘1A+<§')d§'_)

N Mo T ¢ §' =7 §'—¢
+ BH, ¢, %)
or, since 4 , (£) is an even function
_ _%Q qéﬁ’)_dg_’ BH.E. '
wor=(=) | Lo T BHS )

It can be easily checked that ¥/({ ) satisfies the required
boundary conditions. At large distance (§— <)

~H*= — H, +iH, =dy/du=(dy/d\d§ /du),
M
from (3) and (6)
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@u/dg) — ~iB,

Wo) — — @/mob) [ 4, € dE"+ BHLL,

whence

_H, 4 iH, 2/ pomE?) f A, E)dE +iH,.

The second term on the right-hand side tends to zero, so that
H,.—0and H,~H,.

If£ = £, outside 56’7 and 765, along £ ‘£ (Fig. 1(b)) (6)
isreal and so4 (£)=0.

If £ tends to a point of 765 from above (i.c., » tends toa
point of 765, in Fig. 1(a), from outside), using a well known
property of Cauchy’s type integrals

1 “TA_(§)dE'
l/’(g)_ﬂoﬂ'(f—q §'—¢
A4, ENdg’ A4, (¢)
' 8
+ Ry )+ . ®)

as required. Here r<£<gq, and the second integral, in the
right-hand side, is to be understood in the principal value
sense.

The form (5) or (6) for (¢ ) is not quite convenient how-
ever, since the ¢ and d boundary conditions are concerned
with the potential profile ¢ , (£ )along 5°6’7’ and 765, rather
than the flux profile 4 , (£). Since

’ d r
se)- X [AO%
Hom Jr 7§
the problem amounts to solving this equation with respect to
A4, €).

Problems of this kind have been extensively studied in
the past, for various sets of boundary conditions, in connec-
tion with the theory of harmonic functions, and in different
fields of mathematical physics. The solution bounded in the
neighborhood of the ends of the segments 5’7’ and 75 writes
as follows (Ref. 18, Ch. 10):

+ BH,$, ®

M)= [(;z_qZ)(fz__’Z)ll/z
o ¢_ENds’
X
{J.—q (¢ 5’2)(-5'2 AIHE' =)

+€Ndé
— s 10
) (@ '2)@ f)]*ﬂ(;'—;)l 1

or, taking accountof ¢ _ ()= —, (—£)

W)= - L (e - e -m”
’ ¢, @&dg’
x G
'[: [(ql_é-lZ)(gaZ ~'2)]1/2(§¢2_§2) ( )

The square root is chosen real and positive for { real and
larger than q.
Field at large distance. When §{— oo

Be(- 537 )
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WE) =

: 8. ()
<] (@ —EDE"— P
1

x—(1+§§—+ )d§
_ 2J(§+ 25“’2—‘1 ~r +)

. (§)d§

(Ca N G
From (3)

) 1”2
d_ (k)
du B 28

whence
— H, +iH, = (dy/d{ ) (dL /du)

J" $.E)dE"
g_,m mB [(q 12)(§ ”__ rz)]l/z

J~(2§'2 —rP kA, E)dE
1TB§2 2 §

12)(§ ] r2)] 172
+ - (13)

The a-boundary condition is thus fulfilled if

J“ $. (§Nds’
[(q '2)(§ 2 rZ)] 172

The 1/; % term in Eq. (13) will be used later for the calcula-
tion of the magnetic momentum.

Flux profile in the edge. For r<£<gq, from the theorem
on the boundary values of a Cauchy’s type integral, Eq. (10)
yields

= ~l@ - £)¢ -
m

(12)

,,2)]1/2 :

—H,. (14)

r2)] 1/2

- $_(¢Nd¢
X
{f (@ —£E"”~M]"E - &)

f ¢, (&)d’
(@~ &€ ~A)]E - §)
B mig . (&)
[(qz_gz)(gz_’l)]l/2
2i§ 2 2 2 172
=4, ) - 7[((1 —£95¢* =)
‘ ¢.ENde’
X ’
f, [@ ~£2E"=D]HE? - £7)

whence the expression of the flux profile along the edge free
surface 567

A4, ¢)=—

2p0f [ )]
T

(¢ —£°)&% -
r d 7
XJ 2 2 ¢Tz(§) 51/2 2 2y (15
P @ =€ -]HER - 6D
The integral must be taken in the principal value sense.
A, (£)is now expressed as a function of ¢ _ (£).

lll. SINGULARITIES OF THE FIELD DISTRIBUTION

Equation (10), or (11), represents the complex potential
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FIG. 2(a) Trend of the real and averaged macroscopic profile of the scalar
potential in the edge 567 as a function of the abscissa o along the contour.

in a very general way. There is no question, however, of
taking into account the detailed structure of the intermedi-
ate state in the edge. Fortunately the actual structure can be
simplified to a large extent.

Whatever may be the exact configuration of the domain
walls, as soon as the sample is large enough, the intermediate
state structure in the edges exhibits a large number of spatial
variations of the field, over some characteristic length which
mainly depends on the dimensions and the surface energy
parameter.'* The situation is schematized Fig. 2(a) by a
roughly periodic variation of the scalar potential ¢ versus the
abscissa o along the contour of the slab cross section. It can
be appreciated in this figure that the averaging of this struc-
ture to a macroscopic scale is valid if 56 and 67 are larger
than the characteristic spacing. Nevertheless, it is worth no-
ticing an important consequence of this averaging proce-
dure: the value of the field at points 7, 5 in the adjacent
diamagnetic matter is no longer directly related to the slope
of the averaged macroscopic potential ¢ (o). It remains in-
stead, strongly dependent on the detail of the local domain
configuration in the nearest edge structure, which is repre-
sented by the end periods 77, and 5, 5 in Fig. 3(a). Thus the
averaging procedure of the intermediate state entails a finite
discontinuity of the macroscopic field along the surface, in
the neighborhood of the last walls.

The question now arises as to how to account for these
features in the mathematical treatment, since, in describing
the field distribution by means of analytic functions, finite
discontinuities never occur around singular points. We will
first analyze the field distribution for any continuous profile
¢, (&) represented by a sufficiently regular function.

The expressions of the field components are readily de-
duced from Eq. (7) by

H, = —¢; = —(d¢/dE)dE /dx),
H, = — ¢ = —(d¢/dE\d§ /dz),

or (16)
H, = —A./uy = — (/poNdA /dé )d¢ /dz),
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FIG. 2(b) Detailed configuration
of the normal (V) and supercon-
ducting (S' ) domains near the end
7 of the edge.

RINUNN

N

H, = A /uo = (1/1,)(dA /dE )dg /dx).

Appropriate expansions of the real and imaginary part
of the complex potential in the neighborhood of 5, 6, 7 are
calculated in the Appendix. Let us rewrite the result ob-
tianed in the neighborhood of 7. Just above 7 (£ < r) the sca-
lar potential is given by (A9) as follows

$E)=¢. () + Q/m)g — )2
X[—@lg—N""+@g—n"+6, + 1]
Xr—E) "2 +¢", NE—nN+I1E-1"]

amn

@@, 0,,1,, arerelated tod , (r),¢ ;. (r) accordingto Egs.

(A3), (A6). The first term on the right-hand side of Eq. (17)

results from the continuity of the potential at 7. The second

one leads to an infinite value of the tangential field at 7 since,

from Egs. (16) and (3)

e =(55 ) "@im.

The third one expresses the continuity of the field if the sec-
ond one is zero.
Similarly, the vector potential just below 7 (£ > r) is cal-
culated in the Appendix [cf. Eq. (A12)] as follows
AE)= — 240 (2r)3/2(q2 _ r2)1/2
'
X[—@ k=0~ +@itk—1"+6, +1,]
X(g_r)l/z_'_ ﬁ[(é—_r)S/Z]. (18)
The first term on the right-hand side leads to an infinite value
of the H, component of the field at 7 since

_ 1—2 1/2(,4_&_)
uon@w)—(kz_rl) =)

The following term, instead, of order (£ — r)*/?, leads to
Lo H (E—r)=0.

Physically the local value of o H, , which measures the
flux density, starts from zero when one gets from 7 towards
6, and next, oscillates around a slowly varying mean value.
We are thus led to conclude that the profile function ¢ , (§)
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FIG. 3. Comparison of realistic and averaged profiles in the neighborhood
of 7. (a) real profile. (b) averaged macroscopic profile with continuity of the
field at 7. (c) restoration of the real field between @ and 7 with a small
increase 4¢ , of ¢ .

necessarily satisfies the relation

gk~ +olk—1)"+6, +1,=0 (19
which, at once, entails H,(7) = 0 and finite and continuous
values of the tangential field H, around the edge end 7.
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A similar relation must be obeyed at point 5
P lg—k) " +@ig—k)+6, +1, =0 (20)

It expresses that the normal induction y, H, at point 5 starts
from zero, and that the tangential field H, is both finite and
continuous in the neighborhood of 5.

These conclusions are valid for any realistic field distri-
bution. The question now arises as whether they could be
applied to the macroscopic distribution defined above. This
does not appear necessary since, because of the dependence
of Eq. (19) on the derivative ¢ *, () (in the second and third
terms), a very small local change of the profile, near & =,
suffices for satisfying the latter equation, without any re-
striction on the macroscopic parameters. It will be shown
however, in Sec. V, from a thermodynamic argument, that
(19) and (20) must be fulfilled. Therefore, Egs. (19) and (20)
will be regarded as determining the dimensions 56 and 67,
through the parameters ¢, .

An apparent difficulty, remains, due to the resultant
continuity of the field (Fig. 3(b)). As stressed above, the
continuity of the macroscopic field cannot hold at 7. The
local magnitude of H, where the last wall meets the free
surface (Fig. 2(b)), is the same as inside the normal domains,
i.e., H, atequilibrium. But this departure of the macroscopic
distribution from the real one is of no consequence. The rea-
son is that the real field can again be restored, along the
diamagnetic free surface @7, by means of an infinitely small
increase 4¢ . of ¢ ,in the smallinterval 77, (Fig. 3(c)). It
can be verified with the help of the general expressions (11)
and (13) that anywhere else, the field distribution, as well as
the conditions (19) and (20), undergo only infinitely small
changes. This is the case in particular, for the field at large
distance and thereby, for the magnetic momentum (see Sec.
V).

In summary, in seeking the equilibrium of the structure
as a whole, in the macroscopic description, we will have to
satisfy conditions (19) and (20) which lead to the profile of
Fig. 3(b). Then, the more realistic profile of Fig. 3(c) can
always be regarded as achieved by a small rearrangement of
the detail of the adjacent domain structure. Since such a
rearrangement results in a finite variation of H, at 7 (and H ,
at 5), but in small changes in the thermodynamic potential,
i.e., in the overail equilibrium, the exact value of H, along 7w
can be ignored.

Flux conservation in the edge. The flux agreement be-
tween 56 and 67 is intimately related to the behavior of the
field in the neighborhood of the vertex 6. It can be obtained
by writing that the flux A reaches its maximum value at the
vertex.

Denoting by H” and H ! the tangential components of
the field on each side, close to the vertex 6 (Fig. 4), the scalar
potential along the edge is given by

d¢ , /dE = — H(dz/dE)
=BH{[(k+ &)/ (1~ EN]) 2 k—6)7?
€ <k),
dé, /dé = — H!(dx/dE)
=BH[E+ k) (1~ £D)VHE—Kk)?
E>k),
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FIG. 4. Sketch of a straight line domain mn in the edge 567.

whence
¢, E)=¢s — Q/NBH 2k /(1 — kD] Xk — £ + ...
¢<k)
¢, ) =¢s+(2/3)BH; @1)
X [2k/(1 _ kZ)]l/Z@ _ k)3/2 + . (f)k)

The analysis (Appendix) of the function 4 . (£) result-
ing from the latter expansions of ¢ , () yields the following
expansion of 4 , (£) near the vertex 6 [Eq. (A17)),

A, E)=A4,+4E—k)—@Q/ B
Hik—~£)7, (E<k)

X [2k /(1 - kz)]m[HZ(ﬁ—k)m, ¢>k),
22)

Ag, A} are coefficients which depend on the parameters of
the problem. Thus, 4 | (£) presents a maximum located at
E=kif

A;=0. 23)

Assuming this condition is satisfied, (d4 . /d¢ ), behaves
like (k — £)%, (£ — k)" so that

dA d 1 dAf 1 —k?* \V?
i (B8) - L)

=,“ng ¢<k),
249
_ (gAY _ _1d4(1-k*\~
FOHz_ (dé' dx )§=k B d§(§2~k2)
=pHg (E>k).

Thus, the flux conservation condition (23) entails finite
and continuous values of the induction around the vertex 6.
In addition, the slopes of the flux profile on both sides of 6
are in accordance with the slopes of the potential profile
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(Fig. 5). This expresses the continuity of the external field
components around the vertex 6.

IV. COMPUTATIONAL DETERMINATION OF THE
POTENTIAL AND FLUX PROFILES ALONG THE EDGES

We are now faced with the problem of seeking the po-
tential profile ¢ , (£ ) and matching it to the internal require-
ment of a field distribution with constant magnitude H, and
obeying the relations (19), (20), (23). This would be, of
course, an extremely difficult problem to overcome by pure-
ly analytic means. For this reason a computational method
has been worked out which automatically takes into account
both the boundary conditions and the Eq. (23). The dimen-
sions of the edge will be chosen next so as to satisfy Egs. (19)
and (20).

According to the method discussed in Ref. 1 for the
construction of the thermodynamic potential, the internal
field is, at any time, proportional to the external field during
the magnetization process. We will put

H, =y, (q,nH,
where ¥, does not explicitly depend on H,.

Consider a regular sequence of points m along 56 (Fig.
4). Each of them is put in correspondance with a point 7 of

0|

Hae/He

04

I il 4

0 A -2 -3 6‘/(0/2) 4

FIG. 5. (a) Potential ¢ , and flux profiled , /u, intheedge 567, at eq\.}ilib-
rium, resulting from the computational method, for / /a = 0,25, in units of
aH_/2.(b) Related values of the reduced fields components H, /H., H,/H,
along the edge. @ Computed points.
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FIG. 6(a) Computed edges parameters ¢, 7, for typical values of the reduced
field H,/H., up to the migration field.

67. The sequence of the n is initially arbitrary. Due to the
internal fanlike structure, with a uniform value of the field,
the potential profile which results from any choice for the n
is known and given in terms of the angle o by

o, E)=¢s +y.H, cosa(x) dx, along 56,
mé
25
8. @€ =8, —yHy [ sina@dz, along 61.
6n

The resulting values of the flux at each point m or # is then
calculated from Eq. (15). On defining the profile function

B )by
BE)= — f sina(x) dx, if r<é<k,
6n (26)

BE&)= f cosa(x)dx, if k<£<gq,

mé

and putting

RE) =g —-£N* -7,
Eq. (15) will be written in the following more detailed form:

$s + viHB(E)
A = - /mER —_— —
+©) (2uo/mER () L REYE" —£)
The potential ¢4 at the vertex 6 is related to the external
applied field H, through Eq. (14) which will be rewritten,
similarly

[ 18+ 7H8@1R '€ dt = 1,12,

whence

b=y 782y, [ BEOR |
x[fx —'@)dg]". 28

de’. 7)
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v FIG. 6(b) Corresponding posi-
\b“ tions of the limiting walls 57.
O,

A
V
Q
(»
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6

On eliminating ¢, from (28), 4 , (£) can now be written as

A, €)= —poBHogklT, R €)/F,
+ Quo /7)Y Ho bR (§)

x|, €E) [sem-rerae

* BENdE 2
r RENE?—€Y) ] @
with

[r-€)de=Fosa,

x=Q0-=7/¢", (30)

d ’
[ — =n
» RENE™—£9)
By means of an iterative procedure, the computer per-

mits the determination the # sequence such that the detailed
flux agreement between the two sides (Fig. 4) is satisfied, i.e.,

A, =4,.

The method yields correlated functions ¢ , (£) — ¢,
and 4 | (§), matched to the internal fanlike structure and
which, obviously, satisfy flux conservation, together with
the condition (23) (since field components are finite at the
vertex 6).

Results of such computations are shown in Fig. 5 for a
typical value of the reduced applied field H,/H., and
H, = H_.Thetrend of the fields on both sides of 6 is found as
expected from Egs. (21) and (24).

The dimensions 56 and 67 of the edge can now be calcu-
lated by using Egs. (19) and (20), which will be taken in the
following form, more convenient for numerical
computations

¢, 4. O -6,
= (1//‘0)[’4+ CX—-n- 1/215—” =0,

{lg, & ~-¢:1€6-0 "3,
=Vuo)l4, ENg—&)~ "), =0.

@31
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FIG. 7. Initial stage of the magnetization of the slab (in reduced units / /H.)
versus the reduced field H,/H_, up to the migration field, for two selected
dimensions ratio  Computed points.

In Fig. 6 are shown the computed field dependance of
the edge parameters g, r, along with the related positions of
the inside limiting wall of the edge, up to the migration field
H,.
V. THERMODYNAMIC POTENTIAL AND
MAGNETIZATION LAW

The thegnodynamic equilibrium of the sample, in the
applied field H,, is determined by the minimum of the suited
thermodynamic potential. The essence of the contruction of
this potential was analyzed in Ref. 1. Let us recall that the
intermediate state structures are initially assumed “frozen”
in a definite configuration, as the field is increased from zero
up to the value H, under consideration. The result consists
of the sum of the condensation energy W, and the magnetic
contribution, which includes the magnetization energy and
the coupling energy with the external field

HO

G=W.—u, | MdH,, (32)

M is the magnetic momentum of the slab, obviously parallel
to 0z.

Magnetic momentum. The magnetic momentum can be
conveniently derived from the behavior of the polarization
field of the sample at large distance. For the presently con-
sidered slab of infinite length in the y dimension, the polar-
ization field at large distance, on the z axis behaves like
M, /272, so that the z component of the momentum can be
deduced from H, (z—cc) as

M, = lim 2022[H,(z) — H, |- (33)

Z—r a0

On the other hand, Eq. (13) gives the behavior of the
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field at large £ Since , from Eq. (3), { ~ — z/B when z— oo,
we obtain, per unit length of the slab

M= —28 [ Q57— ~ P+ kDR EW, €

On substituting ¢ , (£ ) from (25), (26), and (28), we obtain
for the magnetic polarization intensity per unit volume
I=(M/la)H,

= — (7B Z/Ia)(ZquX/FX —¢—r+k?

+ (4By,/la) f @E,/F, — EDBER ~'€)dE (34)
with

B, = [ £ ).

The magnetization law of the first stage can now be
derived from Eq. (34), on substituting ¢ and » from Eq. (31)
and taking H, = H, (see below). Typical resuits are shown
in Fig. 7. Notice the increasing curvature of the line
I(H,/H,), as it approaches the transition field, which obvi-
ously results from flux penetration in the edges.

Condensation energy. The condensation energy W, can
be deduced from the flux profile 4 , in the edge. Denoting
by s the local fraction of matter in the superconductive state

.50
~.69350

..69400l_

694501 , :
.25 .30 .35 .40

FIG. 8. (a) Evolution of the trend of the flux profile along the edge 567 (in
the inset) versus the values of the parameters g, r, represented in the (g,7)
plane. (b) Variations of the reduced thermodynamic potential along the
lines 12345 and 7 6278. Note the minimum at 7. @ Computed poiuts.
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FIG. 9. Theoretical plot of the reduced migration threshold H,, /H_, versus
the dimensions ratio / /a of the slab.

in the edges, the reduced value of W, per unit volume (in
units of o H 2/2) is given by

w, = —(2/la) f f sdx dz
half cross section
= —1 +(2/Ia)ff (1 —s)dxdz.
edges

The integral in the right-hand member which repre-
sents the volume in the normal state, is conveniently calcu-
lated, inside the fanlike structure, with the help of the x, 0z,
axis, along a straight line of force (Fig. 4)

J‘J‘edes(l—s)dxa’z:J‘Lleﬂ(l—s)dxl dz,

=2Jf Bdx, dz, /uH,
765
=2f mn'dA+/ﬂoH1

76

=2 @0 =)@, /o). 39

We have used the relations 1 —s =B /uH;, ¢,, — ¢,
= mn-H,;. We thus obtain for w,

w,= — 1~ @lapuH,) qu + d(mn). (36)

We can now derive the complete expression of the re-
duced thermodynamic potential for fixed dimensions and a
fixed internal structure in the edges (see Ref. 1). From Eqgs.
(32), (35) and the definition I = 2M /laH,,

g= —1—@Wlau,H)) qu +d(mn)—IH>/H?,
whence, by using Eqs. (29) and (34)
g=—1+@0) [ | B/FrR O,
qll,, (&) (? B(&")dE’
+ (2/méR (5)[ F, f

RE)
B(E")dE"
. RENE— €Y ”d('"”)
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+(B /Ia)(Hé/Hﬁ)[ mB(2’E,/F, — ¢ —r + k")

~4n, [ @SR —EBER € dg']. 37)

Internal equilibrium. The calculation of the equilibri-
um value of y; is straightforward. For fixed values of ¢, 7 a
minimum of g with respect to ¥, occurs as

[ I g€R (§)I1,,(§) d (mn) ]‘/2 H.

" EF, -FEBOR O d |

Numerical computations for various sets of g, #, inside
the allowed range defined below, show that the expression
{ }'*is very close to unity. Thus, the internal field H, is
found, as expected, to be equal to H_ at equilibrium.

Dimensional equilibrium. Taking H, = H_, Eq. (37) de-
fines a function of the dimensional parameters ¢ and 7. The
equilibrium values of the dimensions 56 and 67 are thus de-
fined by the equations

% =0, % =0. 39)

dq or

The trend of flux profile functions 4 , (£) obtained for
various sets of g, 7 are represented in Fig. 8. It is shown that
the physically acceptable profiles are only obtained inside a
definite region of the (g,7) plane.

On studying variations of the g(g,7) function along a
line such as 7 627, inside the allowed area, it is found that a
minimum only occurs at the end  for which the flux profile
exhibits the characteristic trend shown in the inset (Fig. 8).
This is precisely the flux behavior resulting from Eq. (31).
We conclude that, as stated above, the equilibrium values of
the edge dimensions are determined by the field continuity
conditions (31).

(38)

VI. MIGRATION FIELD

It has been shown in Ref. 1 that the magnetic barrier
which prevents domains of the edge structure from migrat-
ing into the bulk vanishes when the applied field is such that
7 and 7’ meet at w, i.e., r = 0. This is the definition of the
migration threshold H,, . The latter is quite easily observable
in experiments, by the sharp decay which takes place in the
magnetization curve, at the beginning of the migration
process.

From the above definition, the migration field and the
4,» dimensional parameter of the edge, just before migration,
are obtained from Eq. (31), by taking H, = H, and r = 0.

On Fig. 9 are plotted computed values of H,, versus the
ratio / /a of the sample dimensions. The so obtained depen-
dance of H,, upon / /a is strongly supported by experiments
performed in our laboratory, which will be presented in a
forthcoming paper.

VII. CONCLUSION

The initial flux penetration in a type I superconductor
has been investigated in the convenient geometry of an infi-
nite slab of rectangular cross section, in a perpendicular
magnetic field. In constructing the analytic solution of the
relevant Dirichlet’s problem, in a macroscopic model, we
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have been able to compute the field profiles along the sides of
the edges, bounding the volume in the intermediate state,
and the related external field distribution. Finite and even
infinite differences between the macroscopic model distribu-
tion and the real one are shown to have no bearing on the
thermodynamic potential which permits the derivation of
the equilibrium dimensions of the flux penetrated regions,
and the increasing part of the magnetization law. The most
important result is the calculation of the migration threshold
of the domains from the edges into the bulk, which can be
easily compared with experiment.

APPENDIX: Behavior of the complex potential in the
neighborhood of points 5, 6, 7

Scalar potential at 5, 7. Equation (11) gives for the sca-
lar potential just above 7 (£ <7)

$E)=QE/ MG - ENE* -]
! ¢, &g

% Al

J; [(qZ _ g 72)@— n_ r2)]l/2(§ 2 §2) ( )

If the potential profile ¢ , (£ ') is represented by a sufficiently
regular function in the vicinity of £’ = r, the function

$.€)
ENE +N1E +8)

is a regular function of £ and £’ too, and can be expanded as
follows

P& H=@ -2~
x{¢+ »+ [¢+ »

(A2)

pEE)= =

7 =34
4ng* - )

+é7, (r)](§' —N—¢,E—r/2r+ }

We will put, for brevity in the following,

e, =, MG~ - E—nrerl,
@ =~ )b, TP =3/ (A3)
ang—r)+¢,. (]
so that
PpEE)=g +@ & —DN+IlE& ~1,
¢ —-nNE-nE-1rl (A4

We now proceed to separate the singular part of the
integrand in the integral of the left-hand member of (A1).

J" ¢, ENdE’
P (@ —EDE=PNE? =67
=Jk ¢7,+¢,’.(§,—f) dé_o

¢ -n"E" —5)
+ 26, +21,(q+ﬁ[(€-r)],
_ pC¢’ 5) —e =N e AS)
7€) = ""f r)’/2<§'~§) gh (
¢, ENdE’
h)= 7L (g —ENE—PNE* -5
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It can be easily checked that # (£ ) and I, (£) are regular
functions in the vicinity of £ =r

0¢)..=06,+ €Nl

(A6)
qu(g)é'—br =qu + ﬁ[(é’- r)]'
We will use the elementary integrals
n— 172
— J (x +§ )s-:- 1/2§§_
r—§& X
n 2(§ — r)n - m(k — r)m— 1/2
mz=l 2m — 1
n n— /2 —1 k —r 2
X =) —&) tan (__r-g) E<n),
n_172 (k‘r)llz"@“r)l/z
&E—n ln(k—r)"2+(§—r)l/2 E>n,
(A7)

which lead to

k 7 v

j g, +@ & =0 dE’
R G

:zwf(r—g)\'/ztan“‘(’::g )]/2

27t = =) tan

k —r \12
r—=§& ) ]’
by expanding, next,
k —r 172
tan ~ ‘( )
r—¢§
=@, (r~E)" =2,k —7) "+ 20 (k- 1)
—mpr— €Y7+ 1€ -] (A8)
On substituting in (AS), then replacing the whole ex-

pression (A5) into (A1) and expanding the function of £ out-
side the integral, we obtain

$E) = 71? QYAG — )

2—-—-
X{l— __5.4__2_

§)V2
r— §)+ﬁ[(§—r)2]}

g — )
X£ﬂ¢r(r—§)4l/2 2¢7r(k—r)—‘/2
+ 20k — 1)+ 26, + 21,

> R [
=g -+ (=g tk=n

+ik—n"+0,+ 1,1 —£)"
5¢° — 977 ,]
=g, +g|E—7

+[4r(qz_'2)¢) g/ |E—n

et
Substituting @, , @ / from (A.3) it is found that the coefficient
of (¢ — P is ¢ °, (r). We finally obtain

dE)=¢, D+ /Mg - )"
[~ (k=P +@ik—n"+6,+1,]
X(r—E)Y2+¢', E—n+Ol(r—£)7]) (A9)
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Similarly, we can derive the expansions of ¢ (£ ) just be-
yond point 5, on the left-hand side (£ > q)

pE) =0, (@~ Q/NQ"g ~ )
X[, g—k)""2+ @ q—k)"*+6,+1,]
XE—-9"+¢ € -9+ 1E—9"] (A10)
with definitions of @, @ , 8,, I, similar to (A3) and (A6).
Vector potential at 5, 7. We start from the expression
(15) of 4 (£ ) and introduce, as before, in the vicinity of 7, the
regular function @(¢§ ',£ ) defined by (A2). The integral in
(A5) has now to be calculated in the case where £ > 7. By
using (A7)
* r + : "—r
[[orelon 4
r @' =0 —-8)
a2 2
=__¢’@o_r)—l/21n (k r) +(§ r)
(k _ r)1/2 . (§ _ r)1/2

+oi| 2e—n - @

Xln (k _ r)l/z + (§_ r)l/z ] ’
(k _ r)1/2 _ (g _ r)1/2
and expanding, next, the In, for &7
=20,k =" +2p (k- 1"+ Ol — N].(Al])
On substituting into (AS5), then the whole expression

(A5) into Eq: (15), the following expansion of the vector
potential is obtained

AE)= — Qu/mY g — - »HV?
5¢* — 97
m@*f)-l- ﬁ[(s‘—r)]]
X{=@tk=n""+@/(k—n"
+6, + 1, + 01 —nl}
— Que/mQ2 g — r)”?
X[~@tk—n""" 4@ /(k—n"
+0, +1,]JE— N+ 1€ -] (AL2)
Notice that the coefficient of (£ — #)'/? is the same as the
coefficient of (r — £)'/? in (A9).
Similarly, we would get, just on the right-hand side of 5
¢<9)
A¢)= - Quo/m2" g — )"
X[plg—k)""+pi(g—k)"?
+0, +1,]@—§)"*+ ollg-£)7]. (A13)
Vector potential at 6. On account of Egs. (15) and (21)

AE) = — Quot /M@ — EDE* - A

x{1+

Although the calculations are much more involved
than in previous cases, they do not present any serious diffi-
culty. They are conducted by using the following elementary
integrals:

k (k_é-r)nAl/2

d¢’
P 5§
k—§
=f (k_é—_x)n—lﬂgi
r—¢ X
_ n 2(k — g)n — m(k - r)m —1/2
B mz—v—:l 2m - 1
_ k — r)l/z + (k — §)l/2
k — n—1/2 In ( <k \
( g) (k_r)l/z_k__é-)l/z (§ )
A=) —k)y'*tan~ 1(;{—’: )V2 €>k),
(A16)
and the integrals deduced from (A7) in the substitution »—4,

k—q.

The result presents integer and half-integer powers of
& — kand k — £. As discussed in the text, the most impor-
tant ones are the lowest half-integer powers which appear in
a rather simple way, as follows

A@G) =4, +456—k)

R S
gﬁ 2k 172
()

- [Hé(k — &) (E<k)
H (& —kY"?, (E>k)
By replacing v, = [(g° — A )(k > — )] ~ /*/2k, it remains
,uoB( 2k )‘/2
3 1—k2
X[Hg(k—é‘)m €E<k)
Hy(E—ky? (E>k).

]+ﬁ[(§~k)2]‘

AG)=A4, +A56—k)—

(A17)
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